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CHAPTER 9

Liquids: comparison with experiment

9.1 Introduction

Most elements are in the solid state at room temperature and only enter the liquid state at elevated tem-
peratures (Table 11.1). For this reason, data on elemental liquids is somewhat rarer than data on the
properties of substances that are in their liquid state at around room temperature. Thus, we shall refer
commonly to the so-called organic liquids mentioned in §8.2.3. Many properties of liquids are interme-
diate between those of gases and solids. Recall that the most striking property of matter in its solid state
is that it displays both a well-defined volume and shape. This is in contrast with matter in its gaseous
state, which expands to fill a container of any shape or volume. In line with its intermediate status, mat-
ter in its liquid state has a relatively well-defined volume, but no well-defined shape.

§9.2, §9.3, §9.4 Density, Compressibility and Thermal expansivity: In these three sections we will
extend our discussion in §8.3 to allow us to understand the effects of liquid structure. We will
attempt to understand the magnitude of the density change on melting, and (in more hand-
waving terms) the evolution of the density under changes in both pressure and temperature.

§9.5, §9.11 Speed of sound and Thermal conductivity: Here we deal with transport of energy through
liquids, and in both sections we will develop simple ‘hybrid’ models of liquids. We will con-
sider the transport as being the sum of transport through disordered solid-like regions and
small gas-like regions. We will find that even though this approach allows us to model a wide
range of behaviour, it is not really sophisticated enough to accurately describe the data.

§9.6, §9.7, §9.8 Viscosity, Surface energy and Vapour pressure: In these sections we discuss proper-
ties which are especially characteristic of the liquid state. We interpret them in terms of the
dynamical cell model outlined in §8.4, and then in §9.9 we consider just how applicable the
cell model is to liquids. Our conclusion is that with some reservations, the cell model does
allows us to understand the temperature-dependence of viscosity and vapour pressure, and the
way in which all these properties vary from one liquid to another.

§9.10 Heat capacity: We will find that the heat capacity in the liquid state is, in general, greater
than in the solid or gaseous states. Exploiting our understanding of heat capacities of gases
and solid, we will explain this as being due to the accessibility of extra degrees of freedom in
the liquid state as compared with the other two states.

§9.12, §9.13 Electrical and Optical properties: For transparent liquids, our main approach will be to
treat liquids as dense gases, and we will find that this approach is surprisingly successful.
However, we will also find that its shortcomings highlight the importance of understanding
the time-scale on which the liquid structure changes and the importance of molecular interac-
tions. Similarly, for liquid metals, appreciating the time-scale of electron scattering will allow
us to understand how it is that the metallic state survives the melting transition.

At www.physicsofmatter.com

In addition to copies of the figures and tables, you will find a computer program which realistically
simulates the dynamics of molecules in liquids, solids and gases.
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9.2 Density

9.2.1 Data on the density of liquids
Liquids have roughly similar densities to solids,
with typical values between half and twenty times
that of water. Historically, the gram was defined
as the mass of one cubic centimetre of water at 4
degrees centigrade. So, we find that the density of
water lies close to 1 gram per cubic centimetre, or
in the rather incongruous SI units, 1000 kg m–3.
We thus find liquid densities in the range 500
kg m–3 to 20 000 kg m–3.

Table 9.1 contains data on the density of about
half the elements measured in the liquid state at
their melting temperature. The table also shows
the ratio of the stated liquid density, to the density
in the solid state at 25 °C reported in Table 7.2.
The thermal expansion of the solid between 25 °C
and the melting temperature is generally less than
1% and does not alter the general conclusion
drawn from Table 9.1 and illustrated in Figure 9.1:
liquids are generally around 10% less dense than
the corresponding solids. Notice however that four
elements, silicon, germanium, gallium and bis-
muth are a few per cent more dense in the liquid
state.

Figure 9.1 Histogram of the ratio of the density in the
liquid phase at the melting temperature to the density in
the solid phase of elements at 25 °C. The data is for 45
elements, of which 41 expand and 4 contract as they en-
ter the liquid phase.
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Table 9.1 The density of some elements at their melting
temperatures in the liquid state. Also given is the ratio of
the liquid density to the density of the solid at 25 °C (Ta-
ble 7.2). The four elements which contract on melting:
(silicon, gallium, germanium and bismuth) are shaded.

Z Element A

Liquid
density
(kg m–3)

Ratio of
 liquid/solid

 density

3 Lithium 6.941 516 0.968
5 Boron 10.81 2080 0.843

11 Sodium 22.99 930 0.962
12 Magnesium 24.31 1580 0.909
13 Aluminium 26.98 2400 0.889
14 Silicon 28.09 2525 1.080
16 Sulphur 32.06 1819 0.872
19 Potassium 39.10 824 0.955
20 Calcium 40.08 1365 0.892
22 Titanium 47.90 4130 0.916
23 Vanadium 50.94 5550 0.878
25 Manganese 54.94 6430 0.860
26 Iron 55.85 7100 0.901
28 Nickel 58.70 7800 0.875
29 Copper 63.55 8000 0.895
30 Zinc 65.38 6600 0.925
31 Gallium 69.72 6113.6 1.035
32 Germanium 72.59 5530 1.038
34 Selenium 78.96 4000 0.832
37 Rubidium 85.47 1470 0.959
40 Zirconium 91.22 5800 0.891
41 Niobium 92.91 7830 0.913
42 Molybdenum 95.94 9350 0.915
44 Ruthenium 101.1 10900 0.889
45 Rhodium 102.9 10850 0.874
46 Palladium 106.4 10700 0.892
47 Silver 107.9 9300 0.886
48 Cadmium 112.4 8020 0.927
50 Tin 118.7 6980 0.958
51 Antimony 121.7 6490 0.970
52 Tellurium 127.6 5770 0.924
55 Caesium 132.9 1845 0.971
56 Barium 137.3 3323 0.925
72 Hafnium 178.5 12000 0.904
73 Tantalum 180.9 15000 0.900
74 Tungsten 183.9 17600 0.914
75 Rhenium 186.2 18800 0.894
76 Osmium 190.2 20100 0.890
77 Iridium 192.2 20000 0.887
78 Platinum 195.1 19700 0.918
79 Gold 197.0 17320 0.898
81 Thallium 204.4 11290 0.951
82 Lead 207.2 10690 0.942
83 Bismuth 209.0 10050 1.025
92 Uranium 238.0 17907 0.940
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Table 9.2 contains data on the measured density of
substances, mainly organic, that are liquids at
around room temperature. The densities are within

a factor two of the density of water. Interestingly,
Figure 9.2 illustrates the fact that the density of
similarly constituted organic liquids does not in-
crease with the mass of the molecules from which
the liquid is composed. This is in contrast with the
elemental solids (Figure 7.1), for which there is a
strong dependence on atomic mass.

Water is a more complicated liquid than a simple
entry in Table 9.2 might imply. Table 9.3 and Fig-
ure 9.3 show the density of ice and water as func-
tion of temperature from –10 °C to 100 °C. Notice

Figure 9.2 A graph of selected data from Table 9.2
showing the density of liquids with an OH group known
as alcohols as a function of the relative molecular mass
of the molecules.
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Table 9.2 The density of substances that are liquids at
room temperature.  The table gives the name of the sub-
stance, the chemical formula for its molecules, the rela-
tive molecular mass of each molecule, the density and
the temperature of the density measurement. Only the
last three entries in the table are inorganic.

Liquid and chemical formula MW
Density
(kg m–3 )

Organic liquids
Methanol CH3OH 32 791 @20°C

Ethanol C2H5OH 46 789 @20°C

Propan-1-ol C3H7OH 60 804 @20°C

Propan-2-ol C3H7OH 60 786 @20°C

2 Methyl-propan-1-ol C4H9OH 74 817 @20°C

2 Methyl-propan-2-ol C4H9OH 74 789 @20°C

Butan-1-ol C4H9OH 74 810 @20°C

Butan-2-ol C4H9OH 74 808 @20°C

2 Methyl-butan-1-ol C5H11OH 88 816 @20°C

2 Methyl-butan-2-ol C5H11OH 88 809 @20°C

Pentanol C5H11OH 88 813 @20°C

Octanol C8H17OH 130 827 @20°C

Aniline C6H7N 86 1026 @15°C

Acetone C3H6O 58 787 @25°C

Benzene C6H6 78 879 @20°C

Inorganic liquids
Carbon disulphide CS2 76 1293 @0 °C

Carbon tetrachloride CCl4 154 1632 @0 °C

Water (see Table 9.3) H2O 18 1000 @0 °C

Figure 9.3 The density of water (H2O) and heavy water
(D2O) as a function of temperature at atmospheric pres-
sure. Data points plotted below 0°C refer to the density of
ice. The inset shows the density of water between 0 °C
and 10 °C showing the weak maximum in density at
3.98 °C.
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Table 9.3 The density of water (H2O) and heavy water
(D2O) as a function of temperature at atmospheric pres-
sure.

T (°C) H2O D2O T (°C) H2O D2O

0 999.84 — 40 992.22 1100.0

2 999.94 — 45 — 1097.9

4 999.97 — 50 988.04 1095.7

5 — 1105.6 55 — 1093.3

6 999.94 — 60 983.20 1090.6

8 999.85 — 65 — 1087.8

10 999.70 1106.0 70 977.77 1084.8

15 — 1105.9 75 — 1081.6

20 998.20 1105.3 80 971.79 1078.2

25 — 1104.4 85 — 1074.7

30 995.65 1103.2 90 965.31 1071.1

35 — 1101.7 95 — 1067.4

100 958.36 1063.5
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that water, like silicon, germanium, gallium and
bismuth in Table 9.1, is more dense in its liquid
phase than its solid phase. The density in the liq-
uid phase is roughly constant, but shows a non-
linear 4% fall in density as it is heated from 0 °C
to 100 °C. There is a maximum in the density
curve which occurs at 3.98 °C. The non-linear
thermal expansion is in contrast with the strikingly
linear behaviour of liquid mercury (Figure 9.4).

Using data from Tables 9.1 and 9.2, Example 9.1
shows how we can work out both the number of
molecules per unit volume and the number of at-
oms per unit volume in the liquid state.

So the main questions raised by our preliminary
examination of the experimental data on the den-
sity of liquids are:
• Why are the densities of most liquids of a

similar order to that of solids?
• Why is the density of most liquid elements

about 10% lower than their density in the
solid state?

• Why is the density of a few liquids around
10% higher than in the solid state?

• Why, within a group of similar liquids such as
the alcohols, is there only a weak dependence
of density on molecular mass?

Example 9.1

Using the data from Table 9.2, work out:
• the number the molecules per unit volume, and
• the number of atoms per unit volume
in liquid ethanol and liquid pentanol.

Ethanol
The molecular mass of ethanol is 46, i.e. there are
Avogadro’s number of ethanol molecules in 46 × 10–3

kg of ethanol. The molar volume of of ethanol is:

Vm m= × = ×46 10

789
5 83 10

3
5 3

–
–.

which is around 58 cm3. The number density of ethanol
molecules is therefore:

n
N

V
= = ×

× = ×A

m
molecules m

6 02 10

5 83 10
1 033 10

23

5
28 3.

.
.–

–

Each ethanol molecule consists of 2 carbon atoms, 6
hydrogen atoms and 1 oxygen atom: 9 atoms in total.
Thus the density of atoms is approximately: 9n  =
9.29 × 1028.

Pentanol
The molecular mass of pentanol is 88, i.e. there are
Avogadro’s number of pentanol  molecules in 88 ×  10–3

kg of pentanol . The molar volume of pentanol is:

Vm m= × = ×88 10

813
1 082 10

3
4 3

–
–.

which is around 108 cm3. The number density of penta-
nol molecules is therefore:

n
N

V
= = ×

× = ×A

m
molecules m

6 02 10

1 082 10
5 56 10

23

4
27 3.

.
.–

–

Each pentanol molecule consists of 5 carbon atoms, 12
hydrogen atoms and 1 oxygen atom: 18 atoms in total.
So we can estimate the density of atoms to be approxi-
mately: 18n = 1.00 × 1029.

The atomic number density of both types of liquid is
close to the typical atomic number density of a solid.
The molecular number density for pentanol is around
half the value for ethanol because the pentanol mole-
cules are around twice as large and twice the mass,
leading to a similar mass per unit volume for the two
liquids.

This implies that the separation between atoms within
molecules is not greatly different from the separation
between atoms in neighbouring molecules.

Figure 9.4 The density of mercury in its liquid state plot-
ted as a function of temperature. Notice the linearity and
large magnitude of the thermal expansion: the density
changes by about 7%.
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9.2.2 Understanding the density data

Normal liquids
Our discussion of the density of liquids begins
with our basic assumptions about the structure of
liquids outlined in §8.2. This section describes a
liquid as being like a disordered solid, but with a
detailed structure which changes every few nano-
seconds or so (Figure 8.1). Given this description,
we can see immediately why liquids might in gen-
eral be less dense than solids: the packing of
molecules in liquids is less ‘efficient’ leaving
‘holes’ in the structure. We can take this supposi-
tion one stage further by following the lessons of
§8.3 and directly evaluating the ‘area’ density of a
two-dimensional liquids and solids. We can then
extend the two-dimensional example to three di-
mensions.

Figures 9.5 and 9.6 represent a hypothetical two-
dimensional substance in its solid and liquid states
respectively. The area density of spheres in this
substance may be evaluated by considering the
number of spheres within a given area. The odd
shaped area shown in Figures 9.5 and 9.6 is cho-
sen in order to eliminate edge effects where whole
rows of spheres fall just in, or just out of the

counting area. The solid density evaluates to 136
spheres/area and the liquid density evaluates to
126 spheres/area. Taking the ratio indicates that
the liquid density is around 126/136 ≈ 93% of the
solid density — an area density decrease of 7%.
This is for two dimensions: if we apply the con-
siderations of Example 7.4 we would find the
three-dimensional density decrease to about be 3

2

times this amount, around 11%.

This is in good agreement with the general level of
density changes observed as solids change into
liquids. The simplicity of the explanation makes it
rather convincing, but raises a more difficult
question: how can we understand those few sub-
stances in which the density increases on melting?

Substances which contract on melting
The answer lies again in the efficiency with which
molecules pack together. We have seen that sub-
stances which bond covalently form crystal struc-
tures of relatively low density (§6.4). This is be-
cause, energetically, it is better for neighbouring
molecules to adopt the optimum orientation and
separation rather than merely to get as close as

Figure 9.5 The figure may be used to calculate the ‘area
density’ of close-packed two-dimensional circles that are
analogous to a two-dimensional solid. The curved area is
the same in this figure as in Figure 9.6 and contains the
centres of 136 circles. The curved area is chosen to
avoid counting bias near the edge of the area.

Figure 9.6 The figure may be used to calculate the ‘area
density’ of close-packed two-dimensional circles that are
analogous to a two-dimensional liquid. The curved area
is the same in this figure as in Figure 9.5 and contains
the centres of 126 circles.



LIQUIDS: COMPARISON WITH EXPERIMENT

280

possible (Figure 6.10). Similar considerations also
apply to ionically bonded substances. This is in
contrast to the situation of substances that are held
together by Van der Waals or metallic bonding,
which seek as many near neighbours as possible.

In the liquid phase of covalently-bonded sub-
stances, the random and constantly changing
structure leads to difficulty in maintaining the cor-
rect orientation with respect to neighbouring
molecules. As a consequence of this, the open
structure of the solid collapses as the substance
enters the liquid state. If this hypothesis is correct
then we ought to find that the substances which
contract on melting have primarily covalent
bonding. Is this the case? Yes and No.

The first two examples, silicon and germanium, do
fall clearly into this category. In §6.4 we men-
tioned that they are covalently-bonded solids and
form an open crystal structure based around the
tetrahedral symmetry of their electron orbitals.
Water is a more complicated case, but the hydro-
gen bonding present in water is certainly highly
directional: this is discussed below. The case of

gallium, our last example, is more puzzling. Gal-
lium is a metal and so ought to have at least some
component of non-directional bonding. However,
the general run of the argument concerning the
density of liquids suggests that the fact that gal-
lium contracts as it enters the liquid state must
indicate that it too must have a directional (i.e.
covalent) bonding mechanism in addition to its
metallic bonding.

Water
Finally we come to the case of water. In water, the
directional bonds which make the solid state (ice)
lower in density than the ‘collapsed’ liquid state
are the hydrogen bonds between the molecules. In
the ‘collapsed’ liquid state a great deal of the
structure present in ice remains and advanced
studies indicate that only a few per cent of the
hydrogen bonds are bent (not broken ) in the liquid
state. The process that leads to the melting of ice is
the progressive weakening of the ice structure
(Figure 9.7) by thermal vibrations which cause the
hydrogen-bonded part of the oxygen=oxygen link-
ages to bend. It is as if in the skeletal steel frame
of a skyscraper, a few of the steel girders were

Figure 9.7 Qualitative indication of the structure of ice. (a) A central water molecule linked to two others. Concentrating
on the oxygen atoms, we can see that each oxygen can link to four other oxygen atoms arranged roughly tetrahedrally
around it. Two of these links are of the form O=covalent bond=H=hydrogen bond=O and two are of the form
O=hydrogen bond=H=covalent bond=O. (Notice the change in order of the covalent and hydrogen bonds.) One ex-
ample of each form of O=O linkage is shown as a straight line in (b). In (c) the structure of ice is indicated with the cir-
cles representing only the oxygen atoms and the lines representing either of the two types of O=O linkages discussed.
Different bonds have been drawn either as thin, bold or shaded lines to emphasise the structure. In fact all the bonds
are equivalent.
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replaced with rubber ones: large parts of the
structure would remain intact, but the structure as
a whole would collapse. The melting of ice is a
similar, though less spectacular, phenomenon.

The density of organic liquids
Finally, we come to the question of why, within a
group of similar liquids such as the alcohols, there
is only a weak dependence of density on molecu-
lar mass (Table 9.2 and Figure 9.2). Molecules
which differ in mass by a factor 4, form liquids
whose densities changes by less than 5%. The
conclusion to be drawn from this striking fact is
that the separation between atoms in different
molecules is similar to the separation between
atoms within a molecule. This is at first rather sur-
prising.

As we mentioned in §8.2.4, the forces acting be-
tween organic molecules are relatively weak. The
alcohols of Table 9.2 do not have a strong contri-
bution from hydrogen bonding, and so a good deal
of their bonding energy is the weak Van der Waals

force due to the fluctuations of electronic charge
on the molecules. There is also a term which re-
sults from the slightly polar nature of the carbon-
hydrogen C–H bonds that constitute most of the
bonds in the molecule. The forces acting between
atoms within a molecule are the strong covalent
bonds due to either C–H or C–C bonds.

However the larger molecules have more ‘surface
area’ and so the more molecules can be attracted
through the non-directional Van der Waals mecha-
nism. This factor will compensate somewhat for
the weakness of the interaction. We should also
realise that although the atomic separation be-
tween atoms within a molecule and atoms in
neighbouring molecules is similar, the strength of
their interactions differs dramatically. The inter-
molecular forces between the atoms are overcome
at the boiling temperature (≈ 300 K), whereas the
intramolecular forces are not overcome until the
molecule decomposes (≈ several thousand kelvin).

9.3 Compressibility and bulk modulus

9.3.1 Background
In the previous section (§9.2), we examined data
on the density of liquids. In this section (§9.3), we
shall examine data on how the density of liquids
changes when the pressure is increased, i.e. their
compressibility. In the following section (§9.4),
we shall examine the effect of temperature on the
density. In fact, we rarely discuss changes in den-
sity per se. We normally talk about changes in the
volume or length as a function of pressure or tem-
perature. The changes in volume as a function of
pressure are generally characterised by either the
bulk modulus B, or the compressibility K. These
are merely the inverse of each other, and are de-
fined by:

B V
P

V

K
B V

V

P

= − ∂
∂

= = − ∂
∂

1 1
(7.1*)

In our discussion of the compressibility of gases,
we needed to take care to distinguish between
adiabatic and isothermal moduli. For liquids, the
two moduli differ by much less than for gases, and
often the data tables do not state which value is
plotted. If the data are derived at high pressure,
then generally it is only possible to determine the
isothermal modulus. If the data are determined by
using speed of sound measurements then, as for
gases, the appropriate modulus to use is the adia-
batic modulus, except at the highest frequencies.
We shall also discuss the bulk modulus of liquids
when we consider the speed of sound data in §9.5

9.3.2 Data
Table 9.4 shows the bulk modulus for a number
of, mainly organic, liquids.
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The most striking feature of the data in Table 9.4
is that there is not much of it! This reflects the fact
that liquids are relatively under-studied in com-
parison with their solid relatives. On inspection
there are, however, some quite striking results
contained in the data. Firstly, the data for ether and
water indicate that the bulk modulus increases
with increasing pressure. This implies that it is
easier to compress a liquid initially, but that it be-
comes harder and harder as the pressure increases.
Secondly, the compressibility of nearly all the
organic liquids is of the order of 1 GPa, about a
factor 10 to 100 less than the bulk moduli of the
elemental solids. Admittedly, the data here is es-
sentially for organic liquids which we would ex-
pect to be considerably more compressible than
(mostly metallic) elements. However the factor 10
difference is still quite large. This tells us that in
general it is much easier to compress a liquid than
it is a solid.

So the main questions we would like to address
are:
• Why is the compressibility of nearly all the

organic liquids of the order of 1 GPa, about a
factor 10 to 100 less than the bulk moduli of
the elemental solids?

• Why does the bulk modulus of liquids tend to
increase with increasing pressure?

9.3.3 Understanding the data on the
compressibility of liquids

Background
In attempting to analyse the rather scant data for
the compressibility of liquids, we immediately
encounter a problem: we have no simple theory
with which to compare the data. The reason why
there is no simple theory is that even the simplest
analysis shows that this is not a simple problem!
To see this we note that applying pressure to a
liquid will have two distinct effects. The first is
structural (§8.3), and the second dynamical (§8.4).
Applying pressure in general causes the structure
of the liquid (i.e. the radial density function) to
evolve into a generally more solid-like structure.
In addition, the change in structure reduces the
volume for a molecule and hence alters the ease

with which molecules can move within the liquid.
In terms of the cell model of liquid dynamics, ap-
plying pressure reduces the cell volume and in-
creases the hopping barrier height ∆Eh. This effect
on liquid dynamics is illustrated in Figure 11.12.
To calculate the bulk modulus of liquids we need a
theory which links the structural and dynamical
models we developed in Chapter 8. Developing
such a model in any serious sense is beyond the
scope of this book. However, in §9.5.2 we will
develop an extremely simple model of exactly this
kind linking dynamical and structural properties.
In this section, we restrict ourselves merely to
trying to understand the order of magnitude of the
data, and its qualitative dependence on pressure.

Order of magnitude of the bulk modulus
Our general model of liquid structure (§8.3) al-
lows us to understand this is in a pretty straight-
forward manner. We consider that a liquid is
similar to a solid, but that its molecules are packed
together with around 10% of extra space. So it
would not be surprising to find that it would be
relatively easy to ‘reclaim’ this 10% when the
liquid is compressed.

Table 9.4 The bulk modulus of some liquids at the pres-
sure and temperature shown. The pressure is shown in
units of atmospheres, where one atmosphere is approxi-
mately 0.1 MPa.

Liquid and formula
P

(Atm)
B

(GPa)
T

(°C)

Organic liquids
Methanol, CH3OH 37 0.97 14.7

Ethanol, C2H5OH 1 1.32 0

Propan-1-ol, C3H7OH 8 1.04 17.7

Propan-2-ol, C3H7OH 8 0.983 17.8

Butan-1-ol, C4H9OH 8 1.13 17.4

Butan-2-ol, C4H9OH 8 1.03 17.9

Ether 1 0.689 0

Ether 1000 1.56 0

Benzene, C6H6 8 1.10 17.9

Inorganic liquids
Carbon disulphide, CS2 8 1.16 15.6

Carbon tetrachloride, CCl4 1 1.12 20

Water,  H2O 1 2.05 15

Water,  H2O 1000 2.75 15

Water,  H2O 2500 3.88. 14.2
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Increase in bulk modulus with pressure
We would then expect to find that on trying to
compress a liquid beyond this point, the bulk
modulus would become closer to that in the solid
state. (We shall see in §10.7 that the application of
large pressure can also serve to solidify a liquid.)
In Example 9.2 we see that in order to compress
any of the liquids in Table 9.4 by around 10 % we
would need to apply a pressure of roughly 1000
atmospheres. We would expect that at this point
the bulk modulus would have increased signifi-
cantly. Looking at the data for ether and water
from Table 9.4 we see that the changes are indeed
significant, roughly 100 % for ether (B = 0.689
GPa ⇒ B = 1.56 GPa) and around 35% for water
(B = 2.05 GPa ⇒ B = 2.75 GPa). It is important to
remember that water has many anomalous proper-
ties, particularly with regard to its structure and so
its properties are probably not very typical of liq-
uids as a whole.

Summary
At a qualitative level, we can understand the bulk
modulus of liquids quite well. Liquids are more
compressible than solids because there is roughly
10 % of extra space in the liquid state which can
be relatively easily recovered under the applica-
tion of pressure. Under around 1000 atmospheres,
the bulk modulus increases significantly for the
two liquids for which we had data, though not by
quite as much as the factor 10 that we might have
expected. We consider the bulk modulus of liquids
again in §9.5 when we try understand the data on
the speed of sound in liquids.

9.4 Thermal expansivity

9.4.1 Data on the thermal expansivity
of liquids
The increase in volume on heating a liquid held at
constant pressure Po with initial volume Vo can be
expressed as:

 V V T= + ∆o ( )1 β (9.1)

where ∆T is the change in temperature from the
initial temperature, and β is the coefficient of vol-
ume expansion.

The data of Table 9.5 show that the volume ther-
mal expansivity of liquids is in general rather
greater than that of solids (Table 7.4), but still
considerably less than for gases (Table 5.4). This
is true for organic, inorganic and elemental liq-
uids. Notice that some liquids display anomalous
thermal expansivities close to their melting tem-
perature. For example, water (Figure 9.3) displays
a negative thermal expansion: it contracts as it is
heated from 0 °C and 4 °C. Other liquids, such as
mercury (Figure 9.4), display extremely linear

Example 9.2

What pressure would be required to reduce the vol-
ume of a liquid from Table 9.4 by 10%?

We start out with the definition of the bulk modulus:

B V
P

V
= − ∂

∂ (*7.1)

We rearrange this as an expression for dP and then inte-
grate:
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This tells us that in order to reduce volume by 10% we
need to apply a pressure equal to around 0.1B. Given
the general values for organic liquids, this implies a
pressure of around 0.1 GPa. Since atmospheric pressure
is roughly 105 Pa, this corresponds to a pressure of
roughly 1000 atmospheres.
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behaviour from their melting temperature up to
their boiling temperature.

In summary, these results indicate that for ele-
ments and organic liquids, a typical volume ex-
pansivity varies between 10–3 °C–1 and 10–4 °C–1.
Notice, however, that the volume expansivity of
molecular liquids, with the exception of water, is
considerably greater than for the molten metals.

So the main questions raised by our preliminary
examination of the experimental data on the ex-
pansivity of solids are:
• Why is the expansivity of liquids (in general)

larger than for solids, but smaller than that
shown by gases?

• What determines the particular values of α
for each material?

• What is the origin of the thermal expansivity
anomaly in water?

9.4.2 Understanding the thermal
expansivity of liquids
In §7.4 we explained the expansivity of solids as
being due to the asymmetry of the potential energy
variation between atoms. At low temperatures, the
atoms vibrate with low amplitude around the
minimum of the interatomic potential. These low
amplitude vibrations are essentially symmetric
about the position of mean separation. As the tem-
perature increases, the atomic vibrations become
systematically larger in amplitude and increasingly
asymmetric in nature. This asymmetry increases
the mean separation of the atoms of the substances
and leads to the phenomenon of thermal expan-
sion.

Thus the key element in understanding the thermal
expansivity of solids lay in understanding the de-
tailed manner in which the potential energy of
each pair of atoms varied as a function of their
average separation.

Table 9.5 The coefficient of volume expansivity β for various liquids at temperatures around room temperature. The
shaded column shows the value of the volume expansivity of the corresponding solid substance. N/A indicates that data
is  not available.

Substance MW T (°C)
ββββ (°C–1)
Liquid

ββββ (°C–1)
Solid

Organic liquids
Acetic acid CH3COOH 60 20 107 × 10–5 N/A
Acetone CH3COCH3 58 20 143 × 10–5 N/A
Methanol CH3OH 46 20 119 × 10–5 N/A
Ethanol C2H5OH 32 20 108 × 10–5 N/A
Aniline C6H7N 86 20 85 × 10–5 N/A
Benzene C6H6 78 20 121 × 10–5 N/A
Toluene C6H5CH3 92 20 107 × 10–5 N/A

Inorganic liquids
Carbon Disulphide CS2 76 20 119 × 10–5 N/A
Carbon Tetrachloride CCl4 154 20 122 × 10–5 N/A
Water H2O 18 20  21 × 10–5 N/A

Metals
Lithium Li 23 400-1125 19 × 10–5 16.8 × 10–5 @ 20 °C
Sodium Na 39 96.5 25 × 10–5 21.2 × 10–5 @ 20 °C
Potassium K 85.5 64 - 1400 29 × 10–5 24.9 × 10–5 @ 20 °C
Rubidium Rb 133 39 30 × 10–5 27.0 × 10–5 @ 20 °C
Copper Cu 63.6 1084 10 × 10–5 4.95 × 10–5 @ 20 °C
Copper Cu 63.6 1084 10 × 10–5 6.09 × 10–5 @ 527 °C
Mercury Hg 200.6 0 - 100 18.1 × 10–5 N/A
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The atoms in a liquid are held together by exactly
the same forces that hold the atoms of a solid to-
gether, and so we may reasonably expect the
thermal expansivity of liquids to be similar to
those of solids. Experimentally we find that the
thermal expansivity of liquids is similar to that of
the equivalent solids (Table 9.5) but with a ten-
dency to be slightly larger. This may be under-
stood as being due to the fact that the thermal ex-
pansivity of solids tends to increase with tem-
perature, and the liquid data is necessarily ob-
tained at a higher temperature than the equivalent
solid data.

However, there is one further way in which a liq-
uid can expand that is unavailable to a solid: it can
change its structure. This happens in a slow un-
dramatic manner, evolving from a solid-like
structure near its melting temperature to a more
gas-like structure near its boiling temperature. The
evidence of Table 9.5 is that in elements for which
data is available for both for liquids and solids,
this method of expansion is a relatively small
component of the total thermal expansivity.

However, the thermal expansivity of the organic
liquids is nearly three times larger than elemental
liquids which melt at a similar temperature. This
arises because the molecules of organic liquids are
attracted to one another by the weak Van der
Waals forces that make it relatively easy for mole-
cules to move apart and adopt structures that op-
timise their energy. Since the covalent bonds
within the molecules are considerably stronger
than the Van der Waals bonds between molecules,
molecules tend to retain their optimal shape on
heating but to change the relative orientation and
separation as a function of temperature.

Example 9.3

Liquid-in-glass thermometers consist of a reservoir
of liquid connected to a thin tube called a capillary
tube. The volume of the liquid reservoir changes
with temperature and this change in volume is re-
flected in a variation of the length of the liquid col-
umn in the capillary tube.

A given liquid-in-glass thermometer has a reservoir
of volume 1 cm3 and is connected to a  capillary tube
with an internal diameter of 0.1 mm. For mercury
and ethanol, the two most commonly used working
liquids, work out the sensitivity of such a thermome-
ter, i.e. the number of millimetres per degree celsius
that the liquid surface moves along the tube.

The basic equation is 9.1: V = Vo( 1 + _∆T) and we need
first to evaluate the volume change V – Vo = ∆V  of the
liquid for a change in temperature of 1 °C. Rearranging
Equation 9.1:

V – Vo = ∆V =Voβ∆T
This volume change is accommodated by the expansion
of the fluid up the capillary tube. The extra volume is
therefore given by πr 2∆L  where ∆L is the distance the
fluid expands up the tube and r is the radius of the cap-
illary tube. We thus have ∆V =Voβ∆T = π r 2∆L and so
rearranging with ∆T = 1 °C this gives:

∆ = πL
V

r
oβ

2

Substituting r = 0.05 × 10–3 m and Vo = 1cm3 = 10–6 m3:

∆ =
π ×( ) =

−
L

10

0 05 10
127 3

6

3 2
β β

.
.

–

If we substitute the β values for mercury (18.1 × 10–5

°C–1) and ethanol (108 × 10–5 °C–1) we find:

∆L(Mercury) = 0.023m = 23 mm
∆L(Ethanol) = 0.137m = 137 mm

Both displacements are easily appreciable and both
liquids are commonly used in liquid-in-glass ther-
mometers. A fuller calculation would take into account
the expansion of the tube and the container of the liquid
reservoir which tends to slightly reduce the sensitivity
of the thermometers. Notice that water could not be
used as the working liquid in such  a thermometer be-
cause its thermal expansivity (which corresponds to the
slope of the data in Figure 9.3) varies considerably
across the small temperature range in which it is a liq-
uid. This is in contrast to the data for mercury shown in
Figure 9.4. Furthermore cooling below 0°C would cause
the liquid to freeze, and the expansion of water on
freezing would almost certainly break the reservoir
container.

Figure 9.8 Detailed view of the thermal expansivity
anomaly in water. Notice the tiny scale of the anomaly.
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The final question concerns the thermal expansiv-
ity anomaly in water which causes water to be-
come slightly denser as it warms from 0 °C to 3.98
°C. The origin of this anomaly is already clear
from Figure 9.3, which shows the anomaly on the
same scale as the 10 % volume collapse that ice
undergoes on melting. The process that leads to
the melting of ice is the progressive weakening of
the ice structure (Figure 9.8) by thermal vibrations
which cause the hydrogen-bonded part of the oxy-

gen=oxygen linkages to bend. This process of
bending and collapse continues in the liquid state,
but is in competition with the normal processes of
thermal expansion discussed above. Thus the
maximum in the density arises at around 4 °C be-
cause at that temperature the process of collapse of
the liquid structure is exactly balanced by the ten-
dency to thermally expand. We should also note
the small magnitude of the thermal expansivity
anomaly, amounting to only 2 parts in 104.

9.5 Speed of sound

9.5.1 Data on the speed of sound
Sound travels considerably faster through liquids
than gases: the maximum speed in Table 9.6 be-
low is around 3350ms–1 for molten copper, which
may be compared with a maximum of around
1000 ms–1 for hydrogen gas (Table 5.14). Exami-
nation of the data of Table 9.6 shows that the
speed of sound in a liquid is around 30% less than
the speed of sound in the corresponding solid. The
type of wave which propagates has more in com-
mon with the single type of longitudinal wave
which propagates in a gas. The shear waves (Fig-
ure 7.12 (b) and (c)) are heavily damped in liquids

and we do not consider such waves here.

The main question raised by our preliminary ex-
amination of the experimental data on the velocity
of sound in liquids is:
• Why is the speed of sound in liquids around

30% slower than in the equivalent solid below
its melting temperature?

9.5.2 Understanding the data on the speed
of sound
Having examined the speed of sound in both gases
(§5.6) and solids (§7.5) we are now fairly confi-

Table 9.6 The speed of sound in liquids showing cL, the speed of longitudinal waves. For the elements, where possible,
the data for the solid state (taken from Table 7.12) is also included, in the shaded column, for comparison. Data for ice
is also included.

Substance
T

(°C)
cL

(ms–1) Substance
T

(°C)
cL

(ms–1) Substance
T

(°C)
cL

(ms–1)
cL

(ms–1)

Organic Liquids Elements Elements
Acetic acid 20 1173 Hydrogen, H2 –258 1242 Cadmium, Cd 360 2150 2780
Acetone 20 1190 Helium, He –269 211 Copper,Cu 1350 3350 4759
Methanol 20 1121 Nitrogen, N2 –189 745 Gallium, Ga 50 2740
Ethanol 20 1162 Oxygen, O2 –186 950 Mercury,Hg 20 1454
Propanol 20 1223 Sodium, Na 110 2520 Silver, Ag 1150 2630 3704
Butanol 20 1258 Potassium, K 80 1869 Tin, Sn 240 2470 3380
iso-Pentanol 20 1255 Rubidium, Rb 50 1427 Zinc, Zn 450 2700 4187
Hexanol 20 1331 Caesium, Cs 40 980
Hexanol 20 1331
Heptanol 20 1343

Water 0 1402
Ice –20 3840
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dent that we understand the physics of sound
propagation. The speed of sound in a medium de-
pends on two quantities: the compressibility of the
medium, and its density. Our success in under-
standing the data for gases and solids leads us to
rephrase our original questions as follows:
• Is the lower speed of propagation in a liquid

as compared with a solid due to a change in
compressibility or a change in density?

However, in liquids a complicating factor arises
concerning the character of the waves in the liq-
uid. Are the waves like those in a gas, or like those
in a solid? In this section we will first deal with
this complication, and then address the effect of
density and bulk modulus in turn

The effect of the character of the sound waves
In solids, the speed of a longitudinal compressive
wave cL , is given by Equation 7.26 and 7.27 as:

c
E

L = γ
ρ

(7.26* and 9.2)

where ρ  is the density of the substance, E  its
Young’s modulus, and γ  a factor related to the
Poisson ratio σ  of the substance given by:

γ σ
σ σ

= −
− +

( )

( )( )

1

1 2 1
(7.27* and 9.3)

Remember that γ  in this context has no connec-
tion with the ratio of the heat capacities of gases
found in formulae for the speed of sound in gases.

Our first step is to write Young’s modulus in
terms of the bulk modulus B , using a standard
equation (Appendix A2):

B
E=
−3 1 2( )σ

(9.4)

Substituting Equation 9.4 into Equation 9.2 yields
and expression for the speed of longitudinal sound
waves in bulk solid as:

c
B

L = −
+

3 1

1

( )

( )

σ
ρ σ

(9.5)

Now for solids, the Poisson ratio has typical value

of σ ≈ 1/3 which implies:

c
B

B

B

L
solid ≈

≈

≈
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3
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.

ρ

ρ

ρ

(9.6)

However, for liquids we expect a Poisson ratio
closer to 0.5. This is the value of Poisson ratio
relevant to compressions and rarefactions that are
volume conserving. We expect this because liquids
have the ability to change shape relatively easily.
(See Example 7.8.) Substituting σ = 1

2 we arrive
at:

c
B

B

L
liquid =

=

3 1
2

3
2

( )

( )ρ

ρ

(9.7)

which is similar to the equivalent result for a gas
(§5.5.2).

Let us first make the (incorrect) assumption that
the density and bulk modulus of a substance in its
solid and liquid states are equal. If this were so
then the expected difference in the speed of sound
would arise entirely from the changed character of
the sound waves in the liquid. Taking the ratio of
Equations 9.6 and 9.7 predicts that the ratio
c cL

liquid
L
solid  would be ≈ 1/1.22 ≈ 0.82, i.e. we

would expect the speed of sound in liquids to be
about 18% lower than in the equivalent solid.

The effect of density
In §9.2 we saw that the densities of liquids were
generally of the order of 10% less than those of
solids due to the less efficient ‘packing’ of atoms
in the liquid state. According to Equation 9.7 this
predicts that the speed of sound in liquids should
be increased as compared to the speed of sound in
an otherwise equivalent solid by a factor 1 1.
which is roughly 1.05. So, taking into account
both the change in the character of sound waves in
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the liquid and the change in density, we should
expect the speed of sound in liquids to be (1.05 ×
0.82 ≈ 0.86) ≈ 14% lower than in the equivalent
solids.

The effect of the bulk modulus
Consideration of both the character of waves in a
liquid and of the changes of density in the liquid,
has not explained the experimental fact of a 30%
reduction in the speed of sound in liquids. So we
must assume that the extra lowering in the speed
of sound of a liquid is due to a lowering of the
bulk modulus of the liquid.

Taking the ratio of Equations 9.7 and 9.6 yields an
expression for the ratio of the speed of sound in
liquid and solid c cL

liquid
L
solid :

c

c

B B

B

B

L
liquid

L
solid

liquid

liquid

solid

solid

liquid

solid
solid

liquid

=

= ×

ρ ρ

ρ
ρ

3
2

2

3

(9.8)

Experimentally we have c cL
liquid

L
solid/ ≈0.7 and

ρ ρsolid liquid/ ≈1.1 so Equation 9.8 simplifies to:

0 7
2

3
1 1. .= ×

B

B

liquid

solid (9.9)

Solving for the B Bliquid solid/  yields:

B

B

liquid

solid ≈ × ≈0 7
3

2 2
0 672.

.
. (9.10)

Equation 9.10 implies that liquids are around one
third more compressible (less springy) than the
equivalent solids. In retrospect this does not seem
implausible. The inefficient packing of atoms in
the liquid leads to an extra 10% of empty space
within a liquid. Thus under pressure we would
expect the liquid to relinquish some of this ‘empty
space’ relatively easily. Thus, the same factors
which enabled us to understand the lower density
of the liquid state also enable us to understand the
higher compressibility.

A simple calculation
In the previous part of this section, we explained
the difference in the speed of sound between liq-
uids and solids as being due to differences in the
character of the sound wave, the density, and the
bulk modulus. This is undoubtedly true. However,
it would be nice to try gain a little more insight
into what might be happening at a molecular level.

We can do this using a very simple-minded ap-
proach to state of liquid, which combines some
elements of the structural model of a liquid (§8.2)
and the cell model (§8.3). We consider a molecule
trapped within its cell in the liquid. Energy may be
transmitted through the cell in two modes, one
characteristic of a gas, and the other more typical
of a solid.
• In the first mode the molecule may move

across its cell from one side to the other. En-
ergy gained on one side of the cell is thus
transmitted as in a gas through molecular mo-
tion, albeit with an extremely short mean free
path.

• In the second mode, vibrations of one mole-
cule may be transmitted vibrations to its
neighbours, as in a solid.

Consider the time it takes for energy to move
across a cell of width a a+ ∆ , where a is the typi-
cal atomic separation in the solid.  We must add
two times: the time for a short gas-like trajectory
through a distance ∆a plus the time for solid-like
transmission across the rest of the cell with dimen-
sion of the order a.

The time ∆t taken for transmission in the liquid
across a cell of width ≈ + ∆a a  is thus:

∆ =

= + ∆
t

a

c

a

c

distance

speed

solid gas

(9.11)

and thus the speed of sound in a liquid should be:

c
t

a a

a
c

a
c

liquid

solid gas

distance= ∆ = + ∆
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(9.12)
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This simplifies in two stages:
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(9.13)

and:
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(9.14)

Notice that the two factors in this equation corre-
spond to the two factors in the expression for the
speed of sound. The term ∆a a/  accounts for the
change in density, and the term c csolid gas/  takes
account of the change in bulk modulus.

In order to estimate cliquid  we need to estimate
∆a a/  and c csolid gas/ . We can estimate the first
factor from the density change on entering the
liquid state, typically 10% (§9.2). Thus we esti-
mate that the volume of the ‘cell’ is of the order
( )a a+ ∆ 3 , which is around 10% larger than a3.
Noting that:

a a a a a

a
a

a

+ ∆( ) ≈ + ∆

≈ + ∆





3 3 2

3

3

1 3
(9.15)

we estimate ∆ ≈a a/ .0 1
3 , which is roughly 0.033.

The ratio of c csolid gas/  is difficult to estimate di-
rectly here because there are no common entries in
the tables for the velocity of sound in the gaseous
and solid states. However the solid values are all
about 3000 ms–1 whereas the gaseous values are
more typically in the region of 300 ms–1. We thus
estimate that c csolid gas/ ≈10.

Using these estimates in Equation 9.14 we find:

c c

c

liquid solid

solid

≈ +[ ]
+ ×[ ]

≈

1 0 033

1 0 033 10

0 78

.

.

.

(9.16)

which agrees reasonably well with our experi-
mental finding that cliquid≈0.7cliquid. The calcula-
tion, though thoroughly hand-waving, has pro-
duced a reasonable prediction for the speed of
sound in a liquid in terms of the speed of sound in
gases and solids.  This reflects the intermediate
status of liquids, and the difficulty in approaching
phenomena in liquids that have mixed solid-like
and gas-like character. Hand-waving as it is, we
will use this model again when we consider trans-
port of heat energy through a liquid (§9.11.4).

Figure 9.9  A molecule has more space available to it the liquid state than the solid state. We imagine that the mole-
cules move freely as in a gas across the extra space ∆a within the liquid state.
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9.6 Viscosity

9.6.1 Introduction
I mentioned at the start of this chapter that liquids
possess a relatively well-defined volume, but no
well-defined shape. However, not all liquids can
change their shape with similar ease, and the
quantitative measure of the ease with which they
can flow from one shape to another is the viscosity
of the liquid.

We generally consider that solids do not flow at
all. This is not quite strictly true: under the intense
forces and at high temperatures, solids do flow,
albeit extremely slowly. On Earth, the phenome-
non of solid flow is responsible (among other
things) for the drifting apart of the continents of
Europe and America at an average speed of
around 0.3 nanometres per second (10 millimetres
per year).

The viscosity of liquids may be measured in a
variety of ways. These methods depend on, for
example, the rate of damping of oscillations of
objects in the liquid, the speed with which objects
fall through the liquid, or the rate of flow of the
liquid through constrictions.

Formally, we define viscosity in terms of the rate
of transfer of momentum (or force) exerted on a
plane of liquid when a second plane of liquid is
moved with velocity v. If the second plane is far
away from the first, we expect the transfer of mo-
mentum to be smaller than if the plane is nearby.
Also the quicker the first plane moves, the more
momentum will be transferred to adjacent planes.
For many liquids, the force between the planes is:
• proportional to the velocity v, and
• inversely proportional to the separation x of

the two plates.
We thus write:

F
v

x
= η (9.17)

where the constant of proportionality is defined as
the viscosity. Liquids for which this definition
holds are known as Newtonian liquids. Figure 9.10
illustrates this definition.

Figure 9.10 (a) is a schematic of the definition of
viscosity. Moving a plate through a liquid will
drag a few atomic layers adsorbed to its surface
with it and thus create a moving liquid layer. A
plate moving as indicated will tend to drag a sec-
ond plate with it, creating a force F on the second
plate, which could be measured by a spring bal-
ance apparatus. Figure 9.10 (b) illustrates an appa-
ratus which might be used in practice. One plate
oscillating above another would be damped by
(i.e. lose momentum to) the liquid trapped be-
tween it and a fixed plate. Observations of the rate
of damping allow a direct inference of the viscos-
ity according to the definition Equation 9.17.

Figure 9.10 (a) Cross-section through a liquid showing
that when a plate is drawn through a liquid it drags with it
layers of liquid. This corresponds to a transfer of z-
momentum in the x-direction. The viscosity is a measure
of the amount of z-momentum transferred. (b) Two
plates, one fixed to a wall via a spring and one free to
move. When the top plate is moved, the lower plate expe-
riences a force which depends on the speed v of the first
plate, and the distance x (Equation 9.17). (c) The viscos-
ity of liquids can be more easily determined by measuring
the damping of torsional oscillations of circular plates.
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9.6.2 Data on the viscosity of liquids
The viscosity of various substances is recorded in
Table 9.7 and selected data from the table is plot-
ted in Figure 9.11. Figure 9.12 shows the detailed
variation of the viscosity of water with tempera-
ture. It is clear from all these data that the viscos-
ity of liquids depends strongly on temperature,
becoming more viscous as a liquid is cooled.

Figure 9.11 shows viscosity of various liquids
varying strongly with temperature. For example,
the data for ethanol varies by at least two orders of
magnitude as the temperature is increased from
–100 °C to 100 °C. Similarly the data for water in
Figure 9.12 shows a fall of around one order of
magnitude between 0 °C and 100 °C. From Table
9.7 we note that substances with larger melting
temperatures tend to have larger viscosities. So for
example, sodium is more viscous than potassium,
and ethanol is more viscous than methanol.

So the main question raised by our preliminary
examination of the experimental data on the vis-
cosity of liquids is:
• Why does the viscosity decrease strongly with

increasing temperature?

9.6.3 Understanding the viscosity of
liquids
Our approach here will be to use the cell model of
a liquid to discuss the viscosity data. The funda-
mental process that takes place when a liquid
changes shape is such that one layer of molecules

Table 9.7 The viscosity η of various substance in their liquid state in units of mPa s as a function of the temperature in
°C. To obtain the viscosity in units of Pa s, multiply the entries in this table by 10–3. For example, the viscosity of mer-
cury  at 25 °C is 1.528 × 10–3 Pa s.

Temperature (°C)
Substance –100 –50 0 25 30 50 75 100 400 600 700 800 1100
Acetic acid — — — 1.116 1.037 0.792 0.591 0.457 — — — — —
Acetone — — 0.402 0.310 0.295 0.247 0.200 0.165 — — — — —
Benzene — — — 0.603 0.562 0.436 0.332 0.263 — — — — —
Carbon disulphide 2.132 0.796 0.445 0.357 0.343 — — — — — — — —
Methanol — 2.258 0.797 0.543 0.507 0.392 0.294 0.227 — — — — —
Ethanol 98.96 8.318 1.873 1.084 0.983 0.684 0.459 0.323 — — — — —
Sodium — — — — — — — 0.680 0.286 0.215 0.192 0.174 —
Potassium — — — — — — — 0.458 0.224 0.172 0.155 0.141 —
Mercury — — 1.616 1.528 1.497 1.401 1.322 1.255 — — — — —
Tin — — — — — — — — 1.33 1.04 0.950 0.890 0.780

Figure 9.11 The viscosity η (Pa s) of various substances
from Table 9.6 plotted as a function of the temperature.
Note that the vertical scale is logarithmic covering three
orders of magnitude.
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Figure 9.12 The viscosity η (Pa s) of water plotted as a
function of the temperature. Note that the vertical scale is
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has to ‘slide past’ another layer. In terms of the
cell model this process requires molecules to ‘hop’
from one cell to another. Since the energy required
to activate this hopping is ∆Eh , the probability P
that any particular molecule will be able to hop
into an appropriate cell is (§2.4):

P E T
E

k T
( , ) exp

–∆ = × ∆



h

h

B

constant (9.18)

In order to achieve a certain change of shape
within the liquid, a certain (very large) number of
individual molecular hops are necessary. So the
more molecules that have energy greater than
∆Eh , the easier the change will be. If molecules
have energy less than ∆Eh  then they will be un-
able to move from their local cell, and the liquid
will behave in a solid-like manner.

The ease of flow of the liquid (called its fluidity )is
defined as 1/η . From the considerations above we
expect the fluidity to vary like:

1

η
∝ ∆





exp
– E

k T
h

B

(9.19)

or that the viscosity will vary as:

η ∝ +∆





exp
E

k T
h

B

(9.20)

This is an easily testable proposition. If the vis-
cosity varies as Equation 9.20 suggests, then a plot
of ln( )η  versus 1/T should yield a straight line.
Figure 9.13 shows the data from Table 9.7 re-
plotted in this form. The data in Figure 9.13 do
seem to conform to Equation 9.20 and so represent
good evidence for the exponential dependence of
viscosity on inverse temperature, and hence indi-
rectly for the cell model of a liquid.

We can evaluate the parameter ∆Eh  from the
slopes of the data in Figures 9.13 and 9.14. Since
we have plotted ln( )η  versus 1/T we should ex-
pect the slope to be ∆E kh B/ . We record the re-
sults in units of milli-electron volts (meV) in Ta-
ble 9.8. The values in Table 9.8 are of the order
0.1 eV with values ranging from 1

6  to 1
20  of an

electron volt. Now if the cell model really does
make sense then we should be able broadly to un-
derstand the magnitude of the predicted activation
energies ∆Eh . The values of ∆Eh  are considered
in the light of estimates for ∆Es  and ∆Ee  in §9.9.

Figure 9.13 The viscosity η (Pa s) of various substances
from Table 9.6 plotted on a logarithmic axis as a function
of inverse temperature. Note that the vertical scale cov-
ers three orders of magnitude in viscosity. The lines are
fits to the data points, with slopes indicated in Table 9.8.
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curvature are evident.
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Before discussing the values deduced in Table 9.8
it is important to keep in mind that ∆Eh  is not the
activation energy for a single molecule to ‘hop’ its
way through the liquid. It is an energy which re-
flects the probability of complex multi-molecule
correlations occurring which conspire to allow a
molecule to ‘jiggle’ through the liquid.

Looking at the data in Table 9.8 by itself we see
that broadly the values of ∆Eh  seem reasonable.
For example:
• ∆Eh for sodium is greater than ∆Eh  for po-

tassium in line with the fact that the intera-
tomic bonding in sodium is slightly stronger
than in potassium as evidenced by the boiling
temperatures of the two (potassium 1047 K
and sodium 1156 K).

• ∆Eh for methanol (CH3OH) is less than for
ethanol (CH3CH2OH) which is a larger,
heavier and more awkwardly shaped mole-
cule.

• ∆Eh  for ethanol (CH3CH2OH) is similar to
that of water. Here we see that the ease of
motion of a molecule through the liquid arises
both from bonding considerations, and from
considerations of molecular shape. The water
molecule is much smaller than the ethanol
molecule, and so should find it easier move
through its liquid. However water experiences
strong hydrogen bonding which slows down
its motion in comparison with the weaker
bonding of the ethanol.

There are however data in Table 9.8 that seem at
first sight surprising. For example, ∆Eh  for etha-
nol (boiling temperature 345 K) is nearly three
times greater than for tin (boiling temperature
2543 K). To understand this, we need once again
to consider the relative ease with which a mole-
cule moves is a product of :
• geometrical considerations: it is easier for the

small essentially spherical tin atom to move
through liquid tin than it is for the oddly-
shaped ethanol molecule to move through liq-
uid ethanol.

• bonding strength considerations: the bonding
between ethanol molecules is considerably
weaker than it is between tin atoms as evi-
denced by their differences in boiling tem-
perature.

However, in order to understand the data of Table
9.8 in full we need to consider the data in the
context of experimental values of the other cell
model parameters ∆Es  and ∆Ee , a task under-
taken in §9.9.

9.7 Surface energy

9.7.1 Introduction
The property of smooth surface formation is char-
acterised by a surface energy  or surface tension.
This gives a numerical measure of the distinction
between a liquid and a gas, which requires essen-
tially no energy to form a new ‘surface’. We are
familiar with the fact, illustrated in Figure 9.15,
that liquids on an impermeable surface frequently
form droplets rather than spreading in a uniformly
thin film.

This tendency arises because it takes energy to
form a surface on a liquid. The energy per unit
area required to form new surface on a liquid is
known as the surface energy or more commonly,
the surface tension, and is usually denoted by the
symbol γ  (pronounced ‘gamma’). There is no
connection between this use of the symbol gamma
and that mentioned in the sections on heat capac-
ity, bulk modulus and speed of sound.

Table 9.8 Analysis of the slopes found in Figures 9.13
and 9.14 in terms of Equation 9.20.

Substance Slope (K) ∆∆∆∆Eh (J) ∆∆∆∆Eh (meV)
Acetone 907 12.52 × 10–21 78.1
CS2 736 10.16 × 10–21 63.4
Methanol 1271 17.55 × 10–21 109.5
Ethanol 1845 25.47 × 10–21 159.0
Sodium 769 10.62 × 10–21 66.3
Potassium 661 9.126 × 10–21 57.0
Tin 688 9.50 × 10–21 59.3
Water 1862 25.7 × 10–21 160
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If no energy were required to form a surface then
liquids would seek to minimise other contributions
to their energy, regardless of the amount of surface
area created in this process. So for example, a liq-
uid poured onto an impermeable surface would
minimise its gravitational potential energy by
forming a layer approximately one molecule thick.
As pointed out in Figure 9.15, this does not hap-
pen, and small amounts of water form droplets
with a restricted surface area.

An experiment (primarily a thought experiment)
illustrating the concept of surface tension is de-
picted in Figure 9.16. The apparatus consists of a
liquid film formed across a wire frame. Suppose
that the arm is first balanced and then moved
slowly to a new position. Moving the arm in-
creases the area of the film by an amount L∆x, so
extra liquid surface area has been created both on
the top and the bottom of the film. The total extra
area created is given by ∆ = ∆A L x2 . By the defi-
nition of the surface energy, this requires energy
γ∆A . This energy is supplied by the work ∆W
done on the film, which is just F x∆ . Thus the
work ∆W  done by the force in creating this sur-
face is:

∆ = ∆
= ∆

W A

L x

γ
γ2

 (9.21)

When balanced, the force F applied to the move-
able arm counteracts the tendency of the liquid
film to contract and thus minimise its surface area.
The magnitude of the force is given by −d dW x/ ,
which in this case is approximately given by
−∆ ∆W x/ :

F
W

x

L x

x
L

= − ∆
∆ = − ∆

∆
= −

2

2

γ

γ
 (9.22)

Comparing Equations 9.21 and 9.22 we see that
the surface tension (the force per unit length of
exposed surface) and the surface energy per unit
area, are numerically equal. They have the units of
[force]/[length] or [energy]/[area] = N m−1.

9.7.2 Data on the surface tension and
surface energy of liquids
Table 9.9 lists the surface tension of various sub-
stances and Figure 9.17 shows the variation of the
surface tension with temperature for selected sub-
stances from Table 9.9. Figure 9.18 shows the
variation of the surface tension of water with tem-
perature on a more detailed scale.

It is clear from the data that there is a considerable
range of values of surface tension. There appears
to be some relationship between the melting tem-
perature and the surface tension that the substance
exhibits. This correlation causes high melting
temperature substances to appear at the top of Fig-
ure 9.17. Mercury does not exactly fit in with this
trend, but the other molten metals do fit quite well.

Figure 9.15 (a) A (hypothetical) liquid with no surface
tension and (b) a real liquid showing the effect of surface
tension.

(a) (b)

Liquid Liquid

Figure 9.16 (a) A conceptually simple, but impractical,
device for investigating the surface tension of liquids.

(b) Moving the arm by dx increases the area of a liquid
film by 2Ldx. The factor of 2 arises because new surface
area is created on both the upper and lower surfaces.

L

F

Wire frame
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The second striking feature of Figure 9.17 and
9.18 is that all the data show a negative slope, in-
dicating that the surface energy become less at
higher temperatures. The slopes also appear to
become steeper as the melting temperature of the
substance increases. The variation with tempera-
ture appears to be approximately linear for the
data shown, but the data for water show a slight
curvature.

Thus the main questions raised by our preliminary

examination of the experimental data on the sur-
face energy of liquids are:
• Why do substances with high melting tem-

peratures tend to have a high surface energy?
• Why does the surface tension of liquids de-

cline approximately linearly with tempera-
ture?

9.7.3 Understanding the surface
tension of liquids
Our approach here, as with the approach to under-
standing the viscosity data, will be to use the cell
model of a liquid to discuss the data. In Figure
9.19 we consider the situation of molecule A near
the surface of the liquid in comparison to molecule
B deeper within the liquid. On average, molecules
such as A have around half the number of nearest
neighbours as molecules such as B. Thus mole-
cules such as A may be considered as about ‘half-
way to being free of the liquid’. In the cell model
of a liquid we assume that thus will take an energy
∆Es of the order of 50% of ∆Es .

So if it costs ∆Es to have a single molecule at the
surface of a liquid, then we can evaluate the sur-
face energy of a liquid quite straightforwardly. We
need only to count the number of molecules such
as A per unit surface area. If we consider that each
molecule is constrained within a cell of dimen-
sions of the order a, then the number of molecules

Table 9.9 The surface energy or surface tension of vari-
ous substances in their liquid state (10–3 N m–1) at a given
temperature in °C. For example, the surface tension of
benzene is 28.88 × 10–3 N m–1.

Substance Temperature (°C) γγγγ (mN m–1)
Acetic acid 20 27.59
Acetone 20 23.46
Benzene 20 28.88
Carbon disulphide 20 32.32
Methanol 20 22.50
Ethanol 20 22.39
Water 20 72.75

Sodium 100 209.9
Potassium 65 110.9
Mercury 25 485.5
Lead 350 444.5
Aluminium 700 900
Gold 1100 1120

Figure 9.17 The surface energy or surface tension of
various substances from Table 9.8 in units of mN m-1 s
as a function of temperature. Notice the large difference
in scale between this figure and Figure 9.18.
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per unit surface area will be ≈ 1 2/ a . So we esti-
mate that the surface energy γ  is given simply by:

γ = ∆E

a
s

2 (9.23)

We can estimate a for a liquid by considering that
a molecule of mass m  has a ‘volume’ of the order
a3 . Following this line of reasoning, we can esti-
mate the density ρ  of substance to be m a/ 3. The
mass of molecule is Mu, where M  is its relative
molecular mass and u an atomic mass unit. Sub-
stituting for a2 in Equation 9.23 produces an esti-
mate for γ :

γ ρ= ∆ 





E
Mus

2
3

(9.24)

Equation 9.24 allows us to estimate the surface
energy γ  in terms of a few well-known properties
of a substance, and a theoretical property ∆Es
which we have no independent method of esti-
mating. In any case, due to the hand-waving na-
ture of the arguments that preceded Equation 9.24
we would not be surprised if Equation 9.24 were
out by a factor of 50% or so. However we can still
make progress in assessing to what extent our the-
ory of surface tension makes sense.

The relative value of ∆ES

Although we cannot predict γ  from experimental

values of ∆Es , we can use experimental values of
γ  to predict ∆Es by rearranging Equation 9.24:

∆ =








E

Mu
S γ

ρ

2
3

(9.25)

Based on the discussion of §8.3 we expect to find
that for any particular liquid, ∆Es should be:
• around 50% of ∆Ee  as estimated from vapour

pressure data (§ 9.8)
• a few times greater than ∆Eh  as estimated

from viscosity data (§9.6),
Values of ∆Es deduced from surface tension ex-
periments are collated for several liquids in Table
9.10.

The conclusions of Table 9.10 are broadly in line
with our expectations: the surface energy of liquid
metals is considerably higher than the surface en-
ergy of organic liquids. There are however one or
two interesting comparisons to be made. For ex-
ample, in §9.6 we saw that the activation energy
for ‘hopping’ was broadly similar for water and
ethanol. However, the data for surface energy in-
dicate that it takes only two-thirds of the energy to
place an ethanol molecule on the surface com-
pared to that required to place a water molecule on
the surface.

However, in order to appreciate the subtleties of

Figure 9.19 A two-dimensional illustration of the situation
of molecules near the surface of a liquid. In three-
dimensions, molecules such as A  still interact with
roughly half as many molecules as a molecule within the
liquid such as B.

B

Liquid surface
A

Figure 9.20  A view looking down on the surface of the
liquid. In order to estimate the surface energy, we need to
count how many molecules (such as A) there are per unit
area. Roughly speaking the answer will be ≈ 1/a2 .

A a
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interpretations of these derived quantities, it is best
to look at the relationships between all three pa-
rameters of the cell model ∆Ee , ∆Es and ∆Eh for
different liquids. These data are collated in Table
9.12 and discussed in §9.9 on the cell model.

The temperature variation of surface energy
The second point to note is that Equation 9.25
predicts that the surface energy is temperature-
independent. This is in fact not quite true, but the
temperature dependence is much weaker than the
exponential temperature-dependence seen in the
viscosity (§9.6) or the vapour pressure (§9.8). Is it
possible to understand the roughly linear decline

in surface energy with temperature? If we consider
the data for water (Figure 9.18) we see that γ  falls
by around 25% as the temperature increases from
273 K to 373 K. This is much too large to be ex-
plained in terms of the 4% density variation (Table
9.2). So we need to try to understand this reduc-
tion in the cost of forming a surface as being due
to a reduction in ∆Es itself. Understanding this
reduction is rather complex, but essentially it re-
sults from the changing structure of the liquid. In
§8.3 we described the average structure of a liquid
in terms of the radial density function. Figure 9.21
illustrates the changes in the radial density func-
tion that take place as a liquid is warmed. The

Table 9.10 The value of ∆ES (evaluated according to Equation 9.25) deduced from surface tension data on various
substances in their liquid state (Table 9.9).

Substance MW
ρρρρ    

(kg m–3 )
T

(°C)
γγγγ

(mN m–1 )
∆∆∆∆ES

(meV)
Acetic acid CH3COOH 60 1049 20 27.59 35.9
Acetone CH3COCH3 58 790 20 23.46 36.0
Benzene C6H6 78 877 20 28.88 50.4
Carbon disulphide CS2 76 1293 20 32.32 42.8
Methanol CH3OH 32 791 20 22.50 23.2
Ethanol C2H5OH 46 789 20 22.39 29.5
Water H2O 18 1000 20 72.75 43.7

Sodium Na 23 930 100 209.9 156
Potassium K 39 824 65 110.9 127
Mercury Hg 201 13600 25 485.5 256
Lead Pb 207 10690 350 444.5 281
Aluminium Al 27 2400 700 900 396
Gold Au 197 17320 1100 1120 496

Figure 9.21 Schematic diagram of the radial density
function n(r) at different temperatures in the liquid phase.
For comparison, the figure also shows the n(r) of the solid
and of a (hypothetical) gas-like state with the same aver-
age density as the liquid. At higher temperatures the cor-
relations between molecular positions that gives rise to
the peaks and troughs in the n(r), are weakened. It can
be seen that, while still maintaining the same average
density, the average separation of molecules increases.
This results in a reduction of the overall binding energy.
This occurs because there is an increase in the probabil-
ity of molecules being at the troughs of the function, and
a decrease in the probability of them being at the peaks.
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correlations between the average positions of
molecules are weakened, leading to the lowering
of the peaks and raising of the troughs of Figure
9.21. It can be seen that, while still maintaining
the same average density, the average separation
of molecules increases. This results in a reduction
of the overall binding energy because there is a
reduction in the average number of molecules at
the optimum separation, and an increase in the
number of molecules with slightly greater than the
optimum separation.

These changes result in a reduction in all the acti-
vation energies in the cell model. Thus as the tem-
perature rises it becomes easier for a molecule to:
• hop from cell to cell
• leave the liquid completely, or
• move to the surface.
However, the activation energies change only
relatively slowly with temperature and so are dif-
ficult to discern in the temperature-dependence of
the viscosity or the vapour pressure because they
are overwhelmed by the exponential temperature-
dependence. Thus it is only in the surface energy
data that the slow decrease in activation is ob-
served.

A second factor affecting ∆Es is the effect of the
vapour above the surface of the liquid. The density
of the vapour rises approximately exponentially
with temperature, but for water between 0 °C and
100 °C is still only of the order of one hundredth
of the density of the liquid. Even so, the surface
molecules do interact with the molecules in the
gas phase, albeit more weakly than they do with

the molecules in the liquid phase. We thus expect
the surface energy to be reduced according to:

∆ = ∆ [ ]E Es s
o gas factor– (9.26)

where ∆Es
o  is the surface energy in the absence of

any vapour above the liquid and the gas factor is
related to:
• the average distance from a surface molecule

to gas molecule. We might expect the interac-
tion energy to vary as approximately 1 6/ r  if
the interaction has a Van der Waals origin
discussed in §6.2. This distance will be re-
lated to the density of molecules in the gas
and we would expect that as the number den-
sity of gas molecules increased the strength of
the interaction with surface molecules would
increase

• the number density of gas molecules. In addi-
tion to the distance factor discussed above, the
greater the number density of molecules in the
gas, the greater the number of interactions that
a surface molecule may have with molecules
in the gas.

The interaction between surface molecules in the
liquid and molecules in the vapour only becomes
significant as we approach the temperature known
as the critical temperature, at which the density of
molecules in the gas becomes equal to the density
of molecules in the liquid. At this temperature the
surface energy of the liquid–gas interface falls to
zero. The surface tension data are considered
again in §11.4 where we discuss the data on the
critical temperature and pressure of liquids.

9.8 Vapour pressure

9.8.1 Introduction
At any temperature, a liquid attempts to sustain
above its surface a characteristic pressure of gas
known as the vapour pressure. Graphs of the va-
pour pressure versus temperature are shown for
water (Figure 9.22), the noble gas solids and liq-
uids (Figure 9.23), and some molten metals (Fig-
ure 9.24). For all of these widely differing sub-
stances, the vapour pressure increases extremely

strongly with increasing temperature For example,
the vapour pressure of silver in Figure 9.24 in-
creases by three orders of magnitude as the tem-
perature is increased by ≈ 50% from 1650 K to
2450 K. Notice that the vapour pressure curves are
nearly, but not quite, straight lines on the graphs.
This indicates that on this logarithmic vertical
scale, the vapour pressure is nearly, but not quite,
an exponential function of temperature.
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The main question raised by our preliminary ex-
amination of the experimental data on the liquid to
gas transition is:
• Why does the vapour pressure of a substance

increase strongly with temperature?

9.8.2 Understanding the vapour pres-
sure data
We will try to understand the vapour pressure data
by contructing a model for process of evaporation.
To do this we need to model the substance in both
the gas and liquid phases. When we discuss the
substance in its gas phase, we will use the ideal

gas model we developed in Chapter 4, and when
we discuss the substance in its liquid phase we
will use the cell model that we described in §8.4.
In the cell model, the energy required to remove a
molecule from the body of the liquid into the
gaseous phase is ∆Ee . This activation energy
leads  to  the rate at which molecules leave the

Figure 9.23 The vapour pressure of the rare gases as a
function of temperature plotted on a logarithmic scale.
The boiling temperature is defined as the temperature at
which the vapour pressure equals atmospheric pressure
(0.10135 MPa), which for these substances occurs at: He
4.22 K; Ne 27.1 K; Ar 87.3 K; Kr 119.8 K; Xe 165.1 K.
Note: For much of the indicated range, most of these
elements are solid, and the vapour co-exists with the
solid rather than the liquid state. This is discussed further
in Section 11.6 on the solid⇒gas transition.
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Figure 9.24 The vapour pressure of five metals as a
function of temperature plotted on a logarithmic scale.
The boiling temperature is defined as the temperature at
which the vapour pressure equals atmospheric pressure
(0.10135 MPa), which for these substances occurs at: Ag
2433 K; Al 2793 K; Cu 2833 K; Sn 2893 K; Au 3123 K.
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Figure 9.22 The vapour pressure of water as a function
of temperature plotted on (a) a linear scale and (b) a
logarithmic scale. The boiling temperature is defined as
the temperature at which the vapour pressure equals
atmospheric pressure (0.10135 MPa), which for water
occurs at 99.975 °C.
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liquid being proportional to a Boltzmann factor
(§2.5 Example 2.8) given by:

exp
−∆









E

k T
e

B

(9.27)

This factor will prove to be the origin of the strong
temperature dependence of vapour pressure. How-
ever, in order to calculate the vapour pressure
above the liquid we need to derive expressions for
both:
• the rate at which molecules leave the surface,

and also
• the rate at which they return from the gas

phase into the liquid.
We will derive expressions for the rates of each  of
these processes in the following two sections.

The rate at which molecules leave the surface
Consider a molecule just below the surface of a
liquid vibrating within its ‘cell’ with frequency f.
Remember that the frequency of molecular oscil-
lations is typically 1013 Hz. So f times per second
the molecule ‘hits’ the wall of its cell in an appro-
priate direction to leave the liquid. If the molecular
energy exceeds ∆Ee  it will succeed in leaving the
liquid. Now, the probability that its energy is
greater than ∆Ee  is given approximately by
A E k Texp( )−∆ e B , where A is a temperature-
independent constant. If the cell has dimensions
roughly a a a× ×  then the cross-section of the cell
area perpendicular to the surface is given by a2.
We thus expect that the number of molecules
leaving the surface per unit area per unit time is:

N
fA E k T

aleaving
e B= −∆exp( / )

2 (9.28)

The rate at which molecules return to the liquid
The number of molecules returning to the liquid
from the gas per second is rather easier to esti-
mate. In §4.3.3 we saw that the number of gas
molecules crossing unit area per second is given
by 1

4 n vgas gas , where ngas  is the number density of
molecules in the gas and vgas  is the average speed
of a gas molecule. If we assume that every mole-
cule which strikes the surface of the liquid returns
to the liquid and does not rejoin the gas, then we

estimate the return rate (per unit area) of mole-
cules rejoining the liquid is:

N n vreturning gas gas= 1
4 (9.29)

The equilibrium vapour pressure
In equilibrium, the rate at which molecules leave
the liquid must be the same as that at which mole-
cules return to it. Thus, in equilibrium, Equations
9.28 and 9.29 will be equal, and we expect:

1
4 2n v

fA E k T

agas gas
e B= −∆exp( ) (9.30)

or

n
fA E k T

v agas
e B

gas

= −∆4
2

exp( ) (9.31)

This equation can be simplified in two stages.
First, we substitute for the number density of
molecules in the liquid n aliq ≈ 1 3/  to give:

n
n faA E k T

v

n A E k T
fa

v

gas
liq e B

gas

liq e B
gas

=
−∆

= −∆












4

4

exp( )

exp( )  

(9.32)

We now consider the fraction isolated on the right-
hand side of Equation 9.32. The quantity fa  is
approximately equal to half the average speed of a
molecule within a cell. Recall that f times a sec-
ond, a molecule travels a distance 2a back and
forth across the cell. Thus in each second they
travel a distance 2fa. Substituting v faliq = 2  we
find:

n n A E k T
v

vgas liq e B
liq

gas

= −∆












2 exp( )  (9.33)

We can estimate that the average molecular speeds
within the liquid and gas at equal temperature are
likely to be rather similar, if not exactly equal. If
the fraction is close to unity we can proceed to
estimate the vapour pressure in terms of ngas . Us-
ing the ideal gas equation, (Example 4.2) we esti-
mate the molecular number density in the gas as:
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n
P

k Tgas
B

= (9.34)

and hence we estimate the vapour pressure above
a liquid as:

P k Tn

k Tn A E k T

=

≈ −∆( )
B gas

B liq e B2 exp /
(9.35)

If Equation 9.35 is a fair representation of the
variation of the vapour pressure above a liquid in
equilibrium, then a plot of ln( / )P T  versus 1/T
should yield a straight line with slope −∆E ke B/ :

ln ln
P

T
k Tn A

E

k T




 ≈ [ ]− ∆



2

1
B liq

Intercept

e

B

Slope

1 244 344
123

(9.36)

The data from §9.8.1 when re-plotted in this man-
ner (Figure 9.25) display a strikingly linear be-
haviour. If we take this linearity as evidence in
favour of the cell model, then evaluating the
slopes allows estimates of ∆Ee which are re-
corded in Table 9.11. The data of Table 9.11 give
us two opportunities to test our assumptions about
the process of evaporation.

First the values of ∆Ee evaluated from the slopes
of Figures 9.25 (a) and (b) may be considered in
relation to the other cell model parameters ∆Eh
and ∆Es. This comparison is performed in §9.9
where we evaluate the applicability of the cell
model to real liquids. The conclusion there is that,
with reservations, the cell model can help in un-
derstanding liquids.

Second we can use the value of ∆Ee calculated
from the slope of Figures 9.25 (a) and (b) to pre-
dict a value for the latent heat of vaporisation.
Remember that this is the amount of heat which
must be supplied to convert one mole of substance
from the liquid to the gaseous states at the boiling
temperature. The expected value is just the num-
ber of molecules in one mole, NA, times ∆Ee which
is effectively the ‘latent heat per molecule’. We
compare this prediction with experimental results
for the bulk latent heat L in §11.4 on the liq-
uid ⇔ gas phase transition. There we will find that

Figure 9.25 The vapour pressure data from (a) Figure
9.23 and (b) Figure 9.24 re-plotted as P/T versus 1/T to
test the prediction of Equation 11.36. The vertical axis of
both graphs is logarithmic and so the linearity of the data
indicates good agreement between theory and experi-
ment. The lines on the graph represent least-squares fits
to the data. The parameters of the fitted lines are listed in
Table 9.11.
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Table 9.11 Analysis of the slopes found in Figures 9.23
and 9.24 in terms of Equation 9.36.

∆∆∆∆Ee

Substance Slope (K) (J) (eV)
Copper –35209 486 × 10-21 3.04
Silver –29191 403 × 10–21 2.52
Gold –37355 516 × 10–21 3.22
Aluminium –34380 474 × 10–21 2.96
Tin –31616 436 × 10–21 2.72

Helium –9.51 0.13 × 10–21 0.00082
Neon –234 3.23 × 10–21 0.020
Argon –781 10.8 × 10–21 0.067
Krypton –1247   17.2 × 10–21 0.107
Xenon –1767   24.4 × 10–21 0.152
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L ≈ NA∆Ee within about 10%, which gives us con-
fidence in the model of evaporation that we have
developed.

Finally we can answer the question raised by our
preliminary examination of the data in §9.8.1:
Why the vapour pressure of a substance increases
strongly with temperature? We have seen that we
can understand this in terms of the dynamics of
molecules entering and leaving the surface of the

liquid. But that is not all. In §10.8 we will find a
very general relationship between any two phases
of matter which co-exist is equilibrium. This rela-
tionship, known as the Clausius–Clapeyron equa-
tion, leads to prediction that the vapour pressure
has a form very similar to Equation 9.36. However
the Clausius–Clapeyron Equation makes almost no
assumptions about the microscopic processes in-
volved at the interface between the two phases.

9.9 The cell model: experimental results collated

Using the cell model of a liquid, we have made
predictions for the temperature dependence of the
viscosity (§9.6), surface tension (§9.7), and vapour
pressure (§9.8). We have seen broad agreement
between the model and the data. By analysing
these experimental data, we can deduce estimates
for all three activation energies in a simple cell

model of the liquid: ∆Ee , ∆Es  and ∆Eh . To show
the relationships between ∆Ee , ∆Es  and ∆Eh  for
the different liquids, the data from Tables 9.8, 9.10
and 9.11 are summarised in Table 9.12. The table
also shows normalised values of the activation
energies, i.e. ∆ =Ee 1, ∆ ∆E Es e/  and ∆ ∆E Eh e/ .
After normalisation, the data show a surprising

Table 9.12 Collated value of ∆Ee, ∆ES and ∆Eh (in units of milli electron volts) from Tables 9.8, 9.10 and 9.11. Also
shown are the values of ∆ES and ∆Eh normalised for each liquid. The small table  at the foot of the main table presents
a summary of the data from each category.

Substance
∆∆∆∆Ee

(meV)
∆∆∆∆Es

(meV)
∆∆∆∆Eh

(meV) ∆∆∆∆Ee/∆∆∆∆Ee ∆∆∆∆Es/∆∆∆∆Ee ∆∆∆∆Eh/∆∆∆∆Ee

Acetic acid CH3COOH 391 36 114 1 0.092 0.292
Acetone CH3COCH3 319 36 78 1 0.113 0.245
Benzene C6H6 373 50 106 1 0.134 0.284
Carbon disulphide CS2 — 43 63 1 — —
Methanol CH3OH 379 23 110 1 0.061 0.290
Ethanol C2H5OH 423 30 159 1 0.071 0.376
Water H2O 405 44 160 1 0.109 0.395

Sodium Na 954 156 66 1 0.164 0.0692
Potassium K 786 127 57 1 0.162 0.0725
Mercury Hg 579 256 23 1 0.442 0.0397
Tin Sn 2720 — 59 1 — 0.0217
Lead Pb 1742 281 98 1 0.161 0.0563
Aluminium Al 2790 396 96 1 0.142 0.0344
Gold Au 3220 496 175 1 0.154 0.0543
Copper Cu 3030 — — 1 — —
Silver Ag 2520 — — 1 — —

Summary

Substance ∆∆∆∆Ee/∆∆∆∆Ee ∆∆∆∆Es/∆∆∆∆Ee ∆∆∆∆Eh/∆∆∆∆Ee

Organic 1 ≈ 1
10 ≈ 1

3

Metallic 1 ≈ 1
6 ≈ 1

20
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degree of consistency concerning the relative val-
ues of ∆Ee , ∆Es  and ∆Eh . We notice immedi-
ately that, as might have been anticipated, the
relative values are completely different for liquids
composed of complex molecules (such as organic
liquids) and liquids composed of atoms, (such as
elemental metallic liquids).

The metallic data fit the picture envisaged in our
simplest version of the cell model (Figure 8.19)
rather well. We see that across metals with a wide
range of melting temperatures there is a broad
degree of consistency about the relative magni-
tudes of the activation parameters. The energy to
place an atom on the surface of liquid is rather less
than we had anticipated about 1

6  rather than ≈ 1
2 ,

but the activation energy for molecules to ‘hop’ or
‘swap’ cells ∆Eh , is always around three times
smaller than ∆Es .

The data for organic liquids also shows consistent
relative magnitudes of the activation energies, but
notably ∆Eh  is considerably greater than ∆Es .
This implies that the situation for organic mole-
cules is akin to that envisaged in our second ver-
sion of the cell model (Figure 8.20). For liquids
composed of these molecules, it is relatively easy
to place molecules at the surface. However, it is
relatively more difficult for molecules to move
through the liquid than it is for metal atoms to
move through a metallic liquid.

In discussing the viscosity data we have already
mentioned that the shape of the molecules will

significantly affect their ability to move through
the liquid. However, the shape of molecules will
also have a significant effect on the ease with
which surfaces are formed (Figure 9.26). For non-
spherical molecules we may reasonably expect
that at the surface the molecules will orient them-
selves so as to minimise their potential energy. So
it is likely that most of the molecule will arrange
to stay ‘beneath the surface’ of the liquid, ‘expos-
ing’ only a small part of the molecule. By doing
this, a liquid incurs only a fraction of the ‘full
cost’ of placing a molecule completely at the sur-
face.

The cell model: summary
The cell model provides a flexible framework for
discussing processes in liquids. However its gen-
erality and applicability to a wide range of liquids
makes the attempt to tune the parameters of the
model to explain detailed features of the behaviour
of particular liquids futile. In order to understand
the details of the dynamics of molecules in liquids,
and to predict quantitative values for the properties
of liquids, we need to concern ourselves much
more with the details of molecular shapes and in-
teractions. This is something that extends well
beyond the scope of this book, but is still an active
area of research.

Perhaps the greatest ‘danger’ in applying the cell
model to real liquids is that people (i.e. you) might
believe the model to be ‘realistic’. I feel obliged to
stress yet again that the ‘hopping’ processes envis-
aged in the cell model are complicated many-

Figure 9.26 Qualitative illustration of the
formation of surfaces in (a) liquids made
of atoms, such as liquid metals, and (b)
liquids consisting of molecules, such as
organic molecules. The shapes of the
molecules in (b) are entirely illustrative
and the gaps between the molecules
are left to allow easy identification of the
molecules. In (b) the cost of forming a
surface may be relatively small if the
molecules orient themselves appropri-
ately. However, for organic liquids ‘hop-
ping’ is considerably more difficult owing
to the larger size of their molecules and
their complex shapes.

(a) (b)

Liquid surface

A
B

Liquid surface
Only a small fraction of the molecule is exposed at the surface

B
A
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molecule correlated motions, and the parameters
deduced characterise this complex motion. The
simple one-molecule picture described in the cell
model is merely analogous to (rather than descrip-
tive of) the real situation.

In recent years the most direct way to understand
dynamical processes in liquids has been by direct
computer simulations of liquids. The forces be-
tween pairs of molecules are first estimated using

quantum mechanical calculations of electron wave
functions and charge densities. Then the motions
of molecules are charted by using nothing more
complicated than Newton’s laws, albeit applied
many millions of times to calculate the trajectories
of the molecules. A computer program that uses
this principle to simulate the motion of molecules
in the liquid can be downloaded from
www.physicsofmatter.com.

9.10 Heat capacity

9.10.1 Introduction
The heat capacity of an object is a measure of the
increase in temperature of that object for a given
input of heat energy. It is defined in terms of the
temperature rise ∆T  resulting from an input of
heat energy ∆Q, by the ratio:

C
Q

T
= ∆

∆
− − ( )joule kelvin J K1 1 (9.37)

If the temperature of an object rises by only a
small amount due a given heat input, then the ob-
ject has a large heat capacity. Equation 9.37 is the
formula used to determine the heat capacity from
experimental measurements of ∆Q and ∆T . It
approximates the theoretical definition, which is
the limit of Equation 9.28 as ∆T  tends to zero:

C
Q

T
= d

d
(9.38)

When we discuss the heat capacity of a substance,
rather than an object, we need also to state the
amounts of the substance to which we are refer-
ring. This is usually quoted either for a given mass
of material, the specific heat capacity (e.g.
J K kg1 1− − ) or per mole, the molar heat capacity
( J K mol1 1− − ). For practical calculations the spe-
cific heat capacity is usually more convenient, but
from a fundamental point of view, the molar heat
capacity is far more interesting. Remember the
molar heat capacity is the heat capacity of the
Avogadro number of atoms or molecules
( NA = ×6 023 1023. ).

The heat capacities at constant pressure and con-
stant volume are designated by CP and CV respec-
tively. For liquids, we normally assume that meas-
urements are made at constant pressure unless told
otherwise. The difference between CP and CV is
usually smaller than for gases, but larger than for
solids.

9.10.2 Data on the heat capacity of
liquids
The heat capacity of various liquids is shown in
Table 9.13. If we plot the data as a function of the
relative molecular mass of the molecules of the
liquid we arrive at Figure 9.27. No particularly
striking trends are evident, except perhaps a broad
trend (with clear exceptions) towards increasing
heat capacity for high-mass molecules.

Figure 9.27 The heat capacity of the liquids from Table
9.13 plotted as a function of the relative molecular mass
of the molecules of the liquid.
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But does this broad trend arise because the mole-
cules are increasing in mass? Or is the trend re-
lated to the number of atoms in a molecule? This
may seem like a stupid question, but it is not.
When we analysed the heat capacity of gases
(§5.3) and solids (§7.6), we saw that the molar

heat capacity depended on the number of atoms
per molecule, or the number of atoms per formula
unit, respectively. Re-plotting the data as a func-
tion of the number of atoms per molecule (Figure
9.28) produces a slightly clearer trend. In particu-
lar, mercury, one of the two elemental liquids that

Table 9.13 The heat capacities at constant pressure CP  for a selection of substances that are liquids at around room
temperature. The table records the substance name and chemical formula, the relative molecular mass of its con-
stituent molecules, the number of atoms per molecule, and the temperature at which the measurement is made. The
molar heat capacity is then recorded as in J K–1 and as a multiple of the gas constant R.

CP

Substance MW N T (°C) (J K–1 mol–1 ) (R )

Organic liquids
Methanol CH3OH 32 6 12 80.64 9.7
Ethanol C2H5OH 46 9 0 105.3 12.7
Ethanol C2H5OH 46 9 20 113.4 13.6
Ethanol C2H5OH 46 9 40 124.7 15.0
Propanol C3H7OH 60 12 18 138.0 16.6
Acetic acid C2H4O2 60 8 20 124.3 15.0
Acetone C3H6O 58 10 20 124.7 15.0
Aniline C6H7N 93 14 15 199.9 24.0
Benzene C6H6 78 12 10 110.8 13.3
Benzene C6H6 78 12 40 138.1 16.6
Bromoethane C2H5Br 109 8 20 100.8 12.1
Chloroform CHCl3 120 5 20 113.8 13.7
Cyclohexane C6H10 82 16 20 156.5 18.8
1,2 Dichloroethane C2H4Cl2 98 8 20 129.3 15.6
Dichloromethane C2H2Cl2 96 6 20 100.0 12.0
Ethanadiol C2H6O2 62 10 20 149.8 18.0
Ethyl acetate C4H8O2 82 8 20 170.1 20.5
Ethyl nitrate C2H5O3N 91 11 20 170.3 20.5
Formamide CH3ON 45 6 20 107.6 12.9
Formic acid CH2O2 46 5 20 99.0 11.9
Nitromethane CH3O2N 61 7 20 106.0 12.7
Nitroethane C2H5O2N 75 10 20 134.2 16.1
Toluene C7H8 92 15 18 153.6 18.5

Inorganic liquids
Arsenic trifluoride AsF3 132 4 20 126.6 15.2
Boron trichloride BCl3 118 4 20 106.7 12.8
Bromine Br2 160 2 20 75.7 9.11
Carbon disulphide CS2 76 3 20 75.7 9.11
Hydrogen cyanide HCN 27 3 20 70.6 8.49
Water H2O 18 3 0 75.9 9.13
Heavy water D2O 20 3 0 84.3 10.1
Mercury Hg 201 1 20 28.0 3.37
Hydrazine N2H4 32 6 20 98.9 11.9
Silicon tetrachloride SiCl4 170 5 20 145.3 17.5
Tin tetrachloride SnCl4 261 5 20 165.3 19.9
Titanium tetrachloride TiCl4 190 5 20 145.2 17.5
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we have data for, now appears in a sensible posi-
tion on the graph. In Figure 9.27 mercury is the
isolated data point low down on the graph at a
relative molecular mass of 201. But on Figure 9.28
mercury now forms part of the trend to increasing
heat capacity with increasing molecular complex-
ity. The line on Figure 9.28 is a line of slope 3R
per atom. Recall that for solids, the heat capacity
is roughly 3pR per mole where p is the number of
atoms per formula unit (Equation 7.41).  The line
is drawn to see if there is any remnant of that be-
haviour in the liquid state. The line appears to in-

dicate roughly the trend of the data for small
molecules, but for larger molecules (mainly or-
ganic molecules) the data fall below this trend
line. However, we note again that there is good
deal of variation in the data.

Variation of the heat capacity with
temperature
There is unfortunately little data available in stan-
dard data books on the variation of the heat capac-
ity of liquids with temperature. The exceptions to
this are water and mercury: Figure 9.29 shows the
heat capacity of these liquids and of the heat ca-
pacity of the benzene and ethanol taken from Ta-
ble 9.13. Clearly the heat capacities of water and
mercury are roughly constant over this tempera-
ture range, while the heat capacity of the organic
liquids increases slightly with temperature. There
is very little data for the organic liquids and so we
draw (only tentatively) the conclusion that the heat
capacity of organic liquids increases with tem-
perature. In fact the data for water and mercury is
available in reasonable detail and show variations
with temperature as depicted in Figure 9.30.

Considering the scant information of Figures 9.27
to 9.29, the main questions raised by our prelimi-
nary examination of the experimental data on CP

are these:
• Why do the heat capacities of liquids tend to

Figure 9.28 The heat capacity of the liquids from Table
9.13 plotted as a function of the number of atoms per
molecule. The line has a slope 3R per atom as discussed
in the text.
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Figure 9.29 The variation with temperature of the heat of
various liquids around room temperature. The lines join
the data points and are to guide the eye only.
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increase with increasing molecular complex-
ity for small molecules, but not for larger
(primarily organic) molecules?

• Why is the heat capacity of many substances
in their liquid phase greater than the heat ca-
pacity of the gaseous or solid phases?

• Why do the heat capacities of liquids tend
either to stay constant or to increase with
temperature?

9.10.3 Understanding the heat capacity
of liquids
We address these questions in the light of our ex-
perience in trying to understand the heat capacities
of solids (§7.5) and gases (§5.3). Let us look at the
questions raised by the data in turn:
• Why do the heat capacities of liquids tend to

increase with increasing molecular complex-
ity for small molecules, but not for larger
(primarily organic) molecules?

Having previously considered the heat capacities
of solids and gases, we are able to rephrase these
questions in terms of the degrees of freedom of
molecules of the liquid. What the data indicates is
that the molar heat capacity tends to increase with
the number of atoms in a molecule for small mole-
cules. This is hardly surprising: in §7.5 we saw
that the expression for the heat capacity of a solid:

C pRsolid = 3 (9.39)

was proportional to p , the number atoms per
chemical formula unit of the substance. Thus the
molar heat capacity of NaCl is close to twice the
value of an elemental solid because there are twice
as many atoms present. Thus the reason for the
increase in molar heat capacity of substances as a
function of molecular complexity is simply that
there are more atoms present in a mole, and thus
the possibility of more degrees of molecular vi-
bration and rotation.

More interesting is the question of why the heat
capacity of more complex liquids fails to continue
to increase with molecular complexity. In our ex-
perience of solids and gases, whenever we failed
to observe an expected heat capacity contribution,
we concluded that some degrees of freedom of the

substance were inaccessible. In this case the de-
grees of freedom are those associated with mo-
lecular vibration and rotation. For small mole-
cules, many of these degrees of freedom are avail-
able, but more complex molecules are often en-
tangled with other molecules and so many of their
degrees of freedom, particularly those associated
with rotation, are restricted by the closeness of the
other molecules. A more complex analysis might
search for correlations between the reduction in
the expected heat capacity and anomalous large
values of the parameter ∆Eh in the cell model
(§9.9). We shall not attempt this analysis

We now come to the second question raised in the
previous section:
• Why is the heat capacity of many substances

in their liquid phase greater than the heat ca-
pacity of the gaseous or solid phases?

Once again, we can reinterpret this datum as being
a statement about the number of accessible de-
grees of freedom in the liquid state. It amounts to
stating that there are more ways in which a mole-
cule can possess energy in the liquid state. We can
see how this comes about by comparing the situa-
tion of the molecules with their situation in the
gaseous and solid states.

In the gaseous state the interactions between
molecules are generally weak due to the large
spaces between the molecules. Thus the degrees of
freedom associated with the potential energy of
interaction between molecules are not accessible.
Thus on entering the liquid state, several more
degrees of freedom become immediately available
to the molecules. However some degrees of free-
dom associated with molecular rotation and inter-
nal vibration may become restricted in the liquid
state due to the closeness of neighbours.

In the solid state the interactions between mole-
cules are generally strong due to the closeness of
other molecules, and the rigidity of the structure.
This closeness and rigidity strongly restricts the
ability of molecules to rotate and (at low tem-
peratures) to vibrate. On entering the liquid state
there is in general an extra 10% more space avail-
able to allow molecular rotation, or more precisely
rotational vibration, which amounts to rotating
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back and forth through some angle. We would
therefore expect some increase in the possible
motions of the molecules.

We can now consider to what extent these general
ideas are borne out by the data of §9.10.1. We can
make two fairly general predictions, the first con-
cerning elemental liquids and the second con-
cerning substances which are denser in the liquid
state than the solid state.

For elemental liquids whose molecules consist of
single atoms we would not expect a strong change
in heat capacity on entering the solid state because
there are no degrees of freedom associated with
atomic vibration (or rotation) to be hindered in the
solid state. However, on leaving the liquid state
for the gaseous state we would expect a fall in the
heat capacity due to the loss of degrees of freedom
associated with the interactions between mole-
cules. These predictions are broadly borne out by
the data for mercury in Figure 9.30, which shows
no jump on entering the solid state but does show
a 25% fall on entering the gaseous state. This be-
haviour is typical of the behaviour of elements,
and bears out the general ideas about the liquid
state outlined above.

Some substances are denser in their liquid state
than their solid state. From the previous argument,
we might at first expect that on entering the solid
state the molecules would have more ‘room to
manoeuvre’ and so be more free to rotate and vi-
brate. If we consider the data for water (also
shown in Figure 9.30) we see that this approach
must be mistaken. We notice that on entering the
gaseous state, there is a roughly 50% fall in heat
capacity which we may interpret as being due to
the loss of degrees of freedom associated with
molecular interactions. However, the heat capacity
also falls on entering the solid state, even though
the molecules have around 10% more space in the
solid. The reason lies in the nature of substances
that contract on melting. As we saw in §9.2.2, they
possess strongly directional bonding. Thus al-
though the molecules have more room in the solid
state, they are strongly constrained from any kind
of rotation or rotational vibration by the rigidity of
their bonds to their neighbouring molecules.

Thus the general idea that molecules have more
degrees of freedom in the liquid state than either
the solid or gaseous states seems to make sense.

We now turn to the third and final question raised
by the data on heat capacities:
• Why do the heat capacities of liquids tend to

either stay constant or to increase with tem-
perature?

Referring to our previous studies of the heat ca-
pacities of gases and solids, we have ascribed any
temperature-dependence of the heat capacity to a
change in the accessibility of degrees of freedom
of the substance. For both solid mercury and solid
water (ice), the heat capacity increases with tem-
perature in line with the discussion of §7.6 on the
heat capacity of solids. This increase is due to the
increasing average vibrational energy of the mole-
cules in comparison with energy required to excite
the highest energy vibrational modes within the
solid.

On entering the liquid state the situation changes
dramatically: for example, it is no longer possible
to sustain transverse vibrational waves within the
liquid. Thus the vibrational modes within the liq-
uid are essentially vibrations of individual mole-
cules. The constancy of the heat capacity in the
liquid state then indicates that the local environ-
ment within which the vibration takes place, does
not change strongly. Close examination of the data
for water reveals detailed changes in the heat ca-
pacity that indicate that changes are taking place
in the environment of the water molecule, but they
are not significant in comparison to the massive
change on entering the liquid state. These changes
are related to the thermal expansivity anomaly in
water, and the similarity between Figures 9.8 and
9.31 is striking.

Figure 9.31 Detail from Figure 9.29 showing the variation
of the heat capacity of water in its liquid state.
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9.11 Thermal conductivity

9.11.1 Data on thermal conductivity of
liquids
The thermal conductivity of a substance is a
measure of the ease or difficulty with which heat
flows through the substance. The thermal conduc-
tivity of a substance is defined by the equation:

d

d

d

d

Q

t
A

T

x
= −κ (9.40)

In this equation:

d

d

Q

t
 is the rate of heat flow (W)

κ is the thermal conductivity, (W m–1 K–1 )
A is the cross-sectional area across

which heat is flowing (m2)
d

d

T

x
is the temperature gradient (K m–1 ).

The minus sign in Equation 9.40 indicates that
heat flows against the temperature gradient, from
high temperatures to low temperatures. As with
gases, note that when determining the thermal
conductivity of liquids one must guard against the
possibility of convective heat transfer as illustrated
in Figure 5.16. This arises from the combination
of the large thermal expansivities of liquids, their
ability to flow, and the presence of a gravitational
field in most experiments.

Figure 9.32 (a) Data from Table 9.12 showing the ther-
mal conductivity of miscellaneous non-metallic liquids in
units of W m–1 K–1. (b) Thermal conductivity of insulating
liquids shown over a larger range. (c) The data from (b)
re-plotted on a logarithmic scale.
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Table 9.14 Thermal conductivity of miscellaneous non-
metallic liquids in units of WK–1 m–1. The data is given at
two temperatures T1 and T2, and varies roughly linearly
between these two temperatures. (Figure 9.32 (a)).

Liquid T1 T2 K1 K2

Acetone 193 333 0.198 0.146
Aniline 293 0.172
Benzene 293 323 0.147 0.137
Methanol 233 333 0.223 0.186
Ethanol 233 353 0.189 0.150
N-butanol 213 353 0.167 0.106
N-propanol 233 353 0.168 0.148
Toluene 193 353 0.159 0.119

Carbon tetrachloride 253 333 0.115 0.102
Water 273 353 0.561 0.673
Xenon 173 223 0.07 0.05
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The thermal conductivity of several non-metallic
liquids is given in Table 9.14 and illustrated in
Figure 9.32 (a). There is little in the way of simple
variation and the available data is rather limited.
This makes it difficult to perceive any clear trends
except that the thermal conductivity tends to get
worse for most (but not all) liquids as the tem-
perature increases. Figure 9.32 (b) and (c) shows
thermal conductivity data over a wider range of
temperatures.

The thermal conductivity of several elemental
metals in their liquid state is given in Table 9.15
and illustrated in Figure 9.33. There are two
striking features of this data. First, most of the
elements shown show a decrease in their thermal
conductivity as they enter the liquid state typically
by around 50%. Second, the general magnitude of
the thermal conductivities are a factor 100 greater
than the thermal conductivities of the non-metallic
liquids mentioned in Table 9.12. The temperature-
dependence of the thermal conductivity is as var-
ied as for the non-metallic liquids, with some liq-
uids showing increases in thermal conductivity
and others showing decreases.

The main questions raised by our preliminary ex-
amination of the experimental data on the thermal
conductivity of liquids are:
• Why does the thermal conductivity of liquids

sometimes increase and sometimes decrease
with increasing temperature?

• Why is the thermal conductivity of liquid
metals around a factor 100 greater than non-
metallic liquids?

• Why is the thermal conductivity of elemental
liquid metals generally less than in the corre-
sponding solid?

9.10.2 Understanding the thermal
conductivity of liquids
We will approach the data on the thermal conduc-
tivity of liquids by using the same simple model
that we used when we considered the speed of
sound data (§9.5.2). We consider heat to flow
through a liquid in a combination of two strikingly
different processes. One process is similar to that
found in gases, and the other is similar to that
found in solids:

Table 9.15 Thermal conductivity (W K–1 m–1) of elemental metals in their liquid state. Shaded entries refer to the solid
state. The data are graphed in Figure 9.33.

Liquid 173 K 273 K 373 K 573 K 973 K KL/KS(%)
Lithium Li 98 86 82 47 59 57

Sodium Na 141 142 88 78 60 62
Potassium K 105 104 53 45 32 51
Rubidium Rb 59 58 32 29 22 55
Caesium Cs 37 36 20 20.6 17.7 56

Mercury Hg 29.5 7.8 9.4 11.7 — 26

Aluminium Al 241 236 240 233 92 39

Bismuth Bi 11 8.2 7.2 13 17 181

Gallium Ga 43 41 33 45 — 80

Tin Sn 76 68 63 32 40 51

Figure 9.33  Data from Table 9.13 showing the thermal
conductivity of elemental metals in their liquid state in
units of W K–1 m–1.
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• In a gas, a molecule moves bodily from one
place to another, taking its kinetic energy with
it.

• In a solid, molecules vibrate and the energy of
vibration is passed on from one molecule to
another. However, the molecules themselves
do not change their average position.

The liquid state has elements in common with
both solid and gaseous states. However, the dis-
tance that the molecules move before collisions is
dramatically reduced in the liquid state as com-
pared with the gaseous state. Further the liquid
state lacks the rigidity exhibited by the solid state,
which reduces the ease which vibrations are
transmitted: recall that the speed of longitudinal
sound waves is around 30% less in the liquid than
the solid (§9.5). As in our discussion of the speed
of sound, we will approach the liquid state by con-
sidering the extent to which energy transport
within the liquid state is gas-like or solid-like.

Using the idea of thermal resistivity, we estimate
the thermal resistance of the liquid as being the
sum of the thermal resistivity of solid and gas
fractions:

R R Rliquid
th

solid
th

gas
th= + (9.41)

Expressing this in terms of the thermal conductiv-
ity we have:

R
L

A

L

Aliquid
th

solid gas

= + ∆
κ κ

(9.42)

where L is the length of the solid fraction in a liq-
uid, ∆L is the length of the gas fraction, and A the

cross-sectional area of the liquid. Multiplying by
A L L/( )+ ∆  we find:

AR

L L

L

L L

L

L L
liquid
th

solid gas( ) ( ) ( )+ ∆
=

+ ∆
+ ∆

+ ∆κ κ
(9.43)

which simplifies to first order as:

1
1

1
1

1

κ κ κliquid solid gas

= − ∆
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L

L

L
 (9.44)

Recalling that the typical change in volume on
entering the liquid state is 10% we estimate
∆ ≈ =L L/ ( . ) / .0 1 3 0 033 (§9.2.1 and Example
7.4). Substituting into Equation 9.35 produces:

1
0 967

1
0 033 0 967

1

κ κ κliquid solid gas

= [ ] + ×[ ]. . .

(9.45)

which simplifies to:

κ
κ κliquid

solid gas

= +












−
0 967 0 032

1
. . (9.46)

In this simple model, the thermal conductivity of a
substance in its liquid phase can be related to its
thermal conductivity in the gas and solid phases.
The idea is that heat travels a factor
≈ 0 967 0 032. / .  ≈ 30 times further through the
solid-like pat of a liquid than the gas-like part. So
if the thermal conductivity of the solid-like frac-
tion is 30 times greater than the conductivity of the
gas-like fraction, then both terms in Equation 9.46
are equal. However, if the thermal conductivity of

Figure 9.34. From the point of view of ther-
mal conductivity, a liquid may be considered
as being a solid-like matrix with pockets of
gas-like ‘free space’. From the data on the
density of liquids, we estimate that roughly
10% of a liquid is ‘free space’. We can esti-
mate the thermal conductivity of the liquid if
we imagine separating out the free-space
part of the liquid and considering heat to
pass through a gas-like layer, and then a
solid-like amount of substance. The arrow in
each figure indicates the direction of heat
transport.
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the solid is (say) ≈ 300 times that of the gas (quite
typical), then the gas term is about 10 times larger
than the solid term. We would then expect the
thermal conductivity of the liquid to be dominated
by the gas thermal conductivity. If this were so
then the temperature-dependence of the liquid
thermal conductivity should follow that of the gas
thermal conductivity, and increase as ≈ T 0.5 to T 1.

However, experimentally, over the temperature
range shown, the thermal conductivity of most of
the liquids falls with temperature. This can be un-
derstood in terms of this model as indicating that it
is the solid-like fraction of the conductivity which
is dominating the thermal conductivity of liquids,
i.e. the data indicate that thermal conduction in
liquids is dominated by processes analogous to
those in solids. So we can interpret the decline in
the conductivity as being due to an increase in the
scattering of phonons with temperature.

Notice that the atomic vibrations that comprise
most phonons have frequencies of roughly 1013 Hz
and the phonons travel at the speed of sound ≈
2000 m s–1. We expect the structure of a liquid to
change on a time-scale of the order of 10–10 sec-
onds. Thus the phonons may travel considerable
distances through the liquid without being aware
of its fluid nature. As far as vibrations are con-
cerned, the lattice looks like a highly disordered
solid. It is this last point, the strong disorder, that
is responsible for the relatively poor thermal con-
duction in liquids as compared with solids.

Notice that two liquids, helium and water, show an
increase in thermal conductivity with temperature.
In fact both liquids are highly anomalous and it is

unwise to generalise on the basis of data either of
these liquids. However the increase in helium is
likely to be related to an essentially gaseous
mechanism, but the increase in water is likely to
be related to the low temperature case discussed at
the end of §7.8.

Liquid metals
It is perhaps surprising, but as we shall see in
(§9.12) when metals melt they retain their high
electrical conductivity, albeit with a slightly in-
creased value of resistivity. Thus for liquid metals,
in addition to conduction by molecular vibrations
transmitted in ‘gas like’ and ‘solid-like’ manner,
thermal conduction may take place through the
motion of the conduction electrons. Since the
thermal conductivity of all the liquid metals is
dramatically greater than all the non-metallic liq-
uids, we conclude that (to a first approximation)
we may ignore thermal conduction through mo-
lecular vibrations in liquid metals.

If electronic motion is the dominant conductor of
heat and charge, then there should be a relation-
ship between the electrical and thermal conductiv-
ity. When they move, electrons transport a fixed
amount of charge, but an amount of heat (≈kBT)
which depends on temperature. As shown in Table
9.16, the ratio κ /σT = ρκ/T is indeed relatively
constant both as a function of temperature and
from one simple metal to another. We find ρκ/T
consistently close to a value of 2.45 × 10–8

(W Ω K–2), which confirms our suspicion that
phonon conductivity is negligible in comparison
with electrical conduction.

Table 9.16 Thermal conductivity (WK–1 m–1) and electrical resistivity (Ω m) of elemental metals in their liquid state. Also
evaluated is the quantity ρκ/T known as the Lorentz number and has theoretical value of 2.45 × 10–8 (W Ω K–2 ).

373 K 573 K 973 K
Liquid ρρρρ κκκκ ρρρρκκκκ /T ρρρρ κκκκ ρρρρκκκκ /T ρρρρ κκκκ ρρρρκκκκ /T

Sodium 9.7 × 10–8 88 2.3 × 10–8 16.8 × 10–8 78 2.3 × 10–8 39.2 × 10–8 60 2.4 × 10–8

Potassium 17.5 × 10–8 53 2.5 × 10–8 28.2 × 10–8 45 2.2 × 10–8 66.4 × 10–8 32 2.2 × 10–8

Rubidium 27.5 × 10–8 32 2.4 × 10–8 48 × 10–8 29 2.4 × 10–8 99 × 10–8 22 2.2 × 10–8

Caesium 43.5 × 10–8 20 2.3 × 10–8 67 × 10–8 20.6 2.4 × 10–8 134 × 10–8 17.7 2.4 × 10–8

Mercury 103.5 × 10–8 9.4 2.6 × 10–8 128 × 10–8 11.7 2.6 × 10–8 214 × 10–8 — —
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9.12 Electrical properties

9.12.1 Data on the electrical properties
of liquid metals
When any substance is subject to an applied elec-
tric field E, a current of electronic charge flows
through the substance. The magnitude of the re-
sultant current density j is characterised by the
electrical resistivity ρ or the electrical conductiv-
ity σ  of the substance. The two measures are the
inverse of each other, ρ σ= 1/  and so for most
purposes there is no advantage to using one meas-
ure or the other. The electrical resistivity and con-
ductivity are defined by:

and

j E

E j

=

=

σ

ρ
(9.47)

If the current density is measured in Am–2 and the
electric field in V m–1 then the units of σ  are
Ω–1 m–1 or seimens (symbol ‘S’, not to confused
with ‘s’ for seconds). The units of resistivity are
inverse seimens, S–1 or more commonly Ω m. For
a sample of cross-sectional area A and length L,
the resistivity is related to the electrical resistance
R by:

ρ = RA

L
   Ω m   or   S–1 m  (9.48)

From Figure 7.34, it is clear that most elements are
metals, with resistivity between 10–5 Ω m and
10–8 Ω m at around room temperature. Perhaps
surprisingly, heating elements beyond their melt-
ing temperature does not destroy their metallic
behaviour. Data on the temperature dependence of
some low melting-point elemental metals is given
in Table 9.17 and plotted in Figure 9.35. As is
clear from Figure 9.35, and from the last row of
Table 9.17, the resistivity in the liquid state, is
significantly greater than the resistivity in the solid
state, though still of a similar order of magnitude.

So the main questions raised by our preliminary
examination of the experimental data on the elec-
trical resistivity of liquid metals are:
• Why does the metallic state survive in liq-

uids?

• Why is the electrical resistance worse in the
liquid state than the solid state?

Table 9.17 The resistivity (× 10–8 Ω m) of elemental met-
als with low melting points. The shaded data above the
line in the table refers to the metals in the solid state and
data below line refer to data in the liquid state. The last
row of the table shows the ratio of the resistivities in the
solid and liquid states. The figure is derived from the ratio
of the last datum in the solid region to the first datum in
the liquid region.

T(K) Na K Rb Cs Hg
0 0 0 0 0 0

78.2 0.76 1.30 2.59 4.1 5.8

273.2 4.33 6.49 11.5 18.8 94.1

373.2 9.51 15.8 27.3 44.5 103.5
573.2 17.4 27.7 45.1 67.3 128
973.2 38.9 64.7 93 128 214

1473.2 88 165 250 338 630

ρS/ρL (%) 46 41 42 42 6

Figure 9.35 The resistivity of elemental metals with low
melting points. Notice that the data show a significant
increase in resistivity from below the melting temperature
to above it. Note: The lines which connect the data points
are drawn only to guide the eye. In actuality data were
available at closely spaced temperatures, it would show
that at the transition from liquid to solid there would be a
sharp increase in resistivity.
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9.12.2 Understanding the electrical
properties of liquid metals
Perhaps surprisingly, we can approach the results
of our examination of the resistivity of liquid met-
als in exactly the same way that we approached
the data for metallic solids. The reasons why this
is so also shed light onto the question of why the
resistivity in the liquid state is higher than the re-
sistivity in the solid state.

As discussed in §7.7, our first picture of the elec-
trons within a metal is as a free electron gas with a
number density of around 1029 m–3. The exclusion
principle causes the many electrons in the gas to
have extremely high energies which causes elec-
trons move extremely quickly through a metal, at
speeds of around the Fermi speed vF ≈ 106 m s–1.
In the introductory sections of this chapter we
mentioned that atoms vibrate within their ‘cells’ in
the liquid structure in a time of around
10–13 seconds. And typically we expected an atom
to vibrate of the order of 1000 times before the
detailed structure changed significantly.

During the time which it takes for an atom to vi-
brate once, an electron can travel around 106 m s–1

× 10–13 s  = 10–7 m, which corresponds to around
300 ‘cell’ diameters. Thus for the electrons the
changes in liquid structure which take place on a
time-scale of ≈ 10–10 seconds appear very slow
indeed. Thus the change to the liquid state which
is so apparent on a large time scale may not even
be noticed by electrons! The liquid structure looks
to a conduction electron like a strongly disordered
solid, and it is this strong positional disorder
which scatters the electrons in the same way that
alloying increased the resistivity of a solid (§7.7).
So the origin of the increase in resistivity on en-
tering the liquid state is caused by increased scat-
tering due to the loss of an ordered lattice.

As Example 9.3 makes clear, we are still not quite
able to explain the resistivity values in the liquid
state. The predicted resistivity is of the order 15
times larger than the experimental value. Review-
ing the steps leading to the prediction reveals
places where the calculation could be out by small
factors, but only one place where a factor of the
order 15 could be ‘lost’. This is the assumption

Example 9.4

Let us use the theory of §7.7 for the free electron gas to
estimate the resistivity of the liquid metal potassium. In
its liquid state potassium (relative molecular mass 39.1)
has a density of 824 kg m–3 and so the number density
of atoms is:

n
Mu

= = × × = ×ρ 824

39 1 1 66 10
1 27 1027

28

. .
.– atoms m–3

If we assume that one electron per atom joins the free
electron gas, then this is also the number density of
electrons. We can predict the wave-vector of the most
energetic conduction electrons kmax according to Equa-
tion 6.72: kF = (3n¹2)1/3 and hence the maximum veloc-
ity of electrons is v k meF F= h / .

Substituting we find:

v
n

mF
e

–1ms

= π( ) = × π × ×( )
×

= ×

−
−

h 3 1 054 10 3 1 27 10

9 1 10

0 835 10

2 1 3 34 2 28 1 3

31

6

/ /
. .

.

.

Let us assume that before being scattered an electron
travels across roughly two ‘cells’ of diameter a in the
liquid. This estimate seems reasonable given the
strongly disordered ‘lattice’ present in the liquid state.
From the liquid density we can estimate the density as
Mu/a3 and hence the cell diameter is of the order:

a Mu≈ ( ) ≈ × ×





= ×

−

−

/
. .

.

/
/

ρ 1 3
27 1 3

10

39 1 1 66 10

824

4 3 10 m

The scattering time τ will be the time taken for an elec-
tron to travel a mean free path, roughly 2a which is τ ≈
2a/vF. Thus:

τ ≈ = × ×
× = ×

− −2 2 4 3 10

0 835 10
1 0 10

10

6
15a

vF
s

.

.
.

If we substitute this value in the expression for the re-
sistivity of a free electron gas (Equation 7.71) we find:

ρ τ
ρ

=

= ×
× × ×( ) × ×

= × Ω

−
− −

−

m

ne2

31

28 19 2 15

8

9 1 10

1 27 10 1 6 10 1 0 10

280 10

.

. . .

 m

This predicted value may be compared with the experi-
mental value just above the melting temperature of 17.5
× 10–8 Ω m, i.e. a factor 15 lower than the prediction.
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that because of the disorder in the ‘lattice’ in the
liquid state, electrons travel only about two ‘cells’
before scattering must be wrong. In order to make
our theory agree with the data, electrons must
travel 15 times further i.e. of the order 30 ‘cells’
before scattering. This does indeed seem a sur-
prisingly large distance but we can understand it
as follows.

First, we note that the scattering events assumed in
the theory are total scattering events, after which
the electron is likely to travel in any direction. If
the electron is scattered every two ‘cell’ diameters
or so (as seems inevitable given the level of disor-
der in the liquid state) then we can understand the
resistivity value if we assume that these scattering
events are small-angle scattering events. So every
two cells or so, an electron is scattered by only a
small angle. As illustrated in Figure 9.36, it would
take several such scattering events before the
electrons initial momentum would be randomised.

9.12.3 Data on the electrical properties
of liquid insulators

Weak electric fields
The most basic electrical property of electrical
insulators (or dielectrics) is that for small electric
fields they are highly resistive! The primary effect
of the electric field is to polarise the material,

causing electrical charges within the material to
separate slightly. This weakens applied electric
fields within the material to an extent measured by
the relative dielectric permittivity ε of the mate-
rial. The values of ε – 1 for the elements in Table
9.18 generally lie in the range 0 to 1. The organic
alcohols have considerably higher values, which

Figure 9.36 A schematic illustration of the way an elec-
tron wave can be scattered several times through small
angles and eventually result in randomisation of the
electrons initial momentum.

Table 9.18 The relative dielectric permittivity ε of various
insulating liquids. The relative permittivity of vacuum is
exactly 1.

Substance MW T εεεε – 1 εεεε
Argon, Ar 40 82 K 0.53 1.53
Helium, He 4 4.19 K 0.048 1.048
Hydrogen, H2 2 20.4 K 0.228 1.228
Nitrogen, N2 28 70 K 0.45 1.45
Oxygen, O2 32 80 K 0.507 1.507

Methanol, CH3OH 32 25 °C 31.6 32.6
Ethanol, C2H5OH 46 25 °C 23.3 24.3
Propanol, C3H7OH 60 25 °C 19.1 20.1
Butanol, C4H9OH 74 20 °C 16.8 17.8
Pentanol, C5H11OH 88 25 °C 12.9 13.9
Hexanol, C6H13OH 102 25 °C 12.3 13.3

Aniline, C6H7N 86 20 °C 5.90 6.90
Acetone, C3H6O 58 25 °C 19.7 20.7
Carbon disulphide, CS2 76 20 °C 1.64 2.64
Water, H2O 18 20 °C 79.4 80.4

Figure 9.37 The difference of the relative dielectric per-
mittivity from unity, ε – 1, plotted as function of the mo-
lecular mass of the molecules of various electrically in-
sulating liquids. Lines have been drawn to attract atten-
tion to the trend in the alcohols, to which water appears
be roughly related. All the elements in Table 9.16 appear
as points close to the x-axis in this figure.
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become smaller for the larger molecules. The
value for water, which may be considered as the
limit of the small alcohol molecules, has an enor-
mously large value, ≈ 80. This is of a similar order
to the structurally-bistable compound, SrTiO3.

The main questions raised by our preliminary ex-
amination of the experimental data on the electri-
cal properties of insulators are:
• Why is the difference of the dielectric con-

stant from unity (ε – 1) in liquids typically
1000 times greater than for gases?

• Why does (ε – 1) for some liquids exceed the
values for elemental liquids by a factor of the
order 10?

These questions will be addressed in §9.12.4 be-
low.

Strong electric fields
As with solids and gases, liquids which are electri-
cally insulating at low electrical fields eventually
conduct at high electric fields. Unfortunately the
data books I have been using have no references to
the dielectric strength or breakdown field for liq-
uid dielectrics.

9.12.4 Understanding the electrical
properties of liquid insulators
We can consider the dielectric constant data from
the point of view that a liquid is in essence a dense
gas-like collection of molecules. In this approach
we understand the dielectric properties of liquids
as being essentially the dielectric properties of the
constituent molecules of the liquid. The dielectric
constant of the liquid is then increased above the
gaseous value by the relatively high density of the
liquid. In order to test this approach we need to
estimate the number density of molecules in the
gaseous and liquid states. This is done by means
of Example 4.2:

n
P

k Tgas
B

= (5.100* and 9.49)

and Example 7.1:

n
Muliq = ρ  (9.50)

where ρ is the density of the liquid, M the relative
molecular mass of the molecules, and u an atomic
mass unit. Further, we recall from §5.7 that the
dielectric constant of a gas is given by two differ-
ent expressions depending on whether the mole-
cules are polar or non-polar.

Polar molecules have a permanent (intrinsic) elec-
tric dipole moment pp due to the distribution of
electric charge within each molecule. An applied
electric field exerts a torque on the molecules,
which tends to align them with the applied field.
In addition, the electronic charge distribution
within the molecule can itself be changed by the
applied field, resulting in an induced electric di-
pole moment. The magnitude of the induced di-
pole moment is related to α , the polarisability of
the molecule.

We expect that for gases, and hopefully liquids,
composed of non-polar molecules ε should be
given by:

ε α
ε

− =1
n

o

(5.109* and 9.51)

where the molecular polarisability α  is an intrin-
sic property of a molecule. For collections of polar
molecules we expect that in addition to any in-
duced dipole moment there should be an addi-
tional term given by:

ε
ε

− =1
3

2np

k T
p

o B

. (5.116* and 9.52)

where pp  is the electric dipole moment built into a
molecule, an intrinsic property of the molecule.

Non-polar molecules
Based on Equation 9.51, ε α ε− =1 n / o we can
calculate the values of α per molecule in the liquid
state and compare our results with the similar cal-
culation for the substance in the gaseous state.

As Table 9.19 indicates, the molecular polaris-
ability inferred from the dielectric constant data is
roughly the same independent of whether ε is
measured in the gaseous or the liquid states. In
order to see the significance of this result, recall
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again that α is an intrinsic property of a molecule
related to the ease with which its electronic struc-
ture is deformed by applied fields. The fact that
this property of the molecule is the same in the
liquid and gaseous states implies that the elec-
tronic structure of the molecule is similar in both
states.

Polar molecules
We can calculate the values of pp per molecule in
the liquid state and compare our results with the
similar calculation for the substance in the gaseous
state. We use:

p
k T

np
o B= −( )





3 1
1

2ε ε (5.119* and 9.53)

with n estimated by either Equation 9.49 or 9.50 as
appropriate. As Table 9.20 indicates, the value of
intrinsic dipole moment pp inferred from the di-
electric constant data on liquids is roughly 2.4
times larger than the same quantity inferred from

the dielectric constant data on gases. The origin of
this enhancement is at first puzzling but can in fact
be understood fairly straightforwardly.

When we observe a molecule in a low-density gas,
the molecules are separated by large distances and
interact only weakly with each other. So their re-
sponses to the applied field are independent of one
another. So when we measure the molecular po-
larisability α in a gas, we deduce its correct value.
However, as the density of molecules is increased,
this independence of response is lost. When the
molecules are as close as they are in the liquid
state, the interactions between molecules are sig-
nificant and cannot be neglected. To see how this
independence is lost, Example 9.5 considers a
hypothetical molecule with an intrinsic electric
dipole moment of the same order as those in Table
9.20. Example 9.5 shows that the electric field
near a polar molecule may be exceedingly large.
Electric fields of this magnitude will (a) strongly
polarise the charge distributions on neighbouring
molecules, and (b) affect the relative orientation of

Table 9.19 The results of calculations of the molecular polarisability of non-polar molecules based on dielectric con-
stant data for both liquid and gaseous states. The value of  on Equation 9.51 α/εo =(ε – 1)/n with n estimated by either
Equation 9.49 or 9.50 as appropriate. The data for the densities of liquid hydrogen, nitrogen and oxygen are estimates
based on a 10% decrease of the density of the solid. See Table 5.16 for gas data and Table 9.18 for liquid data. The
gas data refer to atmospheric pressure (1.013 × 105 Pa). Notice that the inferred value of α is quite similar in liquid
and gaseous states.

Liquid Gas

Substance
ρρρρ

(kg m–3) εεεε–1
n

(××××1028 m3)
αααα/εεεεo

(××××10–30)
ρρρρ

(kg m–3) εεεε–1
n

(××××1028 m3)
αααα/εεεεo

(××××10–30)
Argon 40 1410 0.53 2.12 25 293 5.16 2.50 21
Helium 4 120 0.048 1.81 2.65 293 0.65 2.50 2.6
Hydrogen 2 ≈80 0.228 2.41 9.5 293 2.54 2.50 10.2
Nitrogen 28 ≈930 0.45 2.00 22.5 293 5.47 2.50 21.9
Oxygen 32 ≈1300 0.507 2.45 20.5 293 4.94 2.50 19.8

Table 9.20 The results of the calculations of the permanent molecular dipole moment (in C m) of polar molecules ac-
cording to Equation 9.53. The gas data refer to atmospheric pressure (1.013 × 105 Pa).

Liquid Gas

Substance M
T

(K)
ρρρρ

(kg m–3) εεεε–1
n

(××××1028 m3)
p

(××××10–30)
T

(K) εεεε–1
n

(××××1028 m3)
p

(××××10–30)
Methanol 32 298 791 31.6 1.49 15.2 373 57 1.97 6.29
Ethanol 46 298 789 23.3 1.03 15.7 373 61 or 78 1.97 6.5 or 7.4
Water 18 293 1000 79.4 3.35 16.0 373 60 1.97 6.45
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neighbouring molecules. Thus when a molecule is
turned to align with an external field, its electric
field turns with it, and thus the polarisation also
‘turns with’ the molecule. Thus the electric dipole
moment ‘associated with’ a particular molecule is
equal to the original intrinsic dipole moment pp ,
plus a second part related to the interaction with
neighbouring molecules.

Conclusion
We are now in a position to understand the ex-
perimental data. The reason why the difference of
the dielectric constant from unity ( )ε −1  in liquids
is typically 1000 times greater than for gases is
indeed as we supposed initially because of the
density of molecules.

The reason why ( )ε −1  for some liquids exceeds
values for elemental liquids by a large factor is
because these high dielectric constant liquids are
polar and the effect of an applied electric is to turn
the molecules within the liquid. The applied field
thus alters the distribution of electric charge within
the liquid, which can correspond to a relatively
large structural change in the liquid. This may be
compared with the anomalously large values of
dielectric constant observed in the structurally bi-
stable solid, strontium titanate (Table 7.16)

The reason why ( )ε −1  for some liquids exceeds
the predicted value based on density extrapolation
by a factor of the order 2.5 is because these liquids
are polar As each molecule rotates, it drags with it
its polarisation of nearby molecules.

9.13 Optical properties

9.13.1 Dielectric materials: insulators
The optical properties of liquids may (for many
purposes) be characterised by two parameters: the
refractive index of the material and the absorbtion
coefficient. In this section we consider only the
refractive index of insulating liquids. The refrac-
tive index nlight  of a transparent material is related
to the speed of light v in the material by:

n
c

vlight = , (2.17*)

where c is the speed of light in a vacuum. The
refractive index of various transparent liquids is
recorded in Table 9.21. As with solids, the value
of nlight  varies with wavelength, and the data refer
to the refractive index at the wavelength of the
bright yellow D lines in the spectrum of sodium
vapour. Figure 9.38 shows the variation of nlight
with wavelength for water. The graph is strikingly
similar to the data for the variation of the refrac-
tive index of glasses shown in Figures 7.50 and
7.51.

Example 9.5

Consider a molecule around 0.3 nm in length with a
permanent electric dipole moment of pp = 6 × 10–30 C m,
similar to the experimental values in Table 9.18. This is
equivalent to a situation in which charges of +q and –q
are separated by a distance d = 0.3 nm such that § 2.2.3:

pp = qd

We thus estimate that the charge at either end of the
molecule q:

q
p

d
= = ×

× = ×
−

−
−p C

6 10

0 3 10
2 10

30

9
20

.

– q +q

2d d

What is the electric field at this point, roughly one molecular length away from the molecule?

Let us now work out the electric field at a distance of
roughly one molecular length away from the molecule
along the axis of the molecule. The electric field may be
calculated as the sum of the two contributions: one from
the charge at either end of the molecule. Thus at a dis-
tance d from the positively-charged end of the molecule
the electric field is:

E
q

d

q

d

q

d
= +

π + −
π = −

π −





= ×
π× × × ×( ) 
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The questions raised by our preliminary examina-
tion of the experimental data on the optical prop-
erties of liquids are:
• Why are the refractive indices of liquids

similar to those of transparent solids, but dif-
ferent from unity by about 1000 times more
than gases?

• Why is the variation with wavelength of the
refractive index of liquids similar to that ex-
hibited by transparent solids?

9.13.2 Understanding the optical prop-
erties of insulators
Our approach to the optical properties of liquids is
similar to our approach to the dielectric properties
of liquids. As a first step, we consider the optical
properties of liquids as being essentially the opti-
cal properties of the constituent molecules of the
liquid but enhanced above the gaseous properties
by the relatively high density of the liquid.

From the discussion of the refractive index of
gases, we recall that, in general, the refractive in-
dex is related to the dielectric constant of the sub-
stance by:

nlight = ε (2.17*)

From Equation 2.17 we see that if the dielectric
constant is given by:

ε α
ε

= +1
n

o

(5.109* & 9.51*)

then we expect the refractive index to be given by:

n

n

light

o

=

= +

ε

α
ε

1
 (9.54)

Now the low-frequency dielectric constant of a
liquid with polar molecules has contributions both
from the rotation of the polar molecules and from
the polarisation of their charge distribution. How-
ever, at optical frequencies, the inertia of the
molecules prevents them from rotating in response
to the electric field of the light wave. Hence the
refractive index is related only to the induced
component of the dielectric constant.

In order to see whether we can explain the refrac-
tive index of a liquid in terms of only the change
in the number density of molecules, we will pro-
ceed as follows. First we will estimate the mo-
lecular polarisability α  using Equation 9.54 and
the refractive index data on gases (Table 5.17).
Then we will use the same value of α  to estimate
the refractive index we might expect in the liquid
state assuming that the liquid is merely a dense
gas. We will work through the calculation first for
water.

Figure 9.38 The refractive index of a water as a function
of wavelength. The shaded region corresponds to the
visible region of the spectrum.
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Table 9.21 The refractive index of various liquids for
yellow light.

Substance and chemical formula MW nlight

Water, H2O 18 1.33
Carbon tetrachloride, CCl4 152 1.405
Toluene, C7H8 92 1.497
Methanol, CH3OH 32 1.329
Ethanol, C2H5OH 44 1.3614
Propan-1-ol, C3H7OH 56 1.3852
Propan-2-ol, C2H5OHCH2 56 1.3742
Acetic acid, CH3COOH 1.3716
Benzene, C6H6 78 1.501
Aniline, C6H7N 86 1.586
Hydrogen disulphide, HS2 65 1.885
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Example calculation : water vapour
Rearranging Equation 9.54 as an expression for α
we find:

α
ε

=
−o light

2( )n

n

1
(9.55)

In order to evaluate Equation 9.55 we must first
estimate the number density of molecules in the
gaseous using Example 4.2:

n
P

k T
gas

B

= (9.56)

where I have written the phase as a superscript to
help to distinguish between the use of n as a sym-
bol for both refractive index and number density.
Since the water vapour data refers to STP this
evaluates to:

ngas

m

= ×
× ×

= ×

−

−

1 013 10

1 38 10 273

2 689 10

5

23

25 3

.

.

.

(9.57)

Substituting for ngas and for the refractive index of
water vapour (Table 5.17 nlight = 1 000254. ),
Equation 9.55 evaluates to:

α = × −
×

= × − −

8 854 10 1 000254 1

2 689 10

1 647 10

12 2

25

40

. (( . ) )

.

. F  m1 4

(9.58)

Example calculation: water liquid
We now need to estimate the number density of
water molecules in liquid water at STP. To do this
we use Equation 9.50 and substitute for the density
of water ρ = 1000 kg m–3 and the mass of a mole

of water M = 18 × 10–3 kg to find:

n
N

M
liquid A= ρ (9.59)

nliquid

m

= × ×
×

= ×

−

−

6 022 10 1000

18 10

3 346 10

23

3

28 3

.

.

(9.60)

Substituting this value for nliquid and the value of
molecular polarisability determined from the gas
data (Equation 9.58) into Equation 9.54 for the
refractive index yields:

nlight = + × × ×
×

≈

−

−1
3 346 10 1 647 10

8 854 10

1 27

28 40

12
. .

.

.

 (9.61)

which is to be compared with the experimental
value of 1.33. Tables 9.21 and 5.17 showing the
refractive indices of liquids and gases have two
entries in common aside from H2O. Table 9.22
shows the results of the calculations similar to that
outlined above for these two substances. Table
9.22 indicates that the predictions for nlight −1  are
20 % to 25 % below the experimental values. This
level of agreement is not bad if we consider the
extent of the extrapolation  of around a thousand
fold in number density, and our neglect of any
consideration of molecular interactions.

The effect of molecular interactions is difficult to
predict accurately, but it is worth bearing in mind
the results for the low-frequency dielectric con-
stant values of polar liquids. We found that due to
the molecular interactions, they were enhanced by
a factor ≈ 2.4 over what would have been expected
based on the gas data.

Table 9.22 Calculation of the refractive indices of liquid water, methanol and benzene from the data on the refractive
index of their vapours (Table 5.18). The predictions for nlight–1 are 20 to 25% below the experimental values. The
method of calculation is described in Equations 9.55 to 9.61.

Gas Liquid

Substance MW
Number

density (m–3) nlight

Molecular
polarisability

αααα (F–1m4)

Density

(kg m–3)

Number
density

(m–3)

Prediction

nlight–1

Actual

nlight–1

Water H2O 18 2.689 × 1025 1.000254 1.647 ×10–40 1000 3.346 × 1028 0.27 0.33
Methanol CH3OH 32 2.689 × 1025 1.000586 3.860 ×10–40 791 1.489 × 1028 0.284 0.329
Benzene C6H6 78 2.689 × 1025 1.001762 11.61 × 10–40 879 6.786 × 1027 0.375 0.501
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Comparison of refractive index data and
dielectric constant data
The refractive index measurements use light os-
cillating at a frequency of the order 1015 Hz. In
one period of such a fast oscillation the molecules
are unable to rotate to align their intrinsic dipole
moments with the electric field. Thus the refrac-
tive index arises only from the molecular polaris-
ability α because only the electrons within the
molecule are able to move fast enough to respond
on this time-scale. Recall for comparison that a
molecule vibrates within its cell roughly once
every 10–13 seconds, and that the structure of the
liquid changes around every 10–10 seconds. In
contrast the dielectric constant measurements are
usually made at frequencies of only 106 Hz. In one
period of such an oscillation there is plenty of time
for molecules to optimally align their intrinsic
dipole moment pp with the electric field.

Bearing this in mind, it is interesting to compare
the results of an analysis of dielectric constant data
for the polar liquids water and methanol (§9.12.3),
with the results of the analysis of the refractive
index. For the dielectric constant data we found
that the intrinsic dipole moment of a polar mole-
cule in the liquid appeared to be enhanced by a
factor of around 2.4. The reason for the enhance-
ment was the low frequency (≈ 106 Hz) used for

these measurements and the strong interaction
between molecules.

However, the refractive index data is not sensitive
to the permanent dipole moment on each mole-
cule, but only to the polarisability of each mole-
cule. The refractive index data could be inter-
preted as indicating that the molecular polarisabil-
ity in the liquid is enhanced over its value in the
gas by roughly 25%. (Using Equation 9.51 for
liquid water predicts α = 2.035 × 10–40 F–1 m 4

compared with α = 1.647 × 10–40 F–1 m4 for the
gas (Equation 9.54).) This enhancement arises as
follows. When a molecule is polarised by the
electric field of the light wave, it acquires an in-
duced electric dipole moment pi. The electric field
around this dipole moment can be intense (Exam-
ple 9.4) and this polarises the neighbouring mole-
cules. The extent of this additional polarisation
depends on the density of the substance: if there
are many molecules close to the ‘source’ mole-
cules, then the effect is relatively large. Notice that
the effect (≈ 25%) is not as large as the static po-
larisation effect (≈ 250%) because that effect in-
volved the rotation of polar molecules. Such rota-
tions require a nanosecond or so to complete, and
so on the time scale of the oscillation of the light
wave (≈ 10–16 s) such processes can be neglected.

9.14 Exercises

Exercises marked with a P prefix are ‘normal’
exercises. Those marked with a C prefix are best
solved numerically by using a computer program
or spreadsheet.. Exercises marked with an E prefix
are in general rather more challenging that the P
and C exercises. Answers to all the exercises are
downloadable from www.physicsofmatter.com

Density and expansivity
P1. Which element has (a) the largest, and (b) the
smallest, ratio of solid density to liquid density at its
melting temperature? (Table 9.1)
C2. Download the molecular dynamics simulation from
the web site www.physicsofmatter.com. Run the simula-
tion for the liquid phase with at least 25 molecules and

allow it to run until the molecules form ‘a blob’. Stop
the simulation and examine the instantaneous positions
of the molecules. To what extent do the figures in Ex-
ample 8.1 and Figure 8.4 reflect the patterns seen in the
simulation?
P3. By considering the densities in Table 9.2, estimate
the density of any alcohol. Estimate the density of
vodka, a mixture by volume of 60% water and 40%
ethanol.
P4. To what extent are the relative densities of light
water (H2O) and heavy water (D2O) related solely to
their difference in atomic mass? (Table 9.3)
P5. Compare the change in the density of mercury over
the temperature range 0 °C to 300 °C with the change in
the density of gold over the same temperature range.
(Figure 9.4, Table 7.4 and Example 7.4)
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P6. Which liquid metal in Table 9.4 has the highest
thermal expansivity?
P7. In many parts of the world it is common for a body
of fresh water such as pond or a lake to freeze over in
the winter and melt again in the spring. The cooling of
the lake arises primarily from air cooling: the tempera-
ture of the Earth beneath the lake is relatively stable
from one season to another. Write an explanation for a
friend explaining how the two ‘anomalous’ properties of
water (Figure 9.3: the density maximum at 4 °C and the
low density of its solid phase) combine to create a
situation in which the majority of the lake remains liq-
uid even in extremely cold weather. (See also Question
P22).
P8. Water substance increases its volume by roughly
10% when it freezes. The freezing of water trapped in
cracks within a rock is a powerful tool for geological
erosion. By considering a simply shaped crack, estimate
roughly the pressure exerted on the rock by ice when it
freezes. You will need to estimate the Young’s modulus
of the ice, which you may do using Equation 7.24 from
information on its density (Figure 9.3), and the speed of
sound in ice (Table 7.9).

Speed of sound
P9. What is the speed of longitudinal sound waves in (a)
water and (b) ethanol?
P10. What is the ratio of the speed of longitudinal sound
waves (a) in water and ice, and (b) in copper and molten
copper?
P11. Based on the speed of longitudinal sound waves,
estimate very roughly the Young’s modulus E and bulk
modulus B for ice, water, copper and molten copper.
(Equations 9.2 to 9.10, Figure 9.3, Tables 9.1 and 9.6,
Tables 7.2 and 7.9) . Where possible, compare your
values with those in Tables 7.4 and 9.4.

Viscosity, surface tension, and
vapour pressure
P12. Consider the descent of a solid sphere of radius r
and density ρS through a liquid of density ρL and vis-
cosity η. The viscous force (G. Stokes 1850) has been
found to be F = 6¹rηv and so increases as the sphere
accelerates until it exactly equals the net force due to
gravity and buoyancy. Derive an expression for the
viscosity of a liquid in terms of this terminal velocity of
a sphere falling through it. Estimate the terminal veloc-
ity for both steel (Table 7.1) and nylon (density ≈ 1300
kg m–3) spheres falling through water at (a) 0 °C and (b)
40 °C (Figure 9.12). Can you think of a simple experi-
ment that you could carry out to see if your estimates
are correct?
P13. What is the viscosity of water at (a) 0 °C and (b)

40 °C (Figure 9.15)? Using the Stokes formula from
Question P12, estimate the time for an air bubble 1 mm
in diameter to rise through a column of liquid water 15
cm high at each of these temperatures.
An air bubble would grow as it rose through the liquid
(§5.2) because the pressure of the liquid around it would
fall. Estimate the extent to which the bubble would
grow on its journey, and state whether you would expect
to be able to notice this.
P14. What is the surface energy (surface tension) γ for
(a) water at 20 °C and (b) gold at 1100 °C ? (Table 9.9)
What is the value of ∆Es in milli electron volts for (a)
water at 20 °C and (b) gold at 1100 °C ? (Table 9.10)
P15. Estimate the of vapour pressure at 2000 °C of (a)
copper, (b) silver, (c) gold, and (d) aluminium? (Figure
9.24)
P16. Estimate the rate at which molecules leave the
surface of liquid water at 20 °C according to Equation
9.28 and Table 9.11. What rate of mass loss does this
correspond to? In other words how many grams evapo-
rate per unit area per second. Compare this with your
qualitative experience of water evaporating in a situa-
tion where little water vapour will re-enter the liquid
e.g. spilling water outdoors onto a non-absorbent sur-
face on a warm day with a slight breeze.
P17. Assuming the oceans of the world to be at an aver-
age surface temperature of 4 °C, and to have a surface
area of 2/3 that of the Earth, estimate the rate at which
the oceans are evaporating (Equation 11.8 and Table
9.10). If this mass loss were not replaced by rain, at
what rate would the sea level decline? (Equation 11.8
and Table 9.10). The radius of the Earth is approxi-
mately 6400 km.
P18. Estimate the vapour pressure of water at the boil-
ing temperature of ethanol. Based on the ratio of vapour
pressures, estimate the minimum fraction of water (by
molar concentration) that would be present in a distilled
water/ethanol mix. By a similar technique estimate the
minimum fraction of methanol present. (Equation 9.36
and Table 11.2)
P19. Write an essay summarising the cell model of a
liquid dynamics. (§8.4 and §9.6 to §9.9).

Thermal properties
P20. What is the molar heat capacity of (a) water at
0 °C and (b) ethanol at 20 °C? (Table 9.13). Estimate
roughly the heat capacity of vodka, a mixture by volume
of 60% water and 40% ethanol.
P21. What is the thermal conductivity of (a) water at
20 °C (b) ethanol at 20 °C, (c) mercury at 20 °C and (d)
molten sodium at 100 °C. (Table 9.14 and 9.15)
P22. As discussed in Question P7, lakes and ponds are
cooled by contact with cold air above them. Consider a
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frozen lake with a surface temperature of –10°C. Un-
derneath a 1 cm thick ice layer at the ice–water inter-
face, the temperature is 0 °C. (a) Using a value of 2.2
W K m–1 for the thermal conductivity of ice, estimate
the rate (in mm per second) at which ice forms on the
underside of the frozen layer. You should find a sur-
prisingly rapid value. (b) Alternatively, estimate the
depth of water that can be cooled from 4 °C to 0 °C per
second.
P23. Roughly how much energy does it take to heat (a)
1 mol and (b) 1 kg of liquid water from its melting tem-
perature to its boiling temperature? Evaluate the same
quantities for methanol, ethanol, and mercury. (Tables
9.13, 11.1 and 11.2)
P24. A cylinder of liquid water 5 cm deep with a base
diameter of 10 cm is placed on a thermostatically con-
trolled pad at a temperature of 4 °C. Work out the rate
of heat flow through the liquid if the upper temperature
is (a) 3 °C and (b) 5 °C. Consider carefully the effect of
convection within the water. (Table 9.14, Figure 9.3 and
Questions P22 and P7)
P25. A cubic container of volume 1 m–3 is heated from
the bottom such that molten sodium metal at the bottom
is approximately 100 °C hotter than sodium at the top.
(a) Approximately how many moles of sodium are in
the box? (b) Convection lifts 100 moles per second of
sodium from the bottom to the top. Estimate the heat
flow across the container due to convection? Is it greater
or less than would be expected due to the thermal con-
ductivity listed in Table 9.15 alone?

Electrical properties
P26. Estimate the electrical resistivity of (a) sodium and
(b) potassium at 400 °C (Table 9.17 and Figure 9.35)
P27. Use the constancy of the Lorentz number (Table
9.14) to estimate the thermal conductivity of sodium
and potassium at 400 °C (Question P26)
P28. Estimate the mean scattering time τ for electrons in
molten potassium and sodium at 100 °C (Example 9.4).

P29. What is the dielectric constant of (a) water at 20 °C
(b) ethanol at 20 °C and (c) liquid nitrogen at 70 K (Ta-
ble 9.18 and Figure 9.37)
P30. One of your colleagues is unable to read §9.12.3
and §9.12.4 as a result of their research on the biological
effects of 40% ethanol solutions. Write a report for them
summarising the extent to which the dielectric constants
of liquids of both polar and non-polar molecules can be
understood by considering liquids to be dense gases.
(Tables 9.19 and 9.20).

Optical properties
P31. What is the refractive index of (a) water at 20 °C
and (b) ethanol at 20 °C. Estimate the refractive index
of a mixture by volume of 40% ethanol with 60 % wa-
ter.
P32. Estimate the refractive index of liquid methanol
and liquid ethanol based on the analysis of the water
given in the example calculation of Equations 9.59 to
9.61. Compare your results with my calculations in
Table 9.22.
P33. Using data taken from Figure 9.38, estimate very
roughly the frequency of the UV transition in water
based on the analysis for glasses in §7.9.5.
P34. Would a prism made of water be more or less dis-
persive than one made of glass? (Figures 7.50, 7.51 and
9.38)
P35. The reflectivity of glass immersed in water to light
normally incident upon it is given by the formula

R
n n

n n
= −

+








light
water

light
glass

light
water

light
glass

2

Explain why it is difficult to see glass when it is under-
water. (Table 9.21, Figure 7.50) Compare the calculated
value of R with the value for light incident upon either
water or glass from air. (Chapter 7 Question C56 )


