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CHAPTER 7

Solids: comparison with experiment

7.1 Introduction

I do not know where you are reading this, but I expect that you are close to some solids with extraordi-
nary properties. This is true for me as I write this on my computer. Beneath my fingers is a keyboard
made of plastics, some transparent and some opaque. In front of me is a screen made of glass, the reverse
of which is coated with solids that glow under bombardment by electrons. Nearby are paper, cloth and
wood. I can see metals, some at temperatures in excess of 2000 °C. And 50 centimetres away is a chip of
patterned silicon which enables my computer to function. There is also the semi-solid matter I call my
body, which possesses the capacity for abstract thought. This diversity of properties makes comparison
with the simple models outlined in Chapter 6 particularly difficult. There are so many ‘special cases’ and
‘exceptions’ that it is unusual to find strict numerical agreement between theory and experimental data.
However, we will find that often we can understand the order of magnitude of results, and the trends of
the results from one material to another. With these limitations on our ambition in mind, let us see what
Chapter 7 holds.

§7.2, §7.3, and §7.4 Density, Compressibility, Thermal expansivity: We will find that the density of
solids reflects the type of bonding present; the compressibility tells us about the pair-potential
between atoms; and thermal expansivity tells us about the asymmetry of the pair-potential .

§7.5 Speed of sound: Sound waves in solids are considerably more complex than in gases. However
we relegate much of this complexity to Appendix A2 and focus on the trends in the data, allowing
us to get a good feel for the factors involved.

§7.6 Heat capacity: The heat capacity of most solid elements at around room temperature can be un-
derstood using an exceptionally simple model of a solid. However, the temperature-dependence of
the data, and the data which cannot be explained by this model, will lead us to a more realistic
model, and a surprising connection to §7.5 on the speed of sound.

§7.7 Electrical properties: The difference in conductivity between metals and insulators is an amaz-
ing 20 orders of magnitude. Not surprisingly, we will use quite different models to understand the
two categories of solids. More surprising is the simplicity of each of the models that we will use.
For metals we will use the free electron model of a solid we discussed in §6.5, and for insulators
we will ignore the bonding between the atoms almost entirely!

§7.8 Thermal conductivity: Although simple in principle, the data and the theory are surprisingly
complex, and we attempt to understand only the temperature-dependence of the data.

§7.9 Optical properties: In Chapter 2 we said that the refractive index of a material is related to its
dielectric constant. Using this result and Newton’s laws of motion we will be able to explain the
values, and the variation with wavelength, of the refractive index of transparent solids. Amazing.

At www.physicsofmatter.com

In addition to copies of the figures and tables you will find: animations of some of the important equa-
tions in this chapter; a computer program which realistically simulates the dynamics of simple molecules
in solids, liquids and gases; Chapter W1 on the Band theory of solids which extends some of the topics
dealt with in this chapter; and Chapter W2 on the Magnetic properties of solids.
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7.2 Density

In contrast with gases, the most striking property
of solids is that they have both a well-defined vol-
ume and shape. Further, unlike gases, neither the
volume nor the shape are particularly sensitive to
changes in temperature or pressure.

7.2.1 Data on the density of solids
The densities of most solids lie in the range be-
tween 0.5 and 20 times that of water. Historically,
the gram was defined as the mass of one cubic
centimetre of water at 4 °C. Thus the density of
water lies close to 1 gram per cubic centimetre, or
in the rather incongruous SI units, 1000 kg m–3. So
solid densities lie in the range from around
500 kg m–3 to around 20000 kg m–3. Table 7.1
gives the density of an arbitrary selection of sub-
stances. The density of the elements is recorded in
Table 7.2 and graphed as a function of atomic
number in Figure 7.1.

The first point we note is that solid densities are of
a similar order of magnitude to liquid densities
(Tables 9.1 and 9.2), but around a thousand times
greater than the densities of gases at around STP
(Table 5.1).

From the data in Table 7.2 we can work out many
quantities that are useful for understanding the
properties of solids, for example:
• the number densities of atoms in the elements
• the volume per atom taken up by atoms in the

elements
• the typical separations between atoms in the

elements in the solid state and
• the molar volume of the elements.
These calculations are carried in out Example 7.1.
The densities of the elements as recorded in Table
7.2 appear to vary almost randomly, but when
plotted as a function of atomic number (Figure
7.1) it becomes apparent that there is a significant
amount of structure in the data. The most striking
features are the periodic increases and decreases in
density, and the curious linear portion between
elements 57 to 71. There are also more subtle

features. Notice for instance the ‘shoulders’ on the
high atomic number side of each peak e, f and g,
or the periodicities at small atomic. We also note
that there is a general trend towards elements with
high atomic number having higher densities.

So, the main questions raised by our preliminary
examination of the experimental data on the den-
sity of solids are:
• Why are the densities of solids much greater

than those of gases?
• Why is there a general trend to increasing

density for elements with increasing atomic
number?

• Why are there periodic increases and de-
creases in density?

• Why is there a linear density increase between
elements with atomic numbers from 57 to 71?

Table 7.1 The approximate values of the density of some
solids.

Solid ρρρρ(kg m–3)
Metals
Aluminium/Dural 2700–2800
Phosphor–bronze 8900
Brass 8400–8500
Gold (22 carat) 17500
Gold (9 carat) 11300
Mild steel 7900
Stainless steel 7700–7800
Wrought iron 7800
Invar 8000
Platinum/Iridium 21500
Wood
Balsa 200
Pine 500
Oak 700
Beech 750
Teak 850
Ebony 1200
Natural materials
Amber 1100
Beeswax 950
Granite 2700
Ice 920
Coal 1.4–1.6
Mica 2800



DENSITY

177

Table 7.2 The density of the elements (kg m–3). Also shown is the atomic number Z and the atomic weight A in units of
the atomic mass unit u = 1.66 × 10–27 kg. For example, the density of magnesium, whose atoms each contain 12 pro-
tons, is 1.738 × 103 kg m–3. The mass of an atom of magnesium is 24.31 × 1.66 × 10–27 kg. The densities of elements
that are normally gaseous at room temperature are evaluated at a temperature just below their freezing point at atmos-
pheric pressure. For helium, which does not solidify at atmospheric pressure at any temperature, the density is evalu-
ated at 4.2 K and 25 atmospheres (25 ×105 Pa) pressure which is sufficient to cause solidification.

Z Element and symbol A Density Z Element and symbol A Density

1 Hydrogen, H 1.008 89
2 Helium, He 4.003 120 51 Antimony, Sb 121.7 6692
3 Lithium , Li 6.941 533 52 Tellurium, Te 127.6 6247
4 Beryllium, Be 9.012 1846 53 Iodine, I 126.9 4953
5 Boron, B 10.81 2466 54 Xenon, Xe 131.3 3560
6 Carbon (graphite), C 12.01 2266 55 Caesium, Cs 132.9 1900
6 Carbon (diamond), C 12.01 3513 56 Barium, Ba 137.3 3594
7 Nitrogen, N 14.01 1035 57 Lanthanum, La 138.9 6174
8 Oxygen, O 16.00 1460 58 Cerium, Ce 140.1 6711
9 Fluorine, F 19.00 1140 59 Praseodymium, Pr 140.9 6779
10 Neon, Ne 20.18 1442 60 Neodymium, Ne 144.2 7000

11 Sodium, Na 22.99 966 61 Promethium, Pm 145.0 7220
12 Magnesium, Mg 24.31 1738 62 Samarium, Sm 150.4 7536
13 Aluminium, Al 26.98 2698 63 Europium, Eu 152.0 5248
14 Silicon, Si 28.09 2329 64 Gadolinium, Gd 157.2 7870
15 Phosphorus, P 30.97 1820 65 Terbium, Tb 158.9 8267
16 Sulphur, S 32.06 2086 66 Dysprosium, Dy 162.5 8531
17 Chlorine, Cl 35.45 2030 67 Holmium, Ho 164.9 8797
18 Argon, Ar 39.95 1656 68 Erbium, Er 167.3 9044
19 Potassium, K 39.10 862 69 Thulium, Th 168.9 9325
20 Calcium, Ca 40.08 1530 70 Ytterbium, Yb 173.0 6966

21 Scandium, Sc 44.96 2992 71 Lutetium, Lu 175.0 9842
22 Titanium, Ti 47.90 4508 72 Hafnium, Hf 178.5 13276
23 Vanadium, V 50.94 6090 73 Tantalum, Ta 180.9 16670
24 Chromium, Cr 52.00 7194 74 Tungsten, W 183.9 19254
25 Manganese, Mn 54.94 7473 75 Rhenium, Re 186.2 21023
26 Iron, Fe 55.85 7873 76 Osmium, Os 190.2 22580
27 Cobalt, Co 58.93 8800 77 Iridium, Ir 192.2 22550
28 Nickel, Ni 58.70 8907 78 Platinum, Pt 195.1 21450
29 Copper, Cu 63.55 8933 79 Gold, Au 197.0 19281
30 Zinc, Zn 65.38 7135 80 Mercury, Hg 200.6 13546

31 Gallium, Ga 69.72 5905 81 Thallium, Th 204.4 11871
32 Germanium, Ge 72.59 5323 82 Lead, Pb 207.2 11343
33 Arsenic, As 74.92 5776 83 Bismuth, Bi 209.0 9803
34 Selenium, Se 78.96 4808 84 Polonium, Po 209.0 9400
35 Bromine, Br 79.90 3120 85 Astatine, At 210.0 —
36 Krypton, Kr 83.80 3000 86 Radon, Rn 222.0 4400
37 Rubidium, Rb 85.47 1533 87 Francium, Fr 223.0 —
38 Strontium, Sr 87.62 2583 88 Radium, Ra 226.0 5000
39 Yttrium, Y 88.91 4475 89 Actinium, Ac 227.0 10060
40 Zirconium, Zr 91.22 6507 90 Thorium, Th 232.0 11725

41 Niobium, Nb 92.91 8578 91 Protractinium, Pa 231.0 15370
42 Molybdenum, Mo 95.94 10222 92 Uranium, U 238.0 19050
43 Technetium, Tc 97.00 11496 93 Neptunium, Np 237.0 20250
44 Ruthenium, Ru 101.1 12360 94 Plutonium, Pu 244.0 19840
45 Rhodium, Rh 102.9 12420 95 Americium, Am 243.0 13670
46 Palladium, Pd 106.4 11995 96 Curium, Cm 247.0 13300
47 Silver, Ag 107.9 10500 97 Berkelium, Bk 247.0 14790
48 Cadmium, Cd 112.4 8647 98 Californium, Cf 251.0 15100
49 Indium, In 114.8 7290 99 Einsteinium, Es 254.0 —
50 Tin, Sn 118.7 7285 100 Fermium, Fm 257.0 —
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7.2.2 Understanding the data on the
density of solids
Of the questions raised at the end of the previous
section, we can understand the first one immedi-
ately: why the density of solids is much greater
than the density of gases. All the models of solids
we discussed in Chapter 6 consist of atoms ar-
ranged close to one another, whereas a gas con-
sists of molecules with large spaces between them.
It is not really surprising therefore that the amount
of mass per unit volume in a solid is greater than
for a gas.

However understanding the other questions is
rather more complicated because it is difficult to
make predictive calculations of the expected den-
sity of a particular solid. The reason for this is that
the atoms of a solid can arrange themselves in any
of several different ways. So even if we could cal-
culate the equilibrium separation between atoms,
each different arrangement of atoms would have a
different density. Thus in order to predict the den-
sity of a material one needs to be able to predict
the atomic separation and the crystal structure that

the material will adopt. To achieve this one needs
to evaluate the energy of several different ‘com-
peting’ crystal structures with high accuracy and
then compare the results to find out which crystal
structure the atoms will naturally choose. Al-
though we managed to do this for the noble gas
solids (§6.2.3) for most solids this task is still a
challenge for even the most modern and sophisti-

Figure 7.1 The densities of the elements plotted
against atomic number, i.e. the number of electrons on
each atom. A great deal of structure is evident. The
troughs a, b, c, d occur just after the completion of the
main electron shells of the atoms; a = K (Potassium);
b  = Rb (Rubidium); c = Cs (Caesium); d = Fr (Fran-
cium). The peaks e , f, and g are between the middle
and end of the filling of the d - electron states in the
three rows of transition metals; e = Zn (Zinc); f = Rh
(Rhodium); g = Os (Osmium); the regular slope h rep-
resents the Lanthanides.
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Example 7.1

Estimate:
• the number density of iron atoms in solid iron
• the volume per iron atom in solid iron
• the typical separation between iron atoms in

solid iron
• the molar volume of the iron.

We can answer these questions as follows:
• From Table 7.2 we see that iron (atomic number Z

=26) has a density of 7.873 × 103 kg m–3 and that
the average mass of an iron atom is 55.85u  =
55.85 × 1.66 × 10–27 kg. Thus dividing the mass
density by the mass per atom yields the number
density of atoms:

n = ×
× × = ×−

−7 783 10

55 85 1 66 10
8 39 10

3

27
28 3.

. .
. m

• If there are n atoms per cubic metre, then the vol-
ume per atom v = 1/n, which for iron is

v = × = × − −1

8 39 10
1 19 1028

29 3 1

.
. m atom

• It is not possible to evaluate the exact separation
between atoms without knowledge of the crystal
structure of the iron. However we can make an es-
timate of the separation if we imagine an atom to
be confined in a tiny cube of side a. We can then
estimate a by using

a v=
= ×
= ×

−
−

3

293

10

1 19 10

2 28 10

.

. m

a

Finally, we can work out the volume of 1 mole, i.e. NA

atoms of iron. This is just NAv, which is:

V N vm A

m

= = × × ×
= ×

−
− −

6 022 10 1 19 10

7 18 10

23 29

6 3

. .

.

This corresponds to a cube of iron a little less than 2 cm
on each side.
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cated theories of solids. Bearing these reservations
in mind, let us look at the questions raised about
this data in turn.

General trend to increasing density
The general trend towards increasing density
arises because the atoms that make up solids get
heavier as their atomic number increases. The
heavier atoms in Figure 7.2 have masses over 200
times greater than the lighter atoms on the graph,
and so it would be surprising if materials made
from heavier atoms were not denser.

However, we need also to consider the way the
spacing between atoms changes. The simplest
model of a solid we can envisage assumes that (a)
the spacing between atoms remains roughly con-
stant, and that (b) the crystal structures of the ele-
ments are all the same. Example 7.2 is a calcula-
tion of the density of the elements assuming that
they all have a simple-cubic crystal structure
(which in fact none of them do) with an atomic
spacing is 0.3 nm. The results of this calculation
are plotted on Figure 7.2. It seems that these sim-
ple assumptions produce density estimates that are
of the correct order of magnitude and which re-
produce the trend towards increasing density.

This broad agreement implies that, as a general
trend, the separation between atoms must be stay-
ing roughly constant as the atoms get heavier.
However this approach clearly cannot explain the
periodic variations the density.

Periodic increases and decreases in density
To understand the periodic increases and de-
creases in density, we need to examine the data in
more detail and to consider the type of bonding
present in different elements. Let us look at the
low-density and high-density elements in turn.

Low-density elements
The lowest-density elements (near a, b, c , d on
Figure 7.2) occur for elements made from atoms
which have either:
• filled electron shells, i.e. the molecularly

bonded noble gases Ne, Ar, Kr,  Xe, or
• one electron outside a filled electron shell, i.e.

the alkali metals, Na, K, Rb, Cs.

In the first case we have seen that the bonding
mechanism between the atoms is the weak Van
der Waals attraction (§6.1) and so we are not sur-
prised if the atoms do not pull each other together
tightly. In the second case the addition of one
proton and one electron changes Ne to Na, Ar to
K, Kr to Rb and Xe to Cs, and the dominant
bonding changes from molecular to metallic, but
the density changes rather little. We can under-
stand this by recalling that molecularly-bonded

Example 7.2

If all the elements had a simple cubic crystal struc-
ture with nearest neighbour separation a = 0.3 nm,
what would be the density of all the elements?

On these assumptions the number density of all ele-
ments would be 1/a3. Since the mass of each atom is Au
where A is the relative atomic mass and u is an atomic
mass unit, we conclude that the mass density ρ of the
elements would be:

ρ = Au

a3

Substituting a = 0.3 × 10–9 m and u = 1.66 × 10–27 kg
yields:

ρ = × ×
×( ) =

−
−

A
A

1 66 10

0 3 10
61 5

27

9 3
.

.
.

This line is plotted on Figure 7.2.

Figure 7.2 The densities of the elements plotted
against atomic number. The solid line represents the
expected density of the solid elements if they all had a
simple cubic crystal structure with a nearest neighbour
separation of 0.3 nm. (See Example 7.2)
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solids choose close-packed crystal structures
(face-centred cubic) to allow as many atoms as
possible to get as close together as their pair po-
tential allows. However metals achieve their low-
est energy state by allowing their conduction elec-
trons ‘extra room’ to move around in. The alkali
metals thus choose a crystal structure (body-
centred cubic) that allows for this ‘extra room’.
Thus although the metallic bonding is stronger, as
indicated by the higher melting and boiling tem-
peratures of the alkali metals (Table 11.2) the den-
sity does not increase much compared with their
molecularly-bonded neighbours.

High-density elements
The high-density elements occur in the middle of
rows of the periodic table. For these materials, in
addition to metallic bonding there is also strong
covalent bonding between atoms, and the number
of covalent bonds that an atom can make reaches a
maximum in the middle of a row of the periodic
table.  Elements from near the centre of a row in
the periodic table can form more covalent bonds
than elements from near the ends of rows. This is
because elements in the middle have both elec-
trons which are able to form covalent bonds and
unoccupied quantum states which can accommo-
date bond-forming electrons from neighbouring
electrons. Each covalent bond pulls atoms more
tightly together and thus lead to higher densities.

The discussion above seems to indicate that there
might be a correlation between the density of sub-
stances and their cohesive energy. This is in fact
so and the relationship is discussed in §11.5.2.

Elements 57 to 71
Finally we need to understand the striking linear
density increase of elements 57 to 71. These ele-
ments are known as the Lanthanide series or the
Rare Earth elements, although as Figure 2.1
shows they are not particularly rare. Remember
that as we move across Figure 7.2, each step cor-
responds to
• the addition of one electron to the atom
• one proton to the nucleus
• and one or two more neutrons to the nucleus.
Normally the extra electron occupies a quantum
state which places it in an orbit which results in
most of its charge density being around the outer
part of the atom, i.e. in the valence electron states.
In the lanthanides a new orbital is available (called
the 4f orbital) which can hold 14 electrons. Recall
that s orbitals hold 2 electrons, p orbitals 6 elec-
trons, and d orbitals 10 electrons.

Table 7.3 The atomic number Z, atomic mass A and the density ρ of the lanthanide elements extracted from Table 7.2.
The row marked %A is the % density increase (compared with La) expected if the separation between atoms is un-
changed and only the atomic mass changes. The row marked %ρ  is the % density increase (compared with La) actually
found. It shows that the 59% density increase is much greater than can be explained by the 26% increase in atomic
mass alone.

La Ce Pr Nd Pm Sm Eu Gd Tb Dy Ho Er Tm Yb Lu

Z 57 58 59 60 61 62 63 64 65 66 67 68 69 70 71

A 138.9 140.1 140.9 144.2 145 150.4 152.0 157.3 158.9 162.5 164.9 167.3 168.9 173.0 175.0
%A 0 0.87 1.44 3.84 4.39 8.28 9.40 13.21 14.41 16.99 18.74 20.41 21.62 24.57 25.96

ρρρρ 6174 6711 6779 7000 7220 7536 5248 7870 8267 8531 8797 9044 9325 6966 9842

%ρρρρ 0 8.7 9.8 13.4 16.9 22.1 -15.0 27.4 33.9 38.2 42.5 46.5 51.4 12.8 59.4

Figure 7.3 An entirely schematic diagram showing the
location of the peak of the charge density associated
with the 4f orbitals, and contrasting their position with
that of the valence orbitals and the core orbitals.

4f orbitals
Valence orbitals

Coreorbitals

Nucleus
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This orbital results in the additional electronic
charge residing inside  the  atom  rather than near
the outside of the atom. This has two conse-
quences for the density of the lanthanides. First, as
the charge density in the outer part of the atom is
not changed, the bonding to neighbouring atoms

(which is both metallic and covalent) is broadly
unaffected. If this was the only effect then the
density of elements would increase as the mass of
atoms increased, while the separation between
atoms would remain roughly constant. Second, the
effect of the each extra nuclear charge pulls all the

Example 7.3

Work out the density of diamond
To calculate this we need to know (a) the length of a C–C bond in diamond, and
(b) the crystal structure of diamond. As we saw in the discussion of the covalent
bond in §6.4 we could not predict the length of the bond until we knew the precise
distribution of charge within the bond. In this example we take the length of the
bond as being determined experimentally, and work out the density by looking at a
representative sample of the material. The bond length and crystal structure of
diamond are both deduced from X-ray scattering. The crystal structure is shown on
the right and the separation between nearest-neighbour atoms is 0.154 nm. The
thick lines indicate the bonding regions and the spheres indicate the location of the
atoms. The different shading is to aid the clarity of the picture, and allow identifi-
cation of the four atoms entirely contained within the outer cube.

0.
15

4
nm

 L

The sample of material shown in the figure is a representative section of an entire crystal known as a unit cell. If we
work out the density of the unit cell we will find the same density as the entire crystal. If the cube shown has a side
L then the density will be:

ρ = ×number of atoms mass of atom

a3

The mass of a carbon atom is 12u, i.e. 12 × 1.67 ×10–27 kg. The number of atoms
is easy to work out in principle, but can be rather confusing in practice. We just
count the number of atoms in the figure right,  but we must take account of the fact
that some atoms at the edge of the unit cell will also be counted in neighbouring
unit cells. For cubic unit cells the rules for dealing with this are listed below and
illustrated on the figure right:
• atoms shared between faces of neighbouring cells count as only 1/2 an atom
• atoms shared between edges of neighbouring cells count as only 1/4 an atom
• atoms shared between corners of neighbouring cells count as only 1/8 an atom.
Counting carefully on the diamond structure we find:
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 + ×



 + ×[ ] =corner atoms face atoms whole atoms atoms 

Finally we need to work out the side of this unit cell in terms of the separation between two atoms. If you examine
the body diagonal AD shown you will see that using Pythagoras’ theorem it can shown to be equal to:

AD L L L L= + + =2 2 2 3

The spacing between nearest-neighbour atoms is just 1/4 of this distance i.e. r Lo = 3 4  so that L r= 4 3o . We can
now put the numbers into our calculation. Emsley give the C–C distance as ro = 1.54 × 10–10m and so we find:

ρ = × × ×
× ×





=
−

−
−8 12 1 67 10

4 1 54 10
3

3564
27

10 3
3.

.
kg m

This can be compared with the experimental value of 3513 kg m–3, a disagreement of 1.5%. Since the temperatures of
the various measurements are not given we conclude that, to the extent that we understand why the C–C separation is
approximately 1.54 × 10–10m, we can also understand the observed density of diamond.
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orbitals a little closer to the nucleus. This makes
the orbitals, and hence the atom itself, become
systematically smaller as one proceeds across the
series, an effect known as the lanthanide contrac-
tion.

Table 7.3 shows a calculation of how the density
of the lanthanides would be expected to vary if the
separation between atoms stayed constant. It is
clear the 59% density increase which actually oc-
curs is much greater than can be explained by the
26% increase in atomic mass alone.

The dips in the density of Eu (europium) and Yb

(ytterbium) occur for reasons that are connected
with the detailed arrangement of electrons within
the 4f shell.

Summary
So we conclude that we can understand the density
of elemental solids rather well, even though there
are few materials for which we can a priori predict
the density. Broadly speaking the variation of the
density of the elements arises from the combina-
tion of two trends: a periodic variation connected
with the type of bonding present; and a linear
trend to higher densities for elements with high
mass atoms.

7.3 Compressibility and bulk modulus

7.3.1 Background
In the previous section (§7.2), we examined data
on the density of solids. Unless noted otherwise,
this data was appropriate at around room tem-
perature and atmospheric pressure. In this section
(§7.3), we shall examine data on the density of
solids changes when the pressure is increased, i.e.
the compressibility of solids. In the following sec-
tion (§7.4), we shall examine the effect of tem-
perature on the density.

In fact, we rarely discuss changes in density per
se. We normally examine changes in the volume
or length as a function of pressure or temperature.
The changes in volume as a function of pressure
are generally characterised by either the bulk
modulus B, or the compressibility K. These are
merely the inverse of each other, and are defined
by:

B V
P

V

K
B V

V

P

= − ∂
∂

= = − ∂
∂

1 1
(7.1)

In our discussion of the compressibility of gases,
we needed to take care to distinguish between
adiabatic and isothermal moduli. For solids, the
two moduli differ by much less than for gases, and
often the data tables do not state which value is

plotted. If the data are derived at high pressure,
then generally it is only possible to determine the
isothermal modulus. If the data are determined by
using speed of sound measurements then, as for
gases, the appropriate modulus to use is the adia-
batic modulus, except at the highest frequencies.

For many materials, the bulk modulus can be re-
lated to the other common elastic moduli: Young’s
modulus, and the rigidity modulus, as discussed in
Appendix A2. If the material is easily compressed
then it will have a small bulk modulus, and large
compressibility.

7.3.2 Data on the compressibility of
solids
Table 7.4 shows the bulk modulus for the ele-
ments and Figure 7.4 shows a graph of this data as
function of atomic number.

The first and most obvious observation is that the
graph is reminiscent of Figure 7.2 showing the
density of the elements. This indicates that denser
elements tend to be less compressible. We can
probe a little deeper to see if the data for the sim-
ple solids we described in the last chapter actually
agree with our expectations. The data for the
molecularly bonded noble gases (§6.2) and the
alkali metals (§6.5) are shaded in Table 7.4.
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So the main questions we would like to address
are:
• What is the origin of the periodic increases

and decreases in the bulk modulus in Figure
7.4?

• Do the data on noble gas solids match our
theoretical expectations?

• Do the data on alkali metals match our theo-
retical expectations?

7.3.3 Understanding the data on the
compressibility of solids

Background
We can get some idea of the kind of information
that the bulk modulus data gives us if we consider
a very simple case: two atoms interacting via a

Table 7.4 The bulk modulus of the elements in their solid state. The temperature of the measurements varies consid-
erably and there are discrepancies of the up to 50% in figures from different sources.

Z Element
B

(GPa) Z Element
B

(GPa) Z Element
B

(GPa)
1 Hydrogen 0.2 29 Copper 137.8 59 Praseodymium 30.6
2 Helium 0.1 30 Zinc 72.0 60 Neodymium 32.7
3 Lithium 11.1 31 Gallium 56.9 61 Promethium 35.0
4 Beryllium 100.3 32 Germanium 7.7 62 Samarium 39.4
5 Boron 178.0 33 Arsenic 22.0 63 Europium 14.7
6 Carbon (diamond) 542.0 34 Selenium 8.3 64 Gadolinium 38.3
6 Carbon (graphite) 33.0 35 Bromine 1.9 65 Terbium 39.9
7 Nitrogen 1.2 36 Krypton 3.5 66 Dysprosium 38.4
8 Oxygen 37 Rubidium 1.9 67 Holmium 39.7
9 Fluorine 38 Strontium 1.2 68 Erbium 41.1

10 Neon 1.1 39 Yttrium 36.6 69 Thulium 39.7
11 Sodium 6.4 40 Zirconium 83.3 70 Ytterbium 13.3
12 Magnesium 44.7 41 Niobium 170.2 71 Lutetium 41.1
13 Aluminum 75.5 42 Molybdenum 231.0 72 Hafnium 109.0
14 Silicon 98.8 43 Technetium 297.0 73 Tantalum 200.0
15 Phosphorous (Red) 10.9 44 Ruthenium 320.8 74 Tungsten 323.2
15 Phosphorous(White) 4.9 45 Rhodium 270.4 75 Rhenium 372.0
16 Sulphur 17.8 46 Palladium 182.0 76 Osmium 418.0
17 Chlorine 47 Silver 100.7 77 Iridium 355.0
18 Argon 2.7 48 Cadmium 41.6 78 Platinum 228.0
19 Potassium 3.1 49 Indium 41.1 79 Gold 217.0
20 Calcium 17.2 50 Tin 58.2 80 Mercury 25.0
21 Scandium 43.5 51 Antimony 42.0 81 Thallium 35.9
22 Titanium 105.1 52 Tellurium 23.0 82 Lead 45.8
23 Vanadium 161.9 53 Iodine 7.7 83 Bismuth 31.3
24 Chromium 160.1 54 Xenon 3.6 84 Polonium 26.0
25 Manganese 118.0 55 Caesium 1.6 29 Copper 137.8
26 Iron 169.8 56 Barium 10.3 30 Zinc 72.0
27 Cobalt 191.4 57 Lanthanum 24.3
28 Nickel 186.0 58 Cerium 23.9

Figure 7.4 The bulk modulus of the elements plotted as
function of atomic number. Also shown as a grey con-
tinuous line (and on an arbitrary scale) is the density of
the elements shown in Figure 7.1.
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pair potential. We know that if the molecule is
stable, then the interaction between the molecules
u rpair ( ) must be of the general form shown in Fig-
ure 7.5 (a). i.e. the atoms must repel at small sepa-
rations and be attracted at large separations. The
equilibrium separation ro of the atoms will be de-
termined by the condition that:

d

d
pairu r

r

( ) = 0 (7.2)

A graph of d dpairu r r( ) /  as a junction of r  is
shown in Figure 7.5 (b). When we compress this
molecule, then the energy required to reduce ro by
a certain amount is related to the slope of this
curve. The steeper this curve, then harder it is to
compress the molecule. Thus the ‘bulk modulus’
of this one-dimensional molecule to be related to
the first derivative (the gradient) of d dpairu r r( ) / ,
or to the second derivative, (the curvature) of
u rpair ( ), evaluated at r r= o  i.e.

B
r

u r

r

u r

r
r r

∝ 





∝
=

d

d

d

d

d

d

pair

2
pair

o

( )

( )
2

(7.3)

Many solids can be described as the sum of pair
potentials between its constituent atoms. For such
materials, it will not surprise you to find that the
general formula for the bulk modulus of a sub-
stance at absolute zero is:

B V
U

V
V V

= ∂
∂ =

2

2

o

(7.4)

where U is the cohesive energy of the solid. How-
ever, Equation 7.4 is in fact applicable even to
solids such as metals which cannot (in general) be
analysed as a sum of pair interactions.

Let us consider the questions raised by the data.

Elements
The periodic changes in bulk modulus are remi-
niscent of the changes we saw when we examined
the data on the density of the elements (Figure
7.1). However, if we examine the data for B in

Table 7.4, we can see that the difference between
the smallest and largest values of B is a factor of
the order of 1000. This is strikingly larger than the
factor of around 30 that spans the density of the
elements. The fact that the patterns for density and
bulk modulus are correlated tells us that the origin
of both patterns is the same: the types of bonding
present in the different regions of the periodic ta-
ble. In the next two sub-sections we will calculate
the bulk modulus for two of the especially ‘sim-
ple’ solids that we considered in Chapter 6. Here
we will focus on the general trend of the data.

We see that the most compressible elements are
those near the ends of the periods on the periodic
table. The noble gases and alkali metals are shaded
in Table 7.4 to give an indication of where the
periods end. The elements in this region are held
together either by molecular bonding (§6.2), or by
metallic bonding (§6.5). The data tells us that
these two types of bonding give rise to relatively

Figure 7.5 (a) A pair potential curve and (b) its derivative.
The bulk modulus us related to the slope of the first de-
rivative at the point where the slope is zero.
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compressible solids. In the next two sub-sections
we will describe the detailed calculation of the
bulk modulus each of these types of bonding.

In the middle of rows, the high values of bulk
modulus are due to extensive covalent bonding
(§6.4). As we discussed in §7.2.2, elements near
the centre of a row in the periodic table can form
more covalent bonds than elements near the ends
of rows. This is because elements in the middle
have both electrons which are able to form cova-
lent bonds and unoccupied quantum states which
can accommodate bond-forming electrons from
neighbouring atoms. It is pretty clear that the co-
valent bonds which are formed are extremely
rigid. In other words, the bonds have an optimal
length. When pressure is applied to the substance,
it takes a great deal of energy to shorten the bonds
to any significant extent.

The lanthanide series elements (Z = 57 to Z = 71)
stand out on Figure 7.4 as they did on Figure 7.1.
We note that their compressibility is relatively
constant as we proceed across series. As explained
in §7.2.2, this is because the valence electrons of
the lanthanide atoms are in the same orbitals for
all the lanthanides. The additional electrons added
as Z increases across the series are accommodated
in 4f orbitals. These are located inside the valence
orbitals and do not take part in bonding. The small
increase in bulk modulus as one proceeds across
the series is probably due to the additional nuclear
charge added as Z increases across the series. This
effect gives rise to lanthanide contraction de-
scribed in §7.2.2. However, the lanthanide ele-
ments also show extremely strong magnetic ef-
fects.  Interestingly the lanthanide elements which
show a drop in bulk modulus, (Ce, Eu and Yb),
are elements in which there is a sometimes rear-
rangement of electrons between the f-orbitals and
the valence orbitals.

Noble gas solids
For the noble gas solids, He, Ne, Ar, Kr and Xe,
we developed in §6.2 a theory which predicts U in
terms of atomic parameters σ and ε. So we can
predict a value of B for these elements in terms of
σ and ε by directly evaluating:

B V
U

V
V V

= ∂
∂ =

2

2

o

(7.4*)

where the molar cohesive energy U is given by:
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The differentiation of U is straightforward, but
takes many steps. For this reason, I have put these
detailed steps in Appendix 5. The result of all the
work is pleasingly simple: We find a prediction
that:
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σ (7.5)

Evaluating this using the values of A6 and A12 ap-
propriate to the face-centred cubic structure (Table
6.1) we find:

B = 75 13 3.
ε

σ (7.6)

Table 7.5 shows the results of evaluating Equation
7.6 for noble gases.

Table 7.5 Values of the bulk modulus  of the noble gas
solids calculated according to Equation 7.6, compared
with experimental data  from Table 7.4.

Substance
Ne Ar Kr Xe

σ (× 10–10 m) 2.74 3.44 3.65 3.98

ε (× 10–3 eV) 3.1 10.3 14.0 20.0

75.13ε/σ3(×109 Pa) 1.81 3.18 3.46 3.81

Data 1.1 2.7 3.5 3.6

Ratio (theory/expt) 1.65 1.18 0.99 1.06

The agreement between theory and experiment
shown in Table 7.5 is not great. However, there
are several reasons why we might not expect par-
ticularly good agreement. The first is that the tem-
perature at which the data is taken is above abso-
lute zero. The crystals ‘soften’ significantly on
warming. The second reason is that the curvature
of the Lennard-Jones potential is a rather subtle
feature of the pair potential. It is a relatively easy
to invent a pair potential which has a minimum in
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the correct place. However, it is much harder to
invent a curve which has the minimum in the right
place and has the correct curvature around that
minimum. The third reason for discrepancies is the
effect of the zero point energy. This effect is
strongest in He where it prevents solidification at
any temperature (unless pressure is applied). It is
also quite strong in Ne. The ground state energy of
a Ne atom in a box of side ≈ ro  is sufficiently
large to cause the lattice to swell above what
would be expected based on the Lennard-Jones
theory (Table 6.2). This makes the lattice slightly
easier to compress because the atoms do not sit at
the bottom of the pair potentials.

Simple metals
In §6.5 we developed the free-electron model of a
metal. There were no pair potentials, or indeed
electrostatic interactions of any kind, included in
this model. The cohesive energy derived entirely
from the delocalisation of electrons as they en-
tered quantum states in a large volume rather than
being confined to atomic sized ‘boxes’. We pre-
dicted that the molar cohesive energy was:

U N N E= −3

5 A F A atomicε (6.84* & 7.7)

where εF  is the Fermi energy and Eatomic is the
energy of the localised atomic state from which
our electrons came. We assume that Eatomic does
not depend on volume. Let us now evaluate the
bulk modulus:

B V
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V
V V

= ∂
∂ =

2

2

o

(7.4*)

for a free electron gas and see how it compares
with the experimental data for the elements. At
first sight, it might appear that U does not depend
on V at all. However, if we write out the expres-
sion for εF  we see that it depends on kF, which in
urn depends on n, the electron number density.
Thus, compressing the free-electron gas will in-
crease, the number density, and hence kF and
hence in turn εF.

εF
F
2

e

e

e

A

2

2

2

=

= π( )





= π















h

h

h

2

2
2

2

2 2
2

3

3

1
3

1
3

k

m

m
n

m

N

V

(6.79* & 7.8)

Separating out the term in V we can write:
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Substituting into the expression for B we find the
pleasingly simple result:
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This is evaluated for the alkali metals, (Li, Na, K,
Rb and Cs) in Table 7.6. We see that agreement is
not great, but our predictions are of the correct
order of magnitude and in some cases within 10%
of the experimental result. This is a truly remark-
able result. We have predicted the compressibility
of some real pieces of metal, by considering an
entirely abstract model: that of the free-electron
gas (i.e. the particle in a box). This gives us confi-
dence that in the alkali metals, a good deal of the
cohesive energy really does derive from electron
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delocalisation, with very little in the way covalent
bonding.

Summary
We conclude that we can understand the bulk
modulus of elemental solids rather well. Broadly
speaking, the periodic variation of the bulk
modulus of the elements arises from the periodic
variation in the amount of covalent bonding pre-
sent. For some simple molecular solids and met-
als, we developed a theory which made modestly
successful predictions for the bulk modulus.

7.4 Thermal expansivity

7.4.1 Background
In general, solids expand when heated. If a solid
has initial volume Vo, the increase in volume ∆V
on raising the temperature by ∆T at constant pres-
sure may be expressed as:

∆ = ∆V V Toβ  (7.12)

where β is the coefficient  of volume expansion or
sometimes the coefficient of cubical expansion.
Hence the volume may be written as:

V V V

V T

= + ∆
= + ∆

o

o ( )1 β (7.13)

For solids it is also possible to define α, the coeffi-
cient of linear expansion, which describes the way
the length of a sample of solid will change with
temperature. It does not make much sense to de-
scribe a coefficient of linear expansion for a gas or
a liquid, which does not have the constancy of
shape possessed by solids.

If a solid has initial length Lo, the increase in
length ∆L on raising the temperature by ∆T at con-
stant pressure may be expressed as:

∆ = ∆L L Toα (7.14)

where α is the coefficient  of linear expansion.
Hence the length may be written as:

L L L

L T

= + ∆
= + ∆

o

o ( )1 α (7.15)

As illustrated in Figure 7.4, the coefficients of
linear and volume expansivity are linked by the
simple relationship:

β α= 3 (7.16)

Table 7.6 Values of the bulk modulus of the alkali metals
calculated according to Equation 7.11, compared with
experimental data from Table 7.4.

Substance
Li Na K Rb Cs

n (× 1028 m–3) 4.63 2.53 1.33 1.08 0.86

εF (× eV) 4.7 3.14 2.05 1.78 1.53

2nεF /3(×109 Pa) 23.2 8.5 2.9 2.06 1.41

Data 11.1 6.4 3.1 1.9 1.6

Ratio (theory/expt) 2.10 1.33 0.94 1.08 0.88

Example 7.4

What is the relationship between the coefficient of
linear expansivity and the coefficient of volume ex-
pansivity?

Consider a sphere of initial volume 4 3πro
3 / . Each di-

mension increases in length by a factor (1 + α∆T) and
so the volume increases by a factor:

1 1 3 33 2 3+ ∆( ) = + ∆ + ∆( ) + ∆( )α α α αT T T T

Since α∆T is usually << 1,
this is given to an excellent
approximation by:

1 1 33+ ∆( ) ≈ + ∆α α
β

T T{

Thus the volume expansiv-
ity β (Equation 7.2) is given
by:

β α≈ 3

ro

∆r = roα∆T
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7.4.2 Data on the thermal expansivity
of solids
The coefficients of linear expansivity for a variety
of solids are shown in Table 7.7 A, B, and C, and
plotted by category as a histogram in Figure 7.6.
In general these results indicate that for metals,
either elements or alloys, a typical expansivity is
of the order 10–5 °C–1, but with significant vari-
ability about this figure. This is considerably less
than the expansivities of gases ≈ 3 × 10–3 °C–1 at
around STP (Table 5.4). Notice in particular the
results for nickel-iron alloys in Table 7.7: for a
composition of 36% Ni and 64% Fe (i.e. just un-
der 2:1 ratio of iron atoms to nickel atoms) the
expansivity falls by a factor 10 to ≈ 10–6 °C–1. Al-
loys with this composition, known as Invar alloys
(short for invariable), are technologically impor-
tant. They are used in the construction of devices
in which mechanical stability must be maintained
over a range of temperatures, for example in sci-

entific instruments, or the ‘shadow mask’ of a
colour television tube.

Table 7.7 The coefficient of linear expansivity α for various solids at temperatures around room temperature. (Kaye &
Laby ). The volume expansivity of the elements is given by β = 3α as shown in Example 7.4.

Elemental metals αααα (°C–1) Miscellaneous αααα (°C–1) Alloys αααα (°C–1)

Aluminium (Al) 23 Brick 3–10 Brass (68% Cu/32% Zn) 18–19

Antimony (Sb) ≈ 11 Cement and concrete 10–14 Bronze (80% Cu/20% Sn) 17–18

Bismuth (Bi) ≈ 13 Marble 3–15 Constantan (60% Cu/40% Ni) 15–17

Cadmium (Cd) ≈ 30 Lead glass (46% pbo) ≈ 8 Duralumin (95% Al/4% Cu) 23

Chromium (Cr) ≈ 7 Typical glass ≈ 8–10 Magnalium (90% Al/10% Mg) ≈ 23

Cobalt (Co) ≈ 12 Porcelain 2–6 Nickel steel(10% Ni/90%Fe) 13

Copper (Cu) 16.7 Silica 0.4 Nickel steel(36% Ni/64%Fe) 0–1.5

Gold (Au) 13 Typical wood (along grain) 3–5 Nickel steel(43% Ni/57%Fe) 7.9

Iridium (Ir) 6.5 Typical wood (across grain) 35–60 Nickel steel(58% Ni/42%Fe) 11.4

Iron (Fe) 11.7 Carbon steel ≈11

Lead (Pb) 29 Plastics Stainless steel (74%Fe/18%Cr/8%Ni) 29

Magnesium (Mg) 25 Epoxy resins 45–65 Phosphor-bronze 17

Nickel (Ni) 12.8 Epoxy resins 45–65 Platinum–Iridium (90% Pt/10% Ir) 8.7

Palladium (Pd) ≈ 11 Polycarbonates 66

Platinum (Pt) 8.9 Low-density polyethylene 40–150 Carbon
Rhodium (Rh) 8.4 Medium-density polyethylene 80–220 Diamond 1.0

Silver (Ag) 19 High density polyethylene 200–360 Graphite (polycrystalline) 7.1

Tantalum (Ta) 6.5 Natural rubber 220

Thallium (Tl) ≈ 28 Hard rubber 60

Tin (Sn) ≈ 21 Perspex 50–90

Titanium (Ti) ≈ 9 Nylon 80–280

Tungsten (W) 4.5 Polystyrene 34–210

Vanadium (V) ≈ 8 Polyvinyl chloride (pvc) 70–80

Zinc (Zn) ≈ 30

Figure 7.6 Histogram of the data from Table 7.4 Where a
range of values indicated in Table 7.4 the midpoint of the
range has been used for plotting purposes.
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The typical figure of α ≈ 10–5 °C–1 is also a rea-
sonable guide to the materials in the first column
of the ‘miscellaneous’ section of Table 7.7. How-
ever the plastics and rubbers in the second column
have expansivities that are typically 10 times
larger than this. In fact all the substances in Figure
7.6 with expansivities greater than 50 × 10–6 °C–1

belong to this category.

So the main questions raised by our preliminary
examination of the experimental data on the ex-
pansivity of solids are:
• Why is the expansivity of solids much smaller

than that shown by gases?
• Why does the expansivity of alloys appear not

to be the average of the expansivity of its
components?

• Why is the expansivity of plastics much larger
than that of metals?

7.4.3 Understanding the expansivity of
solids

Background
First of all let us see how we can understand the
expansion of solids in general terms and then turn
to the questions raised above. Consider two neigh-
bouring atoms or ions in a crystalline solid such as
any of those we considered in §6.2 to §6.5. We
can understand the thermal expansion of the crys-
tal only if the average separation between the two
atoms or ions increases with temperature. In gen-
eral, heating the crystal increases the amplitude of
vibration of atoms, so the separation between the
two atoms oscillates, typically at around 1013 Hz.

The harmonic approximation
If the potential energy of interaction of the two
atoms is symmetric about ro, then the average
separation of the atoms neither increases nor de-
creases with increased vibrational amplitude (Fig-
ure 7.7 (a). It is as if the atoms are connected to-
gether by a perfect spring whose potential energy
may be written as:

u r u K r r( ) ( )= + −o o
1

2
2 (7.17)

where K is the ‘spring constant’ of the bond. As-
suming a pair potential such as Equation 7.17 is

Example 7.5

Three samples of copper, perspex, and invar, each of
length 2 metres at 20 °C are warmed to 30 °C. Cal-
culate the change in length of each sample.

The data for our calculations are as follows:
Lo= 2 m
α = 16.7 × 10–6 °C–1 for copper
α = 50-90 × 10–6 °C–1 for perspex
α = 0-1.5 × 10–5°C–1 for invar i.e. nickel/steel (36/64)
∆T = 30°C – 20°C = 10 K

We start with Equation 7.4:

L L T= + ∆( )o 1 α
Remembering that L = Lo +∆L we write this as:

L L L T

L L T
L

= + ∆

∆ = ∆
∆

o o

o

α

α
123

For our examples this becomes ∆ = × × =L 2 10 20α α
Thus the changes in length are:
Copper: ∆ = × × ° =− −L 20 16 7 10 0 336 1. .C mm
Perspex: ∆ = × → × ° = →− −L 20 50 90 10 1 1 86 1 .  C mm
Invar: ∆ = × → × ° = →− −L 20 0 1 5 10 0 0 036 1. .C mm

This example is intended to illustrate that while the
thermal expansion of solids is indeed small, it is still
appreciable and must be taken into account in many real
measurements.

Example 7.6

In Example 7.1 we estimated the typical separation
between atoms in a piece of iron at 20 °C to be
2.29 ×××× 10-10 m. How much does this average separa-
tion change if the iron is heated to 100 °C?

Table 7.7A gives the coefficient of linear expansion of
iron as α = × °− −11 7 10 6 1. C . Thus each length of a
piece of iron changes by a factor ( )1+ ∆α T  when the
temperature changes by ∆T. In this case

∆ = ° − °
= °

T 100 20

80

C C

C

We thus have:

L L T L

L

= + ∆( ) = + × ×( )
= ( )

−
o o

o

1 1 11 7 10 80

1 000936

6α .

.

So the average separation between iron atoms changes
from Lo = 2.29 × 10–10 m to Lo = 2.292 × 10–10 m, i.e. it
increases by roughly 1 part in 1000.
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known as the harmonic approximation, and is
quite sufficient for many purposes. However it is
not possible to understand thermal expansion us-
ing the harmonic approximation.

Anharmonic vibrations
In general the potential energy of interacting at-
oms or ions is not quite symmetrical. As the am-
plitude of atomic oscillations increases, so does
the average separation between the atoms (Figure
7.7 (b)). We can describe the potential energy of
the two atoms by an equation such as:

u r u K r r K r r( ) ( ) ( )= + − + ′ −o o o
1

2
2 1

6
3 (7.18)

where K’ determines the magnitude of the asym-
metric or so-called anharmonic  contribution. No-
tice that if ( )r r− o  is small enough we may always
neglect the anharmonic part of the potential en-
ergy, because the (r – ro)3 term goes to zero faster
than the (r – ro)2 term. Thus at low temperatures,
where the vibrational amplitudes are small, the
anharmonic term is generally negligible. At higher
temperatures, the anharmonic term begins to con-
tribute to the potential energy of the atoms. When
the anharmonic term contributes to u, we see that
u r r u r r( ) ( )− ≠ −o o  and the vibrations of the at-
oms in the potential become asymmetric, with
atoms on average spending more time at separa-
tions greater than ro, giving rise to an increase in
the average separation of the atoms, i.e. thermal
expansion.

Unfortunately, estimating the magnitude of the
anharmonic coefficient K’ and determining its
effect on the average separation between atoms are
both rather difficult. Thus in general we shall at-
tempt to understand the data on thermal expansion
in terms of the shape of a graph of potential en-
ergy of interaction between two atoms versus their
separation. If this explanation of the thermal ex-
pansion of solids is correct, we should find our-
selves able to naturally understand the questions
raised by the experimental data of §7.4.2.

Why the thermal expansivity of solids is
less than that of gases
We can understand fairly directly why the thermal
expansivity of solids is less than that of gases. A

gas represents the high-temperature limit of the
thermal expansivity of a substance. When the
temperature of a gas is raised, one may usually
ignore the potential energy of interaction between
the molecules which would act to constrain the
volume of the gas. However, in a solid atoms are
restrained from ‘flying away’ by their potential
energy of interaction with their neighbours. Thus
the thermal expansivity of solids is ‘restricted’ by
the potential energy of interaction between atoms.

It is a surprising fact that the oscillation ampli-
tudes of atoms in solids are never very large. In
§11.3.2 we show that solids melt when the oscil-
lation amplitude reaches around 5% of the atomic
separation. So well below the melting temperature,

Figure 7.7 The potential energy of interaction between
atoms in a solid. (a) The harmonic approximation: How
the energy would vary if the atoms were connected by
‘perfect springs’. (b) The typical deviation from the har-
monic approximation of a real interatomic potential. The
sloping line indicates the increasing average separation
as the average energy of oscillation (i.e. the temperature)
is increased.
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the amplitude of atomic oscillations are rather
small, and the anharmonic contributions to the
potential energy that give rise to thermal expan-
sion are generally smaller then the harmonic con-
tributions.

The thermal expansivity of alloys:
invar
Given our basic thesis of the underlying origin of
thermal expansion, let us now look at why the
expansivity of alloys appears sometimes not to be
the average of the expansivity of its components.

A one-dimensional alloy
For simplicity let us imagine a row of atoms in a
sort of one-dimensional alloy of two elements A
and B. Figure 7.8 shows rows of atoms represent-
ing both the pure elements and the ‘alloy’. From
the point of view of the expansivity of the alloy
we need to concentrate not on the distribution of
atoms themselves, but on the distribution of bonds
between atoms. In pure A material, there are just
A–A bonds and in pure B material, there are just
B–B bonds. However in the alloy there is a third
type of bond, an A–B bond, which in general will
have different characteristics to either A–A or
B–B bonds.

A three-dimensional alloy
If we envisage a real random alloy as collection of
one-dimensional alloys held parallel to one an-
other, then we can understand the thermal expan-
sivity of alloys as being due to the average number
of A–A, A–B, and B–B bonds in the alloy. Since
we can measure the properties of A–A and B–B
bonds by studying the pure material, alloys give us
a chance to study the behaviour of A–B bonds.

The composition of a random alloy may be speci-
fied as AXB1-X where X varies between 0 (pure B)
and 1 (pure A), and in general X will be some ar-
bitrary number e.g. for X = 0.47 we have
A0.47B0.53. The probability that the atom at a par-
ticular site in the alloy will be type A is X, and so
the probability that a particular bond will be an
A–A bond is X2. Similarly, the probability that a
particular atom will be type B is 1–X, and so the
probability of a B–B bond is (1–X)2. Finally, the
probability that a particular bond will either A–B
or B–A is 2X(1–X). The expansivity of the alloy
will be given by the average of the three types of
bond within the material:

Expansivity of alloy

Expansivity of bond

Expansivity of bond

Expansivity of bond

 

            ( )

            ( )( )

            ( ) ( )

=
−
− −
− −

A A X

B B X

A B X X

2

21

2 1

 (7.19)

With the ideas summarised in Equation 7.19 in
mind, let us examine the data from Table 7.7.
Each table has an ‘expected’ column, which is the
average expansivity of the elements, weighted by
the percentage of the two elements present. This
column represents an estimate of the thermal ex-
pansivity which neglects the final term in Equa-
tion 7.19. Thus if the ‘expected’ value in Table 7.8
is close to the ‘Experimental’ value then the
‘A–B’ bonds between the alloy components are
similar to the average of an A–A and B–B bond.

For the aluminium, copper and platinum alloys,
the ‘expected’ value of expansivity is close to the
‘experimental’ value. However, the data for iron-
nickel alloys shows that an Fe–Ni bond behaves
dramatically differently from either an Fe–Fe or

Figure 7.8 An illustration of the arrangement of bonds in
one-dimensional models of pure A, pure B, and an alloy
of A and B. Notice that the alloy contains an type of in-
teratomic bond which is present in neither of the pure
substances.

A A A A A A A A A A A
A–A bond

Pure A

B B B B B B B BB
B–B bond

Pure B

A B A A B B A A A B A B

A–A bond B–A bondB–B bondA–B bond

AB alloy
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Ni–Ni bonds. In particular Fe0.64Ni0.36 shows es-
sentially zero expansivity: this seems to imply that
under certain circumstances an Fe–Ni bond must
have a negative expansivity in order to compen-
sate for the fact that Fe–Fe and Ni–Ni bonds have
a positive expansivity. This corresponds to an in-
teratomic potential between an iron and a nickel
atom that is asymmetric in the opposite way to the
normal potential (Figure 7.9)

The origin of this unusual behaviour is connected
with the ferromagnetism shown by these elements.
In addition to normal contributions to the energy
of an Fe–Ni bond there is an additional term in the
potential energy associated with the magnetic in-
teraction between neighbouring atoms. The de-
pendence of this energy on the separation between
iron and nickel atoms is critical, and increases
strongly with only a small increase in separation r
(Figure 7.9). Over a certain temperature range this
effect can give rise to a contraction in the average
length of an Fe–Ni bond, which can compensate
for the expansion of the Fe–Fe and Ni–Ni bonds.
Outside this temperature range, the expansivity of
the invar alloy assumes values closer to those in
the ‘expected’ column of Table 7.8

The thermal expansivity of plastics
The thermal expansivity of plastics is typically
one order of magnitude or more greater than that
of crystalline solids (Table 7.7 and Figure 7.6).
Since all the plastics in Table 7.7 share high ther-
mal expansivity values, we would expect the ex-
planation to be general for the class of materials,
rather than specific to particular features of each
individual substance. So what general features of
plastics cause them to have a high thermal expan-
sivity?

All the plastics in Table 7.7 are made from organic
polymer  molecules. These molecules are ex-
tremely long, varying from a few hundred to many
thousands of atomic bonds in length. The mole-
cules are made of repeating units of a simple
monomer such as ethylene, linked together in a
chain whose length varies with the conditions un-
der which the polymerisation is carried out. The
bonding in polymers is similar to that present in
other organic substances (§6.6.1). The bonding

Table 7.8 Expected and experimentally determined val-
ues the coefficient of linear expansivity thermal expansiv-
ity α for some alloys and their component metals.

Alloy composition
Expected
(see text)

Experimental
αααα ( °C–1 )

Aluminium  alloys
Duralumin (95% Al/4% Cu) 22.5 × 10–6 23 × 10–6

Magnalium (90% Al/10% Mg) 23.2 × 10–6 ≈ 23 × 10–6

Aluminium — 23  × 10–6

Copper — 16.7  × 10–6

Magnesium — ≈25 × 10–6

Copper  alloys
Brass (68% Cu/32% Zn) 21 × 10–6 18-19  × 10–6

Bronze (80% Cu/20% Sn) 17.6 × 10–6 17-18  × 10–6

Constantan (60% Cu/40% Ni) 15.1 × 10–6 15-17  × 10–6

Copper — 16.7  × 10–6

Zinc — ≈30   × 10–6

Tin — ≈21  × 10–6

Ni — 12.8  × 10–6

Platinum alloys
Platinum-Iridium
  (90% Pt/10% Ir)

8.66 × 10–6 8.7 × 10–6

Platinum — 8.9 × 10–6

Iridium — 6.5 × 10–6

Iron  alloys
Nickel steel (10% Ni/90%Fe) 11.8 × 10–6 13 × 10–6

Nickel steel(36% Ni/64%Fe) 12.1 × 10–6 0–1.5 × 10–6

Nickel steel(43% Ni/57%Fe) 12.2 × 10–6 7.9 × 10–6

Nickel steel(58% Ni/42%Fe) 12.3 × 10–6 11.4 × 10–6

Stainless steel
  (74%Fe/18% Cr/8%Ni)

10.9 × 10–6  29 × 10–6

Iron — 11.7 × 10–6

Nickel — 12.8 × 10–6

Chromium — 7  × 10–6

Figure 7.9 Schematic illustration of the potential energy
of an Fe–Ni bond in an invar alloy (Table 7.8). The
asymmetry of the potential (over a certain range) is op-
posite to that which occurs in normal bonds (Figure 7.7).
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within the molecules is covalent and thus rela-
tively strong. However, the bonding between the
molecules is the relatively weak Van der Waals
interaction and this allows molecules to move
relatively easily with respect to one another.

For polymers we must also consider the extreme
length of the molecules which causes them to be-
come entangled in one another. In other words,
although the molecules are not strongly bonded to
each other, their physical entanglement holds them
together in the solid state. In §8.4 and §9.9 on the
cell model of liquids, we will see that the complex
shapes of organic molecules lead to their having a
relatively large viscosity, i.e. it is relatively diffi-

cult for organic molecules to move relative to one
another. The entanglement of polymer molecules
in a solid is an extreme limit of this ‘viscosity’
effect.

The thermal expansivity of plastics is therefore not
dominated by the variation in average separation
of bonded molecules, but by rearrangements of the
shapes of the molecules that become possible as
the level of thermal excitation is increased. The
processes of molecular rearrangement are too
complex to consider here but we can imagine that
this rearrangement, in combination with weak
intermolecular forces, could lead to large values of
thermal expansivity.

7.5 Speed of sound

7.5.1 Introduction
The passage of sound through a solid is more
complicated to describe than the passage of sound
through a gas. This is because in addition to the
longitudinal (compressive) waves supported by
gases, solids can support waves of transverse
(shear) stress. Recall that in a longitudinal sound
wave, the material is alternately compressed and
rarefied as one travels along the direction of wave
propagation (Figure 5.20 and in Figure 7.9 (a)). In
a transverse sound wave, the material is trans-
versely stressed or sheared in alternating direc-
tions as one travels along the direction of wave
propagation (Figure 7.9 (b) and (c)).

7.5.2 Data on the speed of sound in
solids
The speed of longitudinal and transverse sound
waves in various bulk media are shown Table 7.6.
The data for the elements are graphed as a func-
tion of relative atomic mass in Figure 7.10, which
also shows the speed of sound in gases at STP for
comparison (Figure 5.20). It is apparent that sound
travels considerably faster through solids than
gases at STP: typically by a factor of ten. The data
for solids also show considerably more variability
than was seen in the equivalent data for gases. It is

also clear that the speed of longitudinal and trans-
verse sound waves differ considerably. The ratio
of the two speeds is graphed for the elements as a
function of relative atomic mass in Figure 7.11. It
is apparent that longitudinal sound waves travel
typically twice as fast as transverse sound waves,
but that there are one or two striking exceptions to
this rule.

So, the main questions raised by our preliminary
examination of the experimental data on the ve-
locity of sound in solids are:
• Why is the speed of sound in solids is typi-

cally a few thousand metres per second, about
10 times faster than in gases at STP?

• Why do longitudinal sound waves travel
about twice as fast as transverse waves?

• Why does the speed of sound tend to be less
in elements with large atomic mass?

7.5.3 Understanding the speed of
sound in solids
All these questions can be answered fairly well
with reference to the formulae for the velocities of
sound in a solid.  These are derived in Appendix
A2 and discussed below.
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Compressive and shear strain
Sound is a strain wave which propagates through a
solid. The nature of a sound wave in a solid is
more complex than in a gas, because as well as
compressive strains (such as those in gases), a
solid can sustain shear strain. Shear strain is more
complicated than compressive strain, but mathe-
matically it can be described in similar terms.

The basic idea is that if there is any distortion of
the solid from its equilibrium shape (Figure 7.12),
the average separation of the atoms within the
solid is no longer optimal. Some atoms will be too
close to their neighbours, and some too far apart.
In either case there will be a restoring force which

will act to return the atoms to their equilibrium
separations. The dynamics of the sound wave will
be affected by the way the solid responds to the
restoring force. The two factors most critical in
determining this response are the restoring force
per unit displacement (the natural ‘springiness’ of
the substance), and the density of the substance.
Let us look at each of these factors in turn.

Table 7.9 The speed of sound in solids at 20 °C showing
cL, the speed of longitudinal waves, and cT, the speed of
transverse (shear waves).

Speed of sound
Elemental metals cL(ms–1) cT(ms–1)

Aluminium, Al 6374 3111
Beryllium, Be 12890 8880
Cadmium, Cd 2780 —

Chromium, Cr 6608 4005
Copper, Cu 4759 2325
Gold, Au 3240 1200
Iron, Fe 5957 3224
Lead, Pb 2160 700
Magnesium, Mg 5823 3163
Manganese, Mn 4600 —
Molybdenum, Mo 6475 3505
Nickel, Ni 5700 3000
Niobium, Nb 5068 2092
Platinum, Pt 3260 1730
Silver, Ag 3704 1698
Tantalum, Ta 4159 2036
Tin, Sn 3380 1594
Titanium, Ti 6130 3182
Tungsten, W 5221 2887
Uranium, U 3370 1940
Vanadium, V 6023 2774
Zinc, Zn 4187 2421
Zirconium, Zr 4650 2250

Insulators cL(ms–1) cT(ms–1)

Carbon (diamond) 18350 9200
Glass (crown) 5660 3420
Glass (heavy flint) 5260 2960
Glass (pyrex) 5640 3280
Quartz crystal X-cut 5720 —
Quartz fused 5970 3765
Concrete 4250–5250 —
Ice (-20°C) ≈3840 —

Plastics cL(ms–1) cT(ms–1)

Polyethylene 2000 3111
Polystyrene 2350 1120
PVC 2300 —

Rubber 1600 4005

Figure 7.10 The variation of the speed of longitudinal and
transverse sound waves (Table 7.9) with relative atomic
mass. For comparison, a section of the data for gases
from Table 5.14 is also plotted. There appears to be a
tendency towards lower speeds at larger atomic masses,
similar to the tendency shown by gases in Figure 5.19.
Data points are joined by straight lines to highlight trends
in each data set.
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The restoring force per unit strain.
The restoring force on a small region of a solid
depends on the type of distortion (strain) that has
taken place. The parameters that describe the re-
storing force per unit strain are known as the elas-
tic moduli of a substance. There are three such
moduli, each defined by an equation of the form:

Restoring force Elastic modulus strain= ×
Young’s modulus, E
This characterises the
restoring forces appro-
priate to longitudinal
extensions of a sub-
stance. Figure 7.13 oppo-
site shows two rigid
planes of area A  sepa-
rated in equilibrium by a
distance a and held together by ‘springs’ (analo-
gous to planes within a solid held together by
atomic bonds). Young’s modulus is defined by:

F

A
E

x

a
= ∆ (7.20)

where F is the force exerted on each plane. Notice
that if a rod of material is stretched in this way, it
will tend to ‘neck’ i.e. its cross-sectional area will
be reduced (Figure 7.15). This tendency is char-
acterised by the Poisson ratio, σ, of a substance. If
we apply a stress Sx (force per unit area) in the x-
direction, we induce stress Sy  in the y-direction.
The Poisson ratio is defined as:

σ = S

S
y

x
(7.21)

This is discussed more fully in Appendix 2.

Figure 7.13
∆x

Figure 7.12 Sound waves in solids: (a) longitudinal (b)
and (c) transverse waves. The figure shows planes of
material perpendicular to the direction of propagation of a
sound wave. In the longitudinal wave (a) the strength of
shading indicates the degree of compression or rarefac-
tion. In (b) and (c) a transverse wave displaces layers of
material perpendicular  to the direction of propagation.  In
(b) the layers are displaced from side  to side and in (c)
they are displaced up and down.

λ

λ

λ

(a)

(b)

(c)

Figure 7.15 Illustration of the way in which a rod of mate-
rial necks and bulges as a compressive sound wave
travels along a long thin rod.

Figure 7.14 (a) Two planes in a solid in their equilibrium
position. In (b) and (c) the same planes are subject to two
types of shear strain and in (d) to compressive strain.

(a) (b) (c) (d)
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Shear or rigidity modulus, G
This characterises the
restoring forces appro-
priate to shear or trans-
verse deformations of
the substance. Figure
7.16 opposite shows two
rigid planes of area A
held  together  by
‘springs’ (analogous to
planes within a solid
held together by atomic
bonds). The rigidity modulus is defined by:

F

A
G= θ (7.22)

where F is the force on each plane. But see Ap-
pendix A2 for a qualification of this definition.

Bulk modulus, B
We have already discussed the bulk modulus of
solids extensively in §7.3. Here we just remind
ourselves that the bulk modulus (and its inverse,
the compressibility K) describes the restoring
forces appropriate to volume compressions of the
substance. It is defined by:

B V
P

V
= − ∂

∂
(7.23)

where P is the pressure and V is the volume of the
substance.

If the material is easily compressed or easily
sheared, then for a given strain, the restoring force
will be small. In other words, a high modulus (E,
G, or B) indicates that the corresponding deforma-
tion of the solid is difficult and the solid has a
strong tendency to  ‘spring’ back to its equilibrium
position.

The density of the solid, ρρρρ
If the density of a solid is high, i.e. if the mass per
unit volume is high, then by Newton’s second law
(F = ma) the acceleration due to a given restoring
force will be low. If the acceleration of a piece of
solid is low then it will return to its equilibrium
position only slowly, and the wave disturbance
will propagate only slowly.

Figure 7.16

θ

Example 7.7

A pulse of sound of frequency 100 MHz and lasting
for 1 µs long is fired into one face of an experimental
copper sample of dimensions 10 ×××× 10 ×××× 10mm. If all
modes of sound propagation are excited:
• What is the wavelength of the sound wave?
• How far has the front of the pulse travelled by

the time the pulse transmission is stopped?
• What will be the duration (width) of the pulse

by the time it has returned to its point of origin
after being reflected from the far side of the
cube?

Transmitter

To work out the wavelength of the sound wave we rear-
range c fsound = λ  i.e. λ = csound/f and so for the longitu-
dinal waves we have for longitudinal and transverse
waves respectively:

λL
1

20m mm= × = × ≈−4759

100 10
47 6 106

6.

λT
1
40m mm= × = × ≈−2325

100 10
23 3 106

6.

How far has the front of the pulse travelled by the time
the pulse excitation is stopped? In 1 µs the longitudinal
waves in the pulse have travelled a distance of:

c tsound
L mm× = × =−4759 10 4 766 .

c tsound
T mm× = × =−2325 10 2 336 .

What will be the duration (width) of the pulse by the
time it has returned to its point of origin after being
reflected from the far side of the cube? The waves in the
pulse will return to their original face after a travelling
once each way across the cube, a distance of 20 mm.

The longitudinal (fast) waves at the start of the pulse
will return to the original face after a time:

t
c

s= × = × = µ
− −20 10 20 10

4759
4 20

3 3

sound
L .

The transverse (slow) waves at the end of the pulse will
return to the original face after a time:

t
c

= × = + × = µ− − − −
10

20 10
10

20 10

2325
9 606

3
6

3

+ s
sound
T .

where we have remembered that the pulse was origi-
nally 1µs long. The pulse width has therefore grown
from 1µs to 9.60 – 4.20 = 5.4 µs.
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Formulae for the speed of sound in solids
In experimental situations, we commonly en-
counter three similar expressions for the speed of
sound. Given the discussion above, the general
form of these expressions should not be at all sur-
prising. What is surprising is how simple the ex-
pressions are! However, the derivation of these
simple equations is rather complex and so has
been confined to Appendix A2.

The speed of a longitudinal sound wave in a
long thin rod
The speed of a longitudinal sound wave along a
narrow rod is given by:

c
E

rod =
ρ

(7.24)

where E  is the Young’s modulus. The types of
compressive and extensive strains that take place
within the rod are illustrated by shaded arrows in
Figure 7.15. Notice that in the regions where the
substance is compressed, the rod tends to bulge
slightly, while in the regions where the substance
is extended, the rod tends to ‘neck’ slightly. It is
important to realise that this is not the situation of
a bulk longitudinal sound wave.

The speed of a transverse sound wave in a bulk
solid
Similarly, the speed of a transverse sound wave,
cT, in a bulk solid is given by:

c
G

T = ρ (7.25)

where G is the rigidity modulus.

The speed of a longitudinal sound wave in a
bulk solid
The speed of a longitudinal sound wave in a bulk
solid is given by an expression similar to Equation
7.10. However, it includes an extra factor γ to take
account of the fact that the lateral accommodation
(the ‘necking’ and ‘bulging’ shown in Figure 7.15)
does not take place for longitudinal waves in a
bulk solid. The speed of sound is given by:

c
E

L = γ
ρ

(7.26)

Example 7.8

Evaluate the Poisson ratio for the situation depicted
below in which the volume of the bar is conserved in
the extension.

Consider a rectangular bar
of material of cross-
sectional area A = x2 and
length L subject to a
stretching force F. L

x

x

x – ∆x

x – ∆x

L + ∆L

FF

• The bar will in increase its length by an amount ∆L
and the extent of its stretching is determined by
Young’s modulus E according to:

E
F

A
L

L
= = ∆

tensile stress

tensile strain

• However, it is perhaps not so obvious that the lat-
eral dimensions of the bar will, in general, contract
to some extent. If the lateral contraction is ∆x then
the ratio of the lateral strain ∆x/x to the tensile
strain ∆L/L is known as the Poisson ratio, σ. To
evaluate this for a volume-conserving strain we
equate the unstrained and strained volumes
unstrained volume strained volume=

= − ∆( ) + ∆( )
= − ∆ + ∆( ) + ∆( )
= − ∆ + ∆( ) + ∆( )

x L x x L L

x L x x x x L L

x L x x x x L L

2 2

2 2 2

2 2 2

2

2

Multiplying out the terms and neglecting small quanti-
ties we find:

x L x L xL x x L2 2 22= − ∆ + ∆ + small quantities

Neglecting these small quantities, cancelling the term
x2L and rearranging yields:

∆ = ∆x

x

L

L

1

2

The fraction of the left is the lateral strain and the frac-
tion on the right is the tensile strain. By definition there-
fore the Poisson ratio in this example is just 0.5. If, as
one would expect, the volume of the material expands
under the tensile strain, then the lateral strain would be
less than that predicted in this example and the Poisson
ratio would be less than 0.5. Commonly the Poisson
ratio is roughly 1/3.
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where γ  is factor :

γ σ
σ σ

= −( )
−( ) +( )

1

1 2 1
(7.27)

and σ is the Poisson ratio for the substance. Note
however the factor γ in Equation 7.26 is not re-
lated at all to the factor γ in the formula for the
speed of sound in gases.

The physical significance of the Poisson ratio is
illustrated in Example 7.8. It quantitatively ex-
presses the tendency of a substance to ‘neck’ or
‘bulge’ when strained longitudinally. Technically
it is the ratio of the lateral strain to the direct
strain and has typical values between 0.2 and 0.4.
A substance that does not ‘neck’ or ‘bulge’ at all
has σ = 0 and one that changes shape so its vol-
ume is unchanged has σ = 0.5. The Poisson ratio
can be used to find relationships between the dif-
ferent elastic moduli, and these are discussed fur-
ther in §A2.4 at the end of Appendix A2.

Comparison of theory and experiment
Having examined the theoretical predictions for
the speed of sound in solids, we are now in a posi-
tion to look at the questions that arose from our
examination of the data on the speed of sound in
solids.

Comparison of the speed of sound in gases and
solids
Equations 5.29 and 7.24 to 7.26 indicate that the
speed of sound in both gases and solids is deter-
mined by the ratio of the ‘springiness’ of a sub-
stance to its density. So if we combine the fact
that:
• the speed of sound in solids is typically one

order of magnitude greater than the speed of
sound in gases at around STP

with the fact that:
• the density of solids (§7.2) is typically 103 to

104 times greater than the density of gases at
STP,

then together these facts imply that the ‘springi-
ness’ of solid is around 105 to 106 times greater
than gases. Thus it requires around a million times
more energy to reduce the volume of a solid by a
given factor than it does for a gas. It is easy to
understand why this is so. Reducing the volume of

gas mainly increases the number density of mole-
cules and so increases the frequency with which
they hit the walls. However, in order to reduce the
volume of a solid we need to rearrange the valence
electrons of strongly interacting atoms. The bulk
modulus of many solids are discussed in §7.3 and
listed in Table 7.4. Typical values of B for ele-
ments, or for engineering solids, are of the order
1010 Pa to 1011 Pa. We use these values in Exam-
ple 7.9 to show that Equations 7.25 and 7.26 pre-
dict the speed of sound with good accuracy.

Example 7.9

The experimentally determined values of Young’s
modulus and Poisson ratio for copper are E =129.8
GPa and σσσσ = 0.343 (Kaye and Laby). What is the ex-
pected value for the speed of longitudinal and trans-
verse sound waves in copper?

Equations 7.25 and 7.26 give us the formulae we re-
quire. Evaluating the expected value of γ we write:

γ σ
σ σ= −

− + = −
− +

=

( )

( )( )

( . )

( . )( . )

.

1

1 2 1

1 0 343

1 0 686 1 0 343

1 558

From Table 7.2 we find the density of copper is 8933 kg
m–3 and substituting into the expression for the speed of
sound we find:

c
E

L

m s

= = × ×

= −

γ
ρ

1 558 129 10

8933

4758

9

1

.

We can estimate the speed of transverse sound waves in
solids by using Equation 7.24 to determine the rigidity
modulus G in terms of the Young’s modulus E. Using
the values of E and σ given we find:

G
E= + = ×

+
= ×

2 1

129 8 10

2 1 0 343

48 32 10

9

9

( )

.

( . )

.

σ
Pa

Substituting this value for G into Equation 7.11 we find:

c
G

T

m s

= = ×

= −
ρ

48 32 10

8933

2326

9

1

.

These values can be compared with the experimental
values from Table 7.9 of cL = 4759 m s–1 and
cT = 2325 m s–1, a suspiciously good agreement!
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The relative speed of longitudinal and trans-
verse sound waves
Equations 7.25 and 7.26 yield the speeds of lon-
gitudinal and transverse sound waves through bulk
solid. If we take their ratio, we predict that:

c

c

E

G

E

G
L

T
= =

γ ρ
ρ

γ (7.28)

Substituting the expression for γ (Equation 7.27)
and the relationship between E and G (Equation
7.14) we find:

c

c

E

E
L

T
=

−
− +

+

( )
( )( )

( )

1
1 2 1

1
2 1

σ
σ σ

σ

Cancelling and simplifying we arrive at:

c

c
L

T
= + −

− + = −
−

2 1 1

1 2 1

2 1

1 2

( )( )

( )( )

( )

( )

σ σ
σ σ

σ
σ (7.29)

Thus the experimental fact that cL is typically
≈ 2cT (Figure 7.11) may be reinterpreted as a
statement that:

2 1

1 2
4

( )

( )

−
−

≈σ
σ

(7.30)

Rearranging and solving for σ  we find:

4 8 2 2
1

3

− ≈ −
≈

σ σ
σ

(7.31)

If you consult Kaye and Laby you will find that
σ = 1

3 is indeed a typical value of the Poisson
ratio.

The dependence of the speed of sound in solids
on atomic mass
Equations 7.24 to 7.26 indicate that one should
expect the speed of any kind of sound wave to
vary inversely as the square root of the den-
sity c ∝ 1 / ρ . In §7.2 (Figure 7.2) we saw that
there is a general trend amongst the elements for
high atomic number elements to be relatively
more dense. However, in addition to the trend to
high density, there are also periodic increases and
decreases in density associated with the different

types, and strengths, of bonding amongst the ele-
ments. Based on the density data we would there-
fore expect to find a general trend towards a lower
speed of sound for high atomic number elements,
and fluctuations in the speed of sound associated
with the density variations. This is, broadly
speaking, just what is depicted in Figure 7.10.

A simple calculation
We can construct a simple model that allows us to
understand the variation of the speed of sound
amongst the elements.  We assume that:
• All elements have the same value of Young’s

modulus E  of ≈ 100 GPa. This is a typical
value of E (see §7.3 for details) but there are
considerable variations around this figure.

• All elements have Poisson ratio σ = 1
3.

• The density of the elements is given
by ρ = 61 5. A  (Example 7.2). This line is in-
dicated on Figure 7.2 and follows the trend of
the data, but not the periodic increases and
decreases in density.

Figure 7.17 shows the speed of longitudinal sound
waves calculated according to Equation 7.26 and
based on these assumptions. It is clear that the line
captures the trend of the data rather well.

Figure 7.17 A simple prediction for the speed of longitu-
dinal sound waves in the elements assuming that:
• All elements have the same value of Young’s modulus

E of ≈ 100 GPa
• All elements have Poisson ratio ≈ 1/3
• The density of the elements is given by the formula

(Example 7.2)ρ = 61.5A.

The final formula evaluated is c AL = ×1 5 10 61 511. / .
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7.6 Heat capacity

7.6.1 Introduction
The heat capacity of an object is a measure of the
temperature rise of that object for a given input of
heat energy. It is defined in terms of the tempera-
ture rise ∆T resulting from an input of heat energy
∆Q, by the ratio:

C
Q

T
= ∆

∆
− − ( )joule kelvin J K1 1 (7.32)

If the temperature of an object rises by only a
small amount due a given heat input, then the ob-
ject has a large heat capacity. Equation 7.32 is the
formula used to determine the heat capacity from
experimental measurements of ∆Q and ∆T. It ap-
proximates the theoretical definition, which is the
limit of Equation 7.32 as ∆T tends to zero:

C
Q

T
= − −d

d
joule kelvin J K1( )1 (7.33)

When we discuss the heat capacity of a substance,
rather than an object, we need also to state the
amounts of the substance to which we are refer-
ring. This is usually quoted either for a given mass
of material, the specific heat capacity (e.g.
J K–1 kg–1) or per mole, the molar heat capacity
(J K–1 mol–1). For practical calculations the spe-
cific heat capacity is usually more convenient, but
from a fundamental point of view, the molar heat
capacity is far more interesting. Remember the
molar heat capacity is the heat capacity of the
Avogadro number (NA = 6.023 × 1023 ) of atoms or
molecules .

The heat capacities at constant pressure and con-
stant volume are designated by CP and CV respec-
tively. For solids we normally assume that meas-
urements are made at constant pressure unless told
otherwise. The difference between CP and CV is
usually smaller than for gases because the expan-
sivity of solids is so much smaller. CP is usually a
few per cent greater than CV at around room tem-
perature, with the difference becoming smaller at
lower temperatures and increasing at higher tem-
peratures.

7.6.2 Data on the heat capacity of the
elements
The molar heat capacities at constant pressure CP

for the elements at 20 °C (293.1K) are recorded in
Table 7.10 and a histogram showing the distribu-
tion of values of C P for the solid elements is
shown in Figure 7.18. The histogram indicates a
striking phenomenon: more than 50% of the solid
elements have a heat capacity within about 10% of
25 J K–1 mol–1, and nearly all elements have CP

between 22 and 32 J K–1 mol–1. Let me stress that
this is a remarkable fact. It means that if we collect
one mole of almost any element (i.e. the Avogadro
number of atoms) then it takes roughly 25 J to
raise their temperature by 1 K. Amazingly, this is
independent of the type of atom, the crystal struc-
ture or the nature of the bonding!

There are some exceptions. On the low side, the
three light elements beryllium, boron and carbon
have molar heat capacities of 16.4, 11.1 and 8.5
J K–1 mol–1 respectively. On the high side, the
three alkali metals rubidium, caesium and fran-
cium have molar heat capacities of 31.1, 32.2 and
31.7 J K–1 mol–1 respectively, while the value for
the ferromagnetic element gadolinium has CP of
37.0 J K–1 mol–1.

Figure 7.18 Histogram of CP for the solid elements in
J K–1 mol–1 at around room temperature (25 °C =
298.15 K). More than 50% of the elements have a heat
capacity close to 25  J K–1 mol–1 , and nearly all elements
have CP between 22 and 32  J K–1 mol–1 .
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Table 7.10 The molar heat capacity at constant pressure CP of the elements at room temperature 25 °C (298.15K). The
shaded data are elements that are either liquids or gases at this temperature.

Z Element A
ρρρρ

(kg m–3)
CP

(J K mol–1) Z Element A
ρρρρ

(kg m–3)
CP

(J K mol–1)
1 Hydrogen, H 1.008 89 28.824 49 Indium, In 114.8 7290 26.74
2 Helium, He 4.003 120 20.786 50 Tin, Sn 118.7 7285 26.99
3 Lithium , Li 6.941 533 24.770 51 Antimony, Sb 121.7 6692 25.23
4 Beryllium, Be 9.012 1846 16.44 52 Tellurium, Te 127.6 6247 25.73
5 Boron, B 10.81 2466 11.09 53 Iodine, I 126.9 4953 54.438
6 Carbon (graphite), C 12.01 2266 8.53 54 Xenon, Xe 131.3 3560 20.786
6 Carbon (diamond), C 12.01 3513 6.11 55 Caesium, Cs 132.9 1900 32.17
7 Nitrogen, N 14.01 1035 29.125 56 Barium, Ba 137.3 3594 28.07
8 Oxygen, O 16.00 1460 29.355 57 Lanthanum, La 138.9 6174 27.11
9 Fluorine, F 19.00 1140 31.300 58 Cerium, Ce 140.1 6711 26.94
10 Neon, Ne 20.18 1442 20.786 59 Praseodymium, Pr 140.9 6779 27.20

11 Sodium, Na 22.99 966 28.24 60 Neodymium, Ne 144.2 7000 27.45
12 Magnesium, Mg 24.31 1738 24.89 61 Promethium, Pm 145.0 7220 26.81
13 Aluminium, Al 26.98 2698 24.35 62 Samarium, Sm 150.4 7536 29.54
14 Silicon, Si 28.09 2329 20.0 63 Europium, Eu 152.0 5248 27.66
15 Phosphorus, P 30.97 1820 23.84 64 Gadolinium, Gd 157.2 7870 37.03
16 Sulphur, S 32.06 2086 22.64 65 Terbium, Tb 158.9 8267 28.91
17 Chlorine, Cl 35.45 2030 33.907 66 Dysprosium, Dy 162.5 8531 28.16
18 Argon, Ar 39.95 1656 20.786 67 Holmium, Ho 164.9 8797 27.15
19 Potassium, K 39.10 862 29.58 68 Erbium, Er 167.3 9044 28.12
20 Calcium, Ca 40.08 1530 25.31 69 Thulium, Th 168.9 9325 27.03

21 Scandium, Sc 44.96 2992 25.52 70 Ytterbium, Yb 173.0 6966 26.74
22 Titanium, Ti 47.90 4508 25.02 71 Lutetium, Lu 175.0 9842 26.86
23 Vanadium, V 50.94 6090 24.89 72 Hafnium, Hf 178.5 13276 25.73
24 Chromium, Cr 52.00 7194 23.35 73 Tantalum, Ta 180.9 16670 25.36
25 Manganese, Mn 54.94 7473 26.32 74 Tungsten, W 183.9 19254 24.27
26 Iron, Fe 55.85 7873 25.10 75 Rhenium, Re 186.2 21023 25.48
27 Cobalt, Co 58.93 8800 24.81 76 Osmium, Os 190.2 22580 24.70
28 Nickel, Ni 58.70 8907 26.07 77 Iridium, Ir 192.2 22550 25.10
29 Copper, Cu 63.55 8933 24.44 78 Platinum, Pt 195.1 21450 25.86
30 Zinc, Zn 65.38 7135 25.40 79 Gold, Au 197.0 19281 25.42

31 Gallium, Ga 69.72 5905 25.86 80 Mercury, Hg 200.6 13546 27.98
32 Germanium, Ge 72.59 5323 23.35 81 Thallium, Th 204.4 11871 26.32
33 Arsenic, As 74.92 5776 24.64 82 Lead, Pb 207.2 11343 26.44
34 Selenium, Se 78.96 4808 25.36 83 Bismuth, Bi 209.0 9803 25.52
35 Bromine, Br 79.90 3120 75.69 84 Polonium, Po 209 9400 25.75
36 Krypton, Kr 83.80 3000 20.79 85 Astatine, At 210
37 Rubidium, Rb 85.47 1533 31.06 86 Radon, Rn 222 4400 20.786
38 Strontium, Sr 87.62 2583 26.40 87 Francium, Fr 223 2410 31.70
39 Yttrium, Y 88.91 4475 26.53 88 Radium, Ra 226 5000 25.76
40 Zirconium, Zr 91.22 6507 25.36 89 Actinium, Ac 227 10060 27.20

41 Niobium, Nb 92.91 8578 24.60 90 Thorium, Th 232 11725 27.32
42 Molybdenum, Mo 95.94 10222 24.06 91 Protractinium, Pa 231 15370 27.20
43 Technetium, Tc 97 11496 25.88 92 Uranium, U 238 19050 27.66
44 Ruthenium, Ru 101.1 12360 24.06 93 Neptunium, Np 237 20250 29.62
45 Rhodium, Rh 102.9 12420 24.98 94 Plutonium, Pu 244 19840 32.80
46 Palladium, Pd 106.4 11995 25.98 95 Americium, Am 243 13670 25.86
47 Silver, Ag 107.9 10500 25.35 96 Curium, Cm 247 1330 27.70
48 Cadmium, Cd 112.4 8647 25.98
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The variation of heat capacity with
temperature in solids
The heat capacities of three metallic elements are
depicted as a function of temperature in Figure
7.19. The data chosen are typical of the behaviour
of many crystalline materials.

Figure 7.19 shows that the molar heat capacities of
copper, silver and gold tend to roughly the same
value at high temperatures. The behaviour below
room temperature is qualitatively similar, appar-
ently tending to zero at absolute zero. Figure 7.19
shows the heat capacities of crystalline aluminium
oxide (Al2O3). In powdered form, this substance is
known as alumina, and in crystalline form it is
referred to as sapphire. The behaviour below
about 1000 K is qualitatively similar to the be-
haviour of the metallic elements below room tem-
perature, apparently tending to zero at absolute
zero.

The main questions raised by our preliminary ex-
amination of the experimental data on CP are:
• Why, at room temperature, is CP for the ele-

ments often close to 25 J K–1 mol–1?
• Why does CP for the solid elements become

smaller below room temperature, tending to
zero at low temperatures?

7.6.3 Understanding the heat capacity
of solids
To answer the questions raised in the previous
section, we will construct a model of solids that is
simpler even than any of those discussed in
Chapter 6! We can justify this level of simplicity
because, as we noted above, the universality of the
value of 25 J K–1 mol–1 means that the value can-
not be related to the details of the bonding type.
We will then develop the model further to try to
understand the reduction of heat capacity at low
temperatures.

A simple model of a solid
Our model takes into account the fact that atoms
in all solids have an equilibrium position about
which they vibrate. This is their minimum energy
position, and any displacement from this position
takes them into a region where their potential en-
ergy of interaction with neighbouring atoms is
higher. The atom will therefore experience a re-
storing force trying to return it towards its mini-
mum energy position. This is exactly as if the
atom were held in position with microscopic
springs (Figure 7.21). This is a fanciful idea, but it
can be helpful as long as one remembers that in
reality the forces involved are mainly electrostatic.

Figure 7.19 The variation with temperature of the molar
heat capacity of copper, silver and gold. All three curves
tend to a value ≈ 25J K–1 mol–1 at high temperatures in
accord with the results of Table 7.10 and Figure 7.18. At
low temperatures all three curves tend to zero.
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If we consider all the ‘springs’ in Figure 7.21 to
have the same spring constant K , then we can
write the potential energy of a single spring to be:

v K x x= −1
2

2( )o (7.34)

where ( )x x− o  is the displacement in the x -
direction of the atom from its equilibrium x-co-
ordinate. Similar equations apply for displace-
ments in the y- and z- directions. (Displacing the
atom in the x-direction will slightly stretch the y-
and z- springs too, but we neglect this small effect
in this analysis). Taking account of the kinetic
energy of motion in each of the x-, y- and z-
directions we can write down the total energy u
associated with vibration of an atom:

u K x x mv

K y y mv

K z z mv

= − +

− +

− +

1
2

2 1
2

1
2

2 1
2

1
2

2 1
2

( )

( )

( )

o x
2

o y
2

o z
2

+

+

(7.35)

At any instant of time some of these terms will be
large, and others small, but over time we would
expect the average value of the energy associated
with each of these six energy terms to be equal.
Why? There are three reasons:
• The first relates to the symmetry of the situa-

tion. There is no difference in the crystal be-
tween the x-, y- and z-directions and so there
is no reason why one vibration on average
should have a higher energy of vibration than
the other directions. If this were so at one

particular time, then that direction of vibration
would tend to lose energy to the other direc-
tions of vibration.

• The second concerns the exchange of energy
between potential and kinetic energy. It is a
standard exercise in analysing simple har-
monic motion to show that the average values
of kinetic and potential energy are exactly
equal.

• Finally, we remind ourselves that this is
merely a special case of the equipartition of
energy between degrees of freedom discussed
in §2.5.

We might imagine that if the spring constant was

Example 7.10

Use Figure 7.19 to work out how much heat energy
is required to raise the temperature of a cube of
copper of side 2.42 cm from (a) 273 K to 283 K (b)
173 K to 183 K (c) 73 K to 83 K (d) 3 K to 13 K.

First we need to work out how many moles of copper
are contained in our sample. If it has side L then its
volume is L3 and its mass is ρL3, where its ρ is the den-
sity of copper (Table 7.2). The number of moles z in the
cube is then:

z
L

molar mass
= ρ 3

For the sample in question this becomes:

z = ×( )
× =−

8933 0 0242

63 55 10
2 00

3

3
.

.
. mol

From Figure 7.19, we see that in the ranges indicated
the heat capacity is approximately:
(a) 273 K to 283 K—  CP ≈ 24 J K–1 mol–1

(b) 173 K to 183 K — CP ≈ 21.5 J K–1 mol–1

(c) 73 K to 83 K — CP ≈ 11.8 J K–1 mol–1

(d) 3 K to 13 K — too small to infer directly from the
graph but definitely CP < 0.1 J K–1 mol–1.

Thus the amount of heat energy required to heat the
sample through 10 K in each range is:

∆ = ∆ = × ×Q zC T CP P2 00 10.

(a) 273 K to 283 K — ∆ = × × =Q 2 00 24 0 10 480. . J
(b) 173 K to 183 K — ∆ = × × =Q 2 00 21 5 10 430. . J
(c) 73 K to 83 K — ∆ = × × =Q 2 00 11 8 10 236. . J
(d) 3 K to 13 K — ∆ < × × <Q 2 00 0 1 10 2. . J

Notice just how small the heat capacity becomes at low
temperatures!

Figure 7.21 Analogy to the situation of atoms in a crystal.
An atom behaves as if it were held at its minimum energy
position by springs. First (a) shows the atom in its equilib-
rium position and (b) shows the atom displaced from its
equilibrium position. Notice that the springs in (b) are all
either compressed or extended compared with their equi-
librium length of ro.

(a) (b)

ro ro
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different in one direction then the average energy
associated with vibration in that direction would
be different from the other terms. However this
conjecture would be mistaken! For example (Fig-
ure 7.22), suppose the x-spring was stiffer than the
others, i.e. K K Kx y z or > . Then the amplitude of
x-vibration would be less than in the y- and z-
directions, but this smaller amplitude x-vibration
would ‘cost’ the same energy as the larger ampli-
tude y- and z-vibrations because the spring con-
stant Kx  is larger.

Thus, using the standard notation of representing
the average of a quantity by a ‘bar’ over the top of
it, we expect the average of each term in 7.35 to be
equal:

1
2

2 1
2

1
2

2 1
2

1
2

2 1
2

K x x mv

K y y mv

K z z mv

( )

( )

( )

− =

= − =

= − =

o x
2

o y
2

o z
2

(7.36)

Each of the terms in Equation 7.36 constitutes a
degree of freedom for the atom in the sense dis-
cussed in §2.4, §4.2, and §5.3.3. As you may re-
call from those discussions, temperature is defined
so that the average energy per degree of freedom
is 1

2 k TB , where kB  is the Boltzmann constant.
Thus molecules in a gas each have three degrees
of freedom associated with kinetic energy of mo-
tion in the x-, y-, and z-directions. From Equation

7.36 we can see that atoms in a solid each have six
degrees of freedom associated with kinetic and
potential energy of motion in the x-, y-, and z-
directions. Thus, according to our simple model, if
we have one mole of an element, i.e. the Avogadro
number NA of atoms, we expect the internal en-
ergy of that substance at temperature T to be:

U U N k TA= + × ×o B6 1
2 (7.37)

where Uo is the cohesive energy at T = 0 K. This
equation will only apply for substances with one
atom per chemical formula unit. For example, it
would not refer to sodium chloride, NaCl. One
mole of NaCl contains 2NA atoms: NA each of Na
and Cl. Generalising Equation 7.37 to take ac-
count of solids with p atoms per chemical formula
unit, we obtain a prediction for the internal energy
of a solid:

U U pN k TA= + × ×o B6 1
2 (7.38)

By remembering that NAkB = R, the molar gas con-
stant, we can rewrite this as:

U U pRT= +o 3 (7.39)

By the first law of thermodynamics (Equation
2.57), changes in internal energy are related to the
heat supplied to a substance and the work on that
substance by:

∆ = ∆ + ∆U Q W (7.40)

If we consider first the effect of a temperature
change at constant volume, then ∆W  = P∆V  is
zero. In this case we may differentiate Equation
7.39 to find the heat capacity at constant volume
CV:

C
Q

T

U

T

T
U pRT

C pR

V

o

V

d

d

d

d
d

d

= =

= +

=

( )3

3

(7.41)

where we have used the fact that Uo does not de-
pend on temperature. If the heat is supplied at con-
stant pressure, then we need to take account of the
thermal expansivity and the volume dependence of

Figure 7.22 An illustration of two simple harmonic poten-
tials with different spring constants. A given amount of
energy (for example 0.5 kBT) results in smaller oscilla-
tions of the stiffer-springed potential.
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the internal energy. However, although the latter
effect is large, the thermal expansivity is generally
small (Table 7.7). At or below room temperature,
CP and CV generally differ by only a few per cent
at most. In what follows we assume CV ≈ CP.

If we evaluate Equation 7.41 for elements (p=1)
we have a startlingly simple prediction that
CV = 3R, independent of the mass of atoms, type
of bonding, or crystal structure! Evaluating this
prediction we find:

CV J K mol= × = − −3 8 31 24 93 1 1. .  (7.42)

Comparison with Table 7.10 shows that this esti-
mate is accurate for CP to within 10 % for most
elements at room temperature (Figure 7.23). When
we consider the diverse properties of the solids
involved, this is indeed a remarkable result. This
result was noted as early as the nineteenth century
and is called the law of Dulong and Petit.

The analysis leading to Equation 7.41 allows us to
understand the heat capacity of elements and com-
pounds at around room temperature. We can even
understand some of the exceptions in Figure 7.18.
Three of the elements with particularly high values
of CP  are the alkali metals rubidium, caesium and
francium with molar heat capacities of 31.1, 32.2

and 31.7 J K–1 mol–1 respectively. These elements
melt at unusually low temperatures (39.1 °C,
28.4 °C, and 27 °C respectively) and so at 20 °C
they are close to their melting temperature. In this
region their thermal expansivity is particularly
large and the difference between the experimental

Example 7.11

How does the experimental value of the heat capac-
ity of NaCl  (0.88 J K–1 g–1 @ 10 °C; Kaye and Laby)
compare with the value predicted by the law of Du-
long and Petit?

We can work out the theoretically expected value using
Equation 7.41:

C pRV = 3

For NaCl, there are two atoms per chemical formula
unit, i.e. p = 2 and so we predict a heat capacity of:

CV

J K mol

= × ×
= − −

3 2 8 31

49 86 1 1

.

.

Since one mole of NaCl has a mass of 22.99 + 35.45 =
58.44 g (Table 7.2), we see that 1 g is 1/58.44 =
17.1 × 10–3 mole and so the experimental value of the
molar heat capacity is 58.44 × 0.88 = 51.4 J K–1 mol–1,
within 3% of the predicted value of 49.86 J K–1 mol–1.

Example 7.12

How does the high-temperature limiting value of the
heat capacity of sapphire Al2O3 depicted in Figure
7.19 compare with the value predicted by the law of
Dulong and Petit?

We can work out the theoretically expected value using
Equation 7.41:

C pRV = 3

For Al2O3, there are five atoms per chemical formula
unit, i.e. p = 5 and so we predict a heat capacity of:

CV

J K mol

= × ×
= − −

3 5 8 31

124 7 1 1

.

.

There is some uncertainty in predicting the high-
temperature limiting value of the heat capacity of sap-
phire depicted in Figure 7.19 but by my estimation the
value is ≈ 127 ± 3 J K–1 mol–1, within 2% of the value
predicted by the law of Dulong and Petit.

Figure 7.23 Histogram of the heat capacities at constant
pressure CP of the solid elements in J K–1 mol–1 at room
temperature 25 °C = 298.15 K (also shown as Figure
7.18). The bold line shows the prediction of Equation
(7.42) for the heat capacity of all elements.
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value of CP and the predicted value of 3R is just
the difference between CP and C V  that we ne-
glected for the other elements. The unusual datum
for the ferromagnetic element gadolinium has CP

of 37.0 J K–1 mol–1 is connected with the transition
to the ferromagnetic state.

The heat capacity of solids at
low temperatures
The approach developed so far can plausibly ex-
plain the unusually high values of CP at around
room temperature, but it cannot explain the unusu-
ally low values. Neither can it explain the reduc-
tion of the heat capacity observed at low tem-
peratures (Figures 7.19 and 7.20).

Degrees of freedom
Based on the analysis of the heat capacity of gases
in §5.3, we might surmise that the reduction in
heat capacity at low temperatures arises because
some of the six degrees of freedom available to
each atom (Equation 7.25) have become con-
strained, i.e. they are not fully accessible. It is at
first difficult to see where this restriction on the
accessible degrees of freedom of vibration comes
from. It might appear that at low temperatures, the
amplitude of the vibration of the atoms of solid
would be reduced, but would otherwise be similar

to the situation at high temperatures. However,
this is plainly not so since if it were, the heat ca-
pacity would not be reduced at low temperatures!

The origin of the restriction on the vibration of
each atom lies in the quantum mechanical nature
of the vibration. If the potential energy of the atom
of mass m varies with position approximately like
a simple harmonic oscillator (the theory of which
is summarised in §2.4.3) then we write:

v K x x= −1
2

2( )o (2.51* and 7.43)

where ( )x x− o  is the displacement in the x -
direction of the atom from its equilibrium x-co-
ordinate. The frequency of vibration is given by:

f
K

mo =
π
1

2
(2.52* and 7.44)

and the amplitude of vibration is quantised such
that the total energy of vibration is limited to one
of the values:

u n hf= +( )x o
1

2 (2.53* and 7.45)

where h is the Planck constant, and nx is any posi-
tive integer starting from  0.

Figure 7.24  An illustration of the relationship between energy levels, particle mass and spring constant for a simple
harmonic potential. If (a) represents the energy levels of a particle of mass M bonded in a particular way, then (b)
would represent the energy levels of a heavier particle in the same potential, and (c) would represent the energy lev-
els of a particle of a similar mass, but more stiffly constrained.

(a) (b) (c)
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The transition to inaccessibility
In  §5.3.3 we noted that a quantum state becomes
inaccessible when the thermal energy 1

2 k TB  is
significantly less than the energy gap ∆E  between
quantum states. In this case ∆E  is the difference
in energy between successive quantum states. So
considering the gap between successive values of
Equation 7.45, we would expect to observe the
reduction in the accessibility of quantum states
when k T hfB o< :

k T
h K

m

T
k

K

m

B

B

<
π

<

2

h
(7.46)

This idea, due to Einstein, captures some of the
essential physics of the reduction of the heat ca-
pacity of solids at low temperatures. Equation 7.46
defines a temperature below which excited vibra-
tional quantum states begin to become inaccessi-
ble. The Einstein theory correctly predicts that the
heat capacity of solids becomes smaller below a
characteristic temperature known as the Einstein
temperature ΘE  defined by:

ΘE
o

B B

= =hf

k k

K

m

h (7.47)

ΘE varies from one solid to another depending on
the stiffness constant K of the bonds and the mass
m of the atoms.

The Einstein theory of the heat capacity of
solids
The Einstein theory of the heat capacity is devel-
oped fully in Appendix 4. In many ways it is
similar to the classical theory developed earlier in
this section. The key difference is that the average
energy associated with each (x , y  or z) harmonic
oscillator is no longer given by the simple expres-
sion:

u k T= ×2 1
2 B (7.48)

but by a more complex expression:

u hf
hf

hf k T
= +

−
1
2 1o

o

o Bexp( / )
(7.49)

Notice however that at high temperatures, i.e.
when k T hfB o>> , the exponential in the denomi-
nator of Equation 7.49 can be expanded:

u hf
hf

hf k T

hf
hf

hf k T

hf k T

≈ +
+ +…[ ] −

≈ +

≈ +

1
2

1
2

1
2

1 1o
o

o B

o
o

o B

o B

( / )

/
(7.50)

This agrees with the classical result except for the
so-called zero-point energy term 1

2 hfo . Since this
correction is not temperature-dependent, it is usu-
ally considered as a correction to the cohesive
energy Uo rather than the thermal energy. Pro-
ceeding as we did in the classical case (Equation
7.37) we write the molar internal energy as:

U U pN u= +o A3 (7.51)

where p is the number of atoms per chemical for-
mula unit. Recalling that for temperature changes
at constant volume d d d dU T Q T/ /=  we write:

Example 7.13

Assuming an Einstein temperature of 230 K, use
Equation 7.47 to predict the frequency fo at which all
the copper atoms are supposed to vibrate. Also esti-
mate a value for K, the spring constant of a cop-
per–copper ‘bond’.
Using Equation 7.47:

f
k

ho
B E

Hz

= = × ×
×

= ×

−
−

θ 1 38 10 230

6 63 10

4 79 10

23

34

12

.

.

.

Recall that fo is defined by (Equation 7.44) as:

f K
mo = π

1

2

Rearranging to solve for K we find: K m f= π4 2
o
2

From Table 7.2 we find that the mass of copper atom is
63.55 × 1.66 × 10–27 kg and so we predict that:

K = × × × × π × ×
=

−
−

4 63 55 1 66 10 4 79 10

95 6

27 2 12 2

2

. . ( . )

. J m

This value may be compared with the value worked out
from the speed of sound (§7.11: Exercise 7P32).
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C
U

T T
pN u

pN
T

u

V A

A

d

d

d

d
d

d

= = ( )

= ( )

3

3
(7.52)

Substituting for u :

C pN
T

hf
hf

hf k TV A o
o

o B

d

d
= +

−






3
1

1
2 exp( / )

(7.53)

and differentiating we find:

C
hf hf k T

k T

pN hf

hf k T
V

o o B

B

A o

o B

= ×
−[ ]

exp( / )

exp( / )
2 2

3

1

(7.54)

Recalling that R N k= A B , this may be written as:

C pR
hf

k T

hf k T

hf k T
V

o

B

o B

o B

=




 −[ ]

3
1

2

2

exp( / )

exp( / )
(7.55)

Finally, recalling the definition of ΘE o B= hf k/
(Equation 7.47) this may also be written as:

C pR
T

T

T
V

E E

E

= 



 −[ ]

3
1

2

2
Θ Θ

Θ
exp( / )

exp( / )
(7.56)

Figure 7.25 shows the heat capacity of copper
from Figure 7.18 plotted together with the Einstein
prediction for the heat capacity based on
ΘE K= 230 . This value has been chosen by trial
and error to give good agreement across most of
the temperature range. It is clear that the theory
does indeed capture the trend of the data. How-
ever, careful examination of Figure 7.25 shows
that the agreement between the theory and ex-
periment becomes rather poor at low temperatures.

The discrepancy at low temperatures in Figure
7.25 looks small and it would be nice if we could
neglect it and move on. However, it turns out to be
important because it is a clue that there is some-
thing wrong with the way the Einstein theory
models the vibrations within solids. In the next
section, we will develop our simple model of a
solid further in order to reflect correctly the types
of vibrations that actually take place in solids.

Lattice waves, sound waves and phonons
The key problem with the Einstein theory as ap-
plied to ordinary solids is that it assumes that each
atom is in the situation of Figure 7.26 (a). This
supposes that each atom is surrounded by neigh-
bours which do not themselves vibrate. Clearly
this cannot be the case. In the Einstein theory, it is
assumed that all the atoms vibrate at the same fre-
quency. However a little thought shows that the
model illustrated in Figure 7.26 (b) is likely to be
more realistic. The difficulty with this new model
is that the atoms no longer vibrate independently.

Consider the following thought experiment.
Imagine displacing the central atom in Figure 7.26
(b) and then letting it go. The atom would not vi-
brate at frequency fo leaving its neighbours unaf-
fected. What would happen is that a wave-like
disturbance would spread out from the central
atom. This is what is wrong with the Einstein
model at low temperatures. It assumes that the
vibrational energy of the lattice is held as individ-
ual and independent vibrations of atoms, whereas

Figure 7.25 The heat capacity of copper from Figure 7.19
plotted together with the Einstein prediction for the heat
capacity based on ΘE = 230 K. The predicted Einstein
temperature corresponds to a spring constant of
K  = 2.423 J m–2, and a frequency of vibration of
fo = 4.79 × 1012 Hz It is clear that the theory captures the
trend of the data. However, careful examination shows
that the agreement between the theory and experiment
becomes poor at low temperatures. Note: The Einstein
theory prediction is for CV, but the data with which it is
compared is based on CP.
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in fact the energy is held in waves of displace-
ments running through the lattice.

Now we have already considered waves of dis-
placement in a solid: they are nothing more than
sound waves (§7.5). However, the frequencies of
the naturally occurring displacement waves in
solids are typically of the order of 10 THz i.e.
≈ 1013 Hz (Example 7.13). This is considerably
greater than the frequencies considered in §7.5.

In seeking to describe the vibrations of the lattice
at an atomic level, we need to develop a language
which (a) correctly describes the wave-like nature
of the excitations in the lattice, and (b) incorpo-
rates the quantum mechanical nature of the vibra-
tions of the atoms. These requirements are re-
solved with the introduction of the concept of a
phonon.

What is a phonon?
The concept of a phonon is analogous to the con-
cept of a photon (§2.3.3): a phonon describes the
wave-like excitations of the displacements in a
lattice; a photon describes the wave-like excita-
tions of the electromagnetic field. The phonon
concept allows us to describe realistically the
wave-like nature of the vibrations in a lattice and
yet incorporates the quantum mechanical nature of
the vibrating atoms.

Figure 7.26 Analogy to the situation of atoms in a crystal.
The forces on an atom are such that the atom behaves
as if it were held at its minimum energy position by
springs. First (a) shows the simple model used in our
initial analysis, then (b) shows a more realistic represen-
tation of the situation within the solid. Motion of the cen-
tral atom in (b) causes all the atoms around it to move as
well, creating a tremendously difficult situation to analyse.

(a) (b)

ro

Figure 7.27 Illustration of the concept of a phonon in 1-
dimensional crystal. The filled circles represent the in-
stantaneous positions of atoms and the empty circles
represent their equilibrium positions. Case (a) shows the
crystal when there are no phonons present. Case (b)
would be described by saying there is one transverse
phonon present in the lattice with relatively long wave-
length λ1 and relatively low frequency f1. In case (c) the
amplitude of the wave is larger than in (b) which would be
described by saying there are two transverse phonons
with the same wavelength λ1 and relatively low frequency
f1 as in (b). Case (d) would be described by saying there
is one transverse phonon present in the lattice with rela-
tively short  wavelength λ2 and relatively high frequency f2

Case (e) would be described by saying there are two
transverse phonons in the lattice: one with long wave-
length and low frequency and other with short wavelength
and high frequency.

(a)

(b)

(c)

(d)

(e)

Figure 7.28 The relationship between frequency and
wavelength assuming a speed of sound of 4000 ms–1. For
wavelengths less than an atomic spacing (typically
3 × 10–10 m), the idea of a compression wave becomes
meaningless, because there is nothing to be com-
pressed!  This estimates that the maximum frequency of
atomic vibrations is ≈ 1013 Hz.
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Four important features of the phonon description
of lattice vibrations are outlined below and illus-
trated in Figure 7.27.

Quantised vibration amplitude
A displacement wave of frequency f in a lattice
cannot have arbitrary amplitude. Its amplitude
may only increase in such a way that the energy
associated with the wave is limited to one of a set
of values:

u n hf= +( )1
2 (7.57)

where n may have the value 0 1 2, , …. If n = 0
then we say ‘there are no phonons in that mode of
vibration’. Otherwise we say ‘there are n phonons
in that mode of vibration’. Notice the similarity of
Equation 7.44 with Equation 7.33

Boson nature
The terminology above allows us to treat phonons
as particles with a boson nature. The ‘mode of
vibration’ represents a quantum state which is
‘occupied’ by phonons. Importantly this allows us
to use the Bose–Einstein occupation function
(Equation 2.62) to predict the average occupancy
of an individual mode of vibration:

f u T n u T

u k T

BE

B

( , ) ( , )

exp( / )

=

=
−

1

1

(7.58)

where u is given by Equation 7.44. The chemical
potential µ  has been set equal to zero because
phonons are not ‘conserved’ particles like elec-
trons or protons. Phonons are destroyed and cre-
ated by putting energy into or out of the lattice.

No minimum phonon energy
There is no minimum phonon energy. Long
wavelength waves have low frequencies, and
hence hf  in Equation 7.57 can take arbitrarily
small values. This means there is no ‘energy gap’
in the spectrum of possible vibrational energies of
the atoms in a lattice. This is in distinct contrast
with the Einstein model, in which atoms were as-
sumed to either vibrate at fo, or not at all.

Maximum phonon energy
There is a maximum phonon energy. It makes no
sense to imagine waves with a wavelength shorter
than a lattice spacing, i.e. ≈ 0.3 nm. Since there is
a short-wavelength limit to λ, there must be a con-
sequent high-frequency limit hfmax and hence there
is a maximum phonon energy, hfmax. Assuming
that the speed of these very high frequency sound
waves is the same as the more familiar sound
waves (i.e. ≈ 4000 ms– 1 ) then we can use
c fsound = λ  to estimate the maximum phonon fre-
quency:

fmax Hz≈
×

≈ ×−
4000

3 10
1 3 1010

13. (7.59)

The Debye theory of the heat capacity of
solids
The theory of the heat capacity of solids in which
the internal energy of the lattice is held as phonons
(quantised sound waves) is known as the Debye
theory of the heat capacity. The theory is more
fully developed in Appendix 4. In a similar man-
ner to the Einstein model, the heat capacity is pre-
dicted in terms of a characteristic temperature,
known in this case as the Debye temperature, ΘD.
Just as the Einstein temperature is related to the
frequency of the vibration of the atoms fo by
Equation 7.35, so the Debye temperature is related
to the maximum phonon frequency fD by:

ΘD
D

B

= hf

k
(7.60)

However, unlike the Einstein theory, the predic-
tions cannot be expressed by a closed-form for-
mula such Equation 7.43. Table 7.11 shows the
predicted values for the heat capacity of solids
tabulated at 0.1ΘD, 0.2ΘD, etc.

Figure 7.29 shows the heat capacity of copper
from Figure 7.19, plotted together with both the
Debye and Einstein predictions for the heat capac-
ity. The Debye curve is based on ΘD = 310 K (c.f.
ΘE =230 K) chosen by trial and error to give good
agreement across most of the temperature range.
Both curves capture the trend of the data, but at
low temperatures the Debye prediction falls off
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more slowly than the Einstein prediction. This is
because in the Debye model (and in reality) there
is a continuum of low-energy vibrational modes
which can be excited at low temperatures.

Key features of the Debye theory
The Debye theory predicts that at temperatures
less than ≈ 0.1ΘD (i.e. less than around 30 K for
copper) CV should vary as T 3 according to:

C
p

TV
D

1 1J K mol=










− −1944
3

3

Θ
(7.61)

where p is the number of atoms per chemical for-
mula unit, and has the value p = 1 for elements.
Equation 7.61 allows us to estimate ΘD from the
low temperature heat capacity (Figure 7.32).

At T = ΘD  the heat capacity is predicted to be
around 95% of its classical value ( C pRV = 3 ) as
predicted by the law of Dulong and Petit.

Table 7.12 contains a selection of Debye tem-
peratures for elements determined from their low
temperature heat capacity according to Equation
7.61. Figure 7.30 shows the predicted variation of
the heat capacity for substances with Debye tem-
peratures of 100 K, 300 K and 1000 K. We see
that at room temperature, the heat capacity values
will be close to C RV = 3  if ΘD  is of the order of
room temperature or less. However if ΘD  is much
greater than room temperature, then the heat ca-
pacity at room temperature will appear to anoma-
lously low. This is the origin of the anomalously
low values in the histogram 7.18.

Relationship between speed of sound and ΘΘΘΘD

The Debye theory assumes that the thermal energy
of the lattice is held in the form of high frequency
sound waves. If this is so then we might expect to
find a relationship between the Debye temperature
of a substance and the speed of sound in that sub-
stance. Recalling the definition of ΘD  (Equation
7.60) as the temperature corresponding to maxi-
mum phonon frequency, and thus the minimum
phonon wavelength, we can write:

ΘD
B

D
B

sound

min
= × ≈ ×h

k
f

h

k

c

λ (7.62)

Table 7.11 The predicted value of the heat capacity of
monatomic solids according to the Debye theory.  Also
tabulated is the fraction of the high temperature limiting
value (3R) expected at the temperature indicated.

T/ΘΘΘΘD C(T) J K–1 mol–1 C(T) /R

0 0 0
0.01 1.944 × 10–3 7.7927 × 10–5

0.02 1.555 × 10–2 6.2342 × 10–4

0.03 5.248 × 10–2 2.1040 × 10–3

0.04 0.1244 4.9873 × 10–3

0.05 0.2430 9.7408 × 10–3

0.06 0.4198 1.6829 × 10–2

0.07 0.6658 2.6693 × 10–2

0.08 0.9903 3.9702 × 10–2

0.09 1.399 5.6074 × 10–2

0.1 1.891 7.5821 × 10–2

0.2 9.195 0.36863
0.3 15.158 0.60770
0.4 18.604 0.74585
0.5 20.588 0.82541
0.6 21.795 0.87380
0.7 22.572 0.90495
0.8 23.098 0.92603
0.9 23.469 0.94089
1.0 23.739 0.95173
1.1 23.942 0.95987
1.2 24.098 0.96612
1.3 24.221 0.97103
1.4 24.318 0.97495
1.5 24.398 0.97813
1.6 24.463 0.98074
1.7 24.517 0.98291
1.8 24.562 0.98474
1.9 24.601 0.98629
2.0 24.634 0.98761

Figure 7.29 The Debye prediction for the heat capacity of
copper compared with the Einstein prediction shown in
Figure 7.25.
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Since  λmin  is of the order of a typical lattice
spacing ( a ≈ × −3 10 10 m ) which is roughly the
same for many elements, Equation 7.62 suggests
that the Debye temperature ought to be roughly
proportional to the speed of sound. Figure 7.31
shows a graph of the speed of transverse sound
waves (Table 7.9) as a function of the Debye
Temperature (Table 7.12) and it is evident that
there is a roughly linear relationship between the
two. I personally find Figure 7.31 fascinating. It
indicates a relationship between a characteristic
temperature determined from heat capacity meas-
urements, and the speed of sound determined from
acoustic measurements. The fact there is any rela-
tionship at all between the two quantities gives us
confidence that our explanation of the heat capac-
ity in terms of lattice waves (phonons) really is
correct.

Metals
In the Debye theory of the heat capacity of solids,
the thermal energy of a solid is considered to be

tied up in vibrations of the atoms of the substance.
We saw that these vibrations could be analysed as
‘sound’ waves in the lattice. However, as dis-
cussed in §6.5, within metals there is a high den-
sity of ‘free’ electrons, which we analysed as a
‘gas’ of electrons. However, this gas does not ap-
pear to have a heat capacity of 3R/2 per mole that

Table 7.12 The Debye temperatures θD of several ele-
ments as determined by analysis of the T 3 behaviour of
their low-temperature heat capacity (Equation 7.61 ).

Element Z ΘΘΘΘD (K) Element Z ΘΘΘΘD (K)
Beryllium 4 1440 Zirconium 40 291
C(Diamond) 6 2230 Molybdenum 42 450
Magnesium 12 400 Silver 47 225
Aluminium 13 428 Cadmium 48 209
Titanium 22 420 Tin 50 200
Vanadium 23 380 Tantalum 73 240
Chromium 24 630 Tungsten 74 400
Manganese 25 410 Platinum 78 240
Iron 26 470 Gold 79 165
Nickel 28 450 Lead 82 105
Copper 29 343 Uranium 92 207

Figure 7.30 The Debye prediction for the heat ca-
pacity of solids with Debye temperatures of 100 K,
300 K and 1000 K. At room temperature, the heat
capacity values will be close to CV = 3R if ΘD is less
than room temperature. However if Θ D is much
greater than room temperature, then the heat ca-
pacity at room temperature appears to anomalously
low. This is the origin of the anomalously low values
of CP for beryllium, boron and carbon in Figure  7.18.
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one would expect monatomic gas (§5.3). In fact, if
we look only at high temperature data, the ‘elec-
tron gas’ appears to have a negligibly small heat
capacity. For example, the CP for copper at its
Debye temperature of 343 K (≈ 70 °C) is
≈ 25 J K–1 mol–1 which can all be plausibly under-
stood (within the uncertainties of our study) by the
effect of atomic vibrations. This result is typical of
metals and raises the question: What has happened
to the heat capacity of the free ‘electron gas’ that
we suppose to exist within metals?

By now the answer may be becoming familiar to
you: whenever the full heat capacity expected is
not observed then we should look to see if some of
the degrees of freedom of the system are not ac-
cessible. We saw this with diatomic, triatomic, and
polyatomic molecules (§5.3.3), with atoms in sol-
ids at low temperature (§7.6), and now with elec-
trons. For electrons we anticipate three degrees of
freedom corresponding to kinetic energy of mo-
tion in each of the x-, y-, and z- directions. The
question of what has happened to the heat capacity
of the free electron ‘gas’ may now be interpreted
as the question. What has happened to these de-
grees of freedom?

The answer lies in our consideration (§6.5) of the
effect that quantum mechanics has on the cohesive
energy of metals. We described the quantum states
with the aid of a ‘k-space graph’, with the elec-
trons occupying quantum states nearest the origin,

and forming a ‘sphere’ of occupied states (Figure
7.32). This correctly describes the occupancy of
quantum states at absolute zero. However, when
the temperature is raised, this picture is slightly
altered because some electrons can accept energy
and move into higher quantum states. However,
because of the Pauli exclusion principle, (see §2.4)
most electrons are unable to accept thermal energy
because there are no vacant quantum states into
which they can move. Only electrons in quantum
states with energies close to the Fermi energy EF
can accept energy, and as we saw in §6.5.3, at
room temperature k T EB F<< .

With this model we can now understand the be-
haviour of the electron gas in a metal. If the gas
had been a classical molecular gas then the three
degrees of freedom would have resulted in an in-
ternal energy U of:

U U N k T

U RT

= + ×

= + −

o A B

o mol

3
2

3
2

1
(7.63)

and hence a molar heat capacity C RV = 3 2/ .
However, the internal energy due to thermal exci-
tations of electrons is only a small fraction of the
classically expected value (Equation. 7.63). So we
write:

U U k T= + [ ]× −
o

number of electrons
able to accept energy B mol3

2
1 (7.64)

Figure 7.32. A close-up view of the occupation of quantum states in the region near the occupied quantum states with
the maximum energy of EF. A filled circle represents an occupied quantum state, and an empty circle represents an
empty quantum state. As the temperature increases, electrons in quantum states within a range ≈ ± kBT of EF can
change states. The exclusion principle prevents electrons in states with energy much more than ≈ kBT  below the
maximum energy from accepting energy. This is  because there are no vacant states for these electrons to move into.
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Although we do not know the precisely the num-
ber of electrons in Equation 7.64, we can say that
it should be:
• related to the number of available quantum

states with energies in a small range close to
EF. This is directly proportional to the density
of quantum states at the Fermi energy gm(EF)
(Equation 6.70). The subscript ‘m’ indicates
that the density of states is evaluated for a
volume equal to the molar volume.

• proportional to k TB . As shown in Figure
7.32, electrons occupying quantum states
within a range ≈ k TB  are able to accept ther-
mal energy.

We can thus write Equation 7.64 as:

U U g E k T k T= + ×[ ]× −
o m F B B mol( ) 3

2
1 (7.65)

where the factor g E k Tm F B( ) ×[ ] is the number of
quantum states (in one mole of substance) in a
range k TB  around the Fermi energy. Hence the
molar heat capacity is given by:
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d
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( )

3
2

3
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1 244 344

(7.66)

This is generally written as:

C TV
el = γ (7.67)

where γ  is the coefficient of electronic heat ca-
pacity:

γ = −3 1g E km F B
2 mol( ) (7.68)

The rough theory outlined above predicts the
electronic heat capacity of a metal is much less
than would be expected of a classical gas, and is
proportional to absolute temperature. We can test
this theory by looking at the heat capacity of met-
als at low temperatures. When T << ΘD, the heat
capacity due to phonons is much smaller than at
room temperature, and we can more easily observe
the electronic contribution to the heat capacity.

We note that γ varies from one metal to another
and depends on the number of (mainly occupied)
quantum states just below the Fermi energy and
the number of (mainly empty) quantum states just
above the Fermi energy. Thus, determination of
the quantity γ  by heat capacity measurements
tells us how many quantum states there are with
energies close to the Fermi energy. This quantity
is just the density of electronic quantum states
evaluated at the Fermi energy, i.e. g Em F( ). A
more detailed theory of the heat capacity of metals
predicts that γ is given by:

Example 7.14

At 300 K, what is the expected value of the electronic
contribution to the molar heat capacity of copper?

We can estimate the electronic contribution to C  by
using Equation 7.67 and substituting for g(EF) from
Equation 6.70:

g E
V m E

( ) = π
2 3

2 3h

Equation 6.77 expresses the density of quantum states
around energy E in a volume V of metal. We need first
to substitute V for the molar volume Vm. Using the den-
sity data for copper (Table 7.2) (molar mass 63.55 ×
10–3 kg) we find Vm = 63.55 × 10–3/8933 = 7.11 × 10–6

m3. In Equation 6.76 we worked out that (according the
theory of a free-electron gas) the Fermi energy in cop-
per is 1.13 × 10–18 J (7.0 eV). Substituting these values
into the g(EF) yields:

g E( )
. ( . .

( . )

. .

.

.

F
2 )

states J mol

= × × × × ×
π ×

= × ×
×

= ×

− − −
−

− −
−

− −

7 11 10 9 1 10 1 13 10

1 054 10

7 11 10 1 703 10

11 56 10

8 026 10

6 31 3 18

2 34 3

6 108

102

41 1 1

which predicts an electronic heat capacity of:

C
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V
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= π
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2
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( )

( . ) .

.

This is to be compared with the contribution due to the
lattice of around 25 J K–1 mol–1. In other words, the
electronic contribution to the heat capacity is only
around 0.6% of the total heat capacity.
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γ = π −
2

1

3
g E km F B

2 mol( ) (7.69)

which differs from Equation 7.68 by just a few per
cent.

Low-temperature heat capacity
Measurements of the heat capacity of materials at
low temperatures provide a way of testing both the
Debye theory of the heat capacity of solids and the
theory of metallic heat capacity. In a metal at high
temperatures the electronic heat capacity is much
smaller than the lattice heat capacity, which makes
it difficult to identify experimentally the small
electronic component on top of the large lattice
heat capacity. At low temperatures, i.e. less than
about a tenth of the Debye temperature, the lattice
term is much smaller, and we have clear predic-
tions for the behaviour of both lattice and elec-
tronic terms.

At T << ΘD  we expect from Equation 7.64 that
the lattice heat capacity C TL = α 3  and at all tem-
peratures we expect that the electronic heat capac-
ity C Tel = γ . Thus, we predict the total heat ca-
pacity to be given by:

C C C

T T

total
el L= +

= +γ α 3
(7.70)

We can see clearly whether or not this is valid if
we plot some data in the following form C Ttotal /
versus T 2 . If the data conform to Equation 7.70
than they will form a straight line with slope α
and intercept γ :

C

T
Ttotal = +γ α 2 . (7.71)

The fact that Figure 7.33 shows straight-line be-
haviour indicates that the heat capacity of copper
does indeed conform to the theoretical expectation
that C T Ttotal = +γ α 3 .

7.6.4 Summary
We began our investigation of the heat capacity of
solids by first noting the remarkable fact that the
heat capacity of nearly all the elements is close to

25 J K–1 mol–1. We came to understand that this is
due to the equal distribution of energy among the
six degrees of freedom of the atoms vibrating in
the lattice.

We then noted that the heat capacity of all sub-
stances falls as the temperature approaches abso-
lute zero. We understood this as being due to the
restriction of some of the vibrational degrees of
freedom of the atoms. The relatively simple Ein-
stein model allowed us to understand the general
form of the temperature dependence. However, in
order to understand the details of the low-
temperature behaviour, we needed to develop De-
bye model, and the concept of the phonon.

Finally, we considered ‘the dog which did not
bark’: the apparent absence of a contribution to
CP of the ‘free electron’ gas we had hypothesised
to exist within metals. We understood this as be-
ing due to the fermion nature of the electrons. The
exclusion principle restricted their ability to accept
thermal energy, except for a few electrons occu-
pying quantum states close to the Fermi energy.

Figure 7.33  My own measurements of the low-
temperature heat capacity of copper plotted as  C/T ver-
sus T2. Since the graph has T squared as its x-axis, the
data shown correspond to the temperatures between 2 K
and 10 K. Note that as predicted by Equation 7.71, the
data conform to a straight line. From the slope of the line,
α and hence the Debye temperature can be found, and
from the intercept we may determine γ and hence g(EF).
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7.7 Electrical properties

7.7.1 Introduction
There is a sense in which every property of a solid
can be considered an electrical property. This is
because the particles that make up solids are fun-
damentally electrical in nature. However, in this
section we use the term electrical property to refer
to the response of solids to externally applied
electric fields.

Conductors and insulators
When any substance is subject to an applied elec-
tric field E, a current of electronic charge flows
through the substance. The magnitude of the re-
sultant current density, j, is characterised by the
electrical resistivity ρ  or the electrical conductiv-
ity σ  of the substance. The two measures are the
inverse of each other, ρ σ= 1/ , and so for most
purposes there is no advantage to using one meas-
ure or the other. The electrical resistivity and con-
ductivity are defined by:

j E= σ (7.72a)
and

E j= ρ (7.72b)

If the current density is measured in amperes per
square metre (A m–2) and the electric field in volts
per metre (V m–1) then the units of σ are Ω–1 m–1

or S m–1. The SI symbol S stands for seimens not
to be confused with ‘s’ for second. The units of
resistivity are ohm metres (Ω m). For a sample of
cross-sectional area A and length L, the resistivity
is related to the electrical resistance R by:

ρ = RA

L
Ω m (7.73)

The electrical conductivity and resistivity of the
elements is listed in Table 7.13 and plotted as a
function of atomic number in Figure 7.33. Look-
ing at Table 7.13, the data appear to vary almost
randomly. However, in Figure 7.33 we can see
that the resistivities of the elements fall into two
rather distinct categories:
• Most elements are metals and have resistiv-

ities in the range 10–6 Ω m to 10–8 Ω m

• The rest of the elements are much poorer
electrical conductors. Note again the loga-
rithmic scale of Figure 7.33.

A few elements have resistivities much greater
than 1 Ω m (logR = 0 on Figure 7.34) and are ef-
fectively electrical insulators. The elements sili-
con (Si), (Ge), (Se) and (Te) have resistivities in-
termediate between metals and insulators and are
known as semiconductors. There are two interest-
ing points to note. First, the conductivities of the
solid elements span 23 orders of magnitude at
room temperature. On cooling to temperatures
close to absolute zero, some substances become
superconducting, at which point the range of con-
ductivities spans at least 40 orders of magnitude.
This is easily the greatest range exhibited by any
physical property of solids. Second, the term
electrical insulator can be misleading. It can im-
ply that no current flows in response to an applied
electric field. In fact, a current always flows in
response to an applied electric field. In substances
called electric insulators this current is generally
extremely small, but is definitely not zero. This
point is discussed further in §7.7.6.

Example 7.15

A piece of platinum wire is 1 m long and 1 mm in
diameter. What is its electrical resistance at round
room temperature?

We rearrange Equation 7.73: R
L

A
= ρ  where ρ is resis-

tivity, L is the length of the wire, and A is the cross-
sectional area. We use the following values:

ρ = × Ω
=

= π
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Table 7.13 The electrical resistivity of the elements which are solid at around room temperature. Take care with the
exponents of values in this table which vary from entry to entry and column to column by 46 orders of magnitude.

Z Element ρρρρ(ΩΩΩΩ m) σσσσ(S m–1) Z Element ρρρρ(ΩΩΩΩ m) σσσσ(S m–1)

1 Hydrogen, H — — 49 Indium, In 8.37 × 10–8 1.19 × 107

2 Helium, He — — 50 Tin, Sn 1.1 × 10–7 9.1 × 106

3 Lithium , Li 8.55 × 10–8 1.17 × 107 51 Antimony, Sb 3.9 × 10–7 2.56× 106

4 Beryllium, Be 4 × 10–8 2.5 × 107 52 Tellurium, Te 0.00436 229
5 Boron, B 18000 5.56 × 105 53 Iodine, I 1.37 × 10–7 7.30 × 108

6 Carbon (diamond), C 1011 10–11 54 Xenon, Xe — —
7 Nitrogen, N — — 55 Caesium, Cs 2 × 10–7 5 × 106

8 Oxygen, O — — 56 Barium, Ba 5 × 10–7 2 × 106

9 Fluorine, F — — 57 Lanthanum, La 5.7 × 10–7 1.75 × 106

10 Neon, Ne — — 58 Cerium, Ce 7.3 × 10–7 1.37 × 106

11 Sodium, Na 4.2 × 10–8 2.38 × 107 59 Praseodymium, Pr 6.8 × 10–7 1.47 × 106

12 Magnesium, Mg 4.38 × 10–8 2.28 × 107 60 Neodymium, Ne 6.4 × 10–7 1.56 × 106

13 Aluminium, Al 2.66 × 10–8 3.77 × 107 61 Promethium, Pm 5 × 10–7 2 × 106

14 Silicon, Si 0.001 1000 62 Samarium, Sm 9.4 × 10–7 1.06 × 106

15 Phosphorus, P 1 × 10–9 1 × 109 63 Europium, Eu 9 × 10–7 1.11 × 106

16 Sulphur, S 2 × 1015 5 × 10–16 64 Gadolinium, Gd 1.34 × 10–6 7.46 × 105

17 Chlorine, Cl — — 65 Terbium, Tb 1.14 × 10–6 8.77 × 105

18 Argon, Ar — — 66 Dysprosium, Dy 5.7 × 10–7 1.75 × 106

19 Potassium, K 6.15 × 10–8 1.63 × 107 67 Holmium, Ho 8.7 × 10–7 1.15 × 106

20 Calcium, Ca 3.43 × 10–8 2.92 × 107 68 Erbium, Er 8.7 × 10–7 1.15 × 106

21 Scandium, Sc 6.1 × 10–7 1.64 × 106 69 Thulium, Th 7.9 × 10–7 1.27 × 106

22 Titanium, Ti 4.2 × 10–7 2.38 × 106 70 Ytterbium, Yb 2.9 × 10–7 3.45 × 106

23 Vanadium, V 2.48 × 10–7 4.03 × 106 71 Lutetium, Lu 7.9 × 10–7 1.27 × 106

24 Chromium, Cr 1.27 × 10–7 7.87 × 106 72 Hafnium, Hf 3.51 × 10–7 2.85 × 106

25 Manganese, Mn 1.85 × 10–6 5.41 × 105 73 Tantalum, Ta 1.25 × 10–7 8.03 × 106

26 Iron, Fe 9.71 × 10–8 1.03 × 107 74 Tungsten, W 5.65 × 10–8 1.77 × 107

27 Cobalt, Co 6.24 × 10–8 1.60 × 107 75 Rhenium, Re 1.93 × 10–7 5.18 × 106

28 Nickel, Ni 6.84 × 10–8 1.46 × 107 76 Osmium, Os 8.12 × 10–8 1.23 × 107

29 Copper, Cu 1.67 × 10–8 5.98 × 107 77 Iridium, Ir 5.3 × 10–8 1.89 × 107

30 Zinc, Zn 5.92 × 10–8 1.69 × 107 78 Platinum, Pt 1.06 × 10–7 9.43 × 106

31 Gallium, Ga 2.7 × 10–7 3.70 × 106 79 Gold, Au 2.35 × 10–8 4.26 × 107

32 Germanium, Ge 0.46 2.1739 80 Mercury, Hg 9.41 × 10–7 1.06 × 106

33 Arsenic, As 2.6 × 10–7 3.85 × 106 81 Thallium, Th 1.8 × 10–7 5.56 × 106

34 Selenium, Se 0.01 100 82 Lead, Pb 2.07 × 10–7 4.84 × 106

35 Bromine, Br — — 83 Bismuth, Bi 1.068 × 10–6 9.36 × 105

36 Krypton, Kr — — 84 Polonium, Po 1.4 × 10–6 7.14 × 105

37 Rubidium, Rb 1.25 × 10–7 8 × 106 85 Astatine, At — —
38 Strontium, Sr 2.3 × 10–7 4.35 × 106 86 Radon, Rn — —
39 Yttrium, Y 5.7 × 10–7 1.75 × 106 87 Francium, Fr — —

40 Zirconium, Zr 4.21 × 10–7 2.37 × 106 88 Radium, Ra 1 × 10–6 1 × 106

41 Niobium, Nb 1.25 × 10–7 8 × 106 89 Actinium, Ac — —

42 Molybdenum, Mo 5.2 × 10–8 1.92 × 107 90 Thorium, Th 1.3 × 10–7 7.69 × 106

43 Technetium, Tc 2.26 × 10–7 4.42 × 106 91 Protractinium, Pa 1.77 × 10–7 5.65 × 106

44 Ruthenium, Ru 7.6 × 10–8 1.32× 107 92 Uranium, U 3.08 × 10–7 3.25 × 106

45 Rhodium, Rh 4.51 × 10–8 2.22 × 107 93 Neptunium, Np 1.22 × 10–6 8.20 × 105

46 Palladium, Pd 1.08 × 10–7 9.26 × 106 94 Plutonium, Pu 1.46 × 10–6 6.85 × 105

47 Silver, Ag 1.59 × 10–8 6.29 × 107 95 Americium, Am 6.8 × 10–7 1.4706 × 106

48 Cadmium, Cd 6.83 × 10–8 1.46 × 107
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In the following sections we will examine in turn
the electrical behaviour of metals and insulators,
and then briefly discuss the properties of semicon-
ductors.

7.7.2 Data on the electrical properties
of metals
The most striking property of metallic conductors
is their ability to conduct electricity in an arbitrar-
ily small electric field. In other words there is no
equivalent of the ‘breakdown’ effect observed in
electrical insulators (§7.7.6).

Data on the resistivity of the elements
From Table 7.13, it is clear that most elements are
metals, with resistivity at around room tempera-
ture between 10–6 Ω m to 10–8 Ω m. Figure 7.35
shows detail from the lower part of Figure 7.34 on
a linear scale. The data show significant non-
random variations, but there are too many details
to attempt a direct explanation of the conductivity
of each element. The structure in the data is remi-
niscent of the density data for the elements shown
in Figure 7.1, but the peaks and troughs in the data
are not so regular.

If we take the best conductors from Table 7.13, we
find that they are silver, copper and gold (the no-
ble metals), closely followed by aluminium. These
four elements are marked on Figure 7.35, and the
temperature dependence of their resistivity is
shown in Figure 7.36 along with that of platinum.
The variation is broadly linear with the resistivity
tending towards small values at low temperatures.

Data on the resistivity of alloys
Alloys are mixtures of elemental metals, but as
illustrated in Figure 7.37, the mixtures are at the
atomic level.

Alloys are usually made by melting metallic ele-
ments together and mixing them while they are
molten. The electrical resistivity of three alloys is
compared with the electrical resistivity of their
constituent elements in Table 7.13. There is one
surprising feature of this table. In all cases the
resistivity of the alloy is considerably greater than
the resistivity of either component element. This is
particularly striking for the Pt(10% Ir) and

Figure 7.34 The logarithm of the resistivity of the ele-
mental metals (M), semiconductors (SC) and insulators
(Ins) plotted as a function of atomic number. The ele-
mental gases are plotted as having a resistivity of
1020 Ωm to show how they fit the pattern of conducting
and insulating behaviour.
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Pt(10% Rh) alloys. For example, replacing 1 in 10
platinum atoms with an iridium atom causes the
resistivity to more than double. This is despite the
fact that iridium has a lower resistivity than plati-
num!

Superconductivity
Many metals and alloys when cooled to tempera-
tures within a few degrees of absolute zero display
an extraordinary set of properties, including the
ability to conduct electricity with no detectable
resistivity. This phenomenon is known as super-
conductivity and occurs only below a certain criti-
cal temperature TC. The critical temperatures of a
variety of elemental superconductors and alloys
are shown in Table 7.15.

Interestingly, the three elements that are the best
conductors at room temperature (copper, silver
and gold) do not become superconductors. (Or if
they do their transition temperatures are below a
few microkelvin). Further, it is interesting to note
that the conductivity of a substance in the super-
conducting state, while not known to be strictly
infinite is better than that of pure copper at 4K by

Example 7.16

Consider two wires of equal length and circular
cross-section, one made from aluminium and one
from copper. What will be the ratio of diameters of
the wires if the resistance of the wires is equal?

dAl

dCu

Aluminium

Copper

For a wire of length L and cross-sectional area A = πd2/4
the electrical resistance is given by:

R
L

d
= π

ρ
2 4/

If the two wires have equal resistance (RCu = RAl) and
equal length then:

4 4
2 2

ρ ρCu

Cu

Al

Al

L

d

L

dπ = π
which simplifies to:

d

d

d
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Al

Cu

Al

Cu

Al

Cu

Al
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Substituting from Table 7.13:

ρ ρAl Cum       m= × Ω = × Ω− −2 655 10 1 673 108 8. .

we find:

d

d
Al

Cu
= ×

× =
−
−

2 655 10

1 673 10
1 26

8

8
.

.
.

and so the diameter of aluminium wire would have to be
about 26% greater than the copper wire.

The volume of aluminium used would thus be greater in
the ratio of the square of the diameters (1.59). Interest-
ingly, the densities of the aluminium (2698 kg m–3) and
copper  (8933 kg m–3) are such that the aluminium cable
would be lighter in the ratio:

density of aluminium

density of copper
Al

Cu
× 





= × =d

d

2
2698

8933
1 59 0 49. .

In other words, an aluminium cable of similar electrical
resistance to a copper cable would be slightly larger, but
would weigh only around half as much. In some cir-
cumstances, this proves to be an important engineering
advantage.

Figure 7.37 illustration of the difference between (a) a
random binary alloy, and (b) a mixture of two elements.

(a) (b)

Table 7.14 The resistivities (Ω m) of three alloys at
around room temperature is shown in centre of the three
tables below. On either side of the data for the alloy, are
the resistivities of the component elements.

Component 1 Alloy Component 2

Cu Cu(Zn) Zn
1.55 × 10–8 6.3  × 10–8 5.5 × 10–8

Pt Pt(10% Ir) Ir
9.81 × 10–8 24.8 × 10–8 4.7 × 10–8

Pt Pt(10% Rh) Rh
9.81 × 10–8 18.7 × 10–8 4.3 × 10–8
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a factor in excess of 1015. In other words, the con-
ductivity in the superconducting state is better
than the conductivity in the metallic state by a
factor similar to that by which the conductivity in
the metallic state is better than the conductivity of
some insulators (Table 7.17 below).

Summary
The main questions raised by our preliminary ex-
amination of the experimental data on the electri-
cal resistivities of metals are:
• Why is there no ‘breakdown field’ for metals?
• Why are most elements metals?
• Why do the resistivities of metals vary

roughly linearly with temperature?
• Why are the resistivities of alloys larger than

the resistivities of their component metals?
• Why do some metals become superconduct-

ing at low temperatures?

7.7.3 Understanding the electrical
properties of metals
To answer these questions we need to develop
further the quantum mechanical description of an
electron gas that we began in §6.5.

Quantum theory of conduction in metals
The basis of the quantum mechanical approach to
the problem is illustrated in Figure 7.38. This ap-
proach strictly applies only at T = 0 K . However,
the exclusion principle strongly restricts the ability

of electrons to change quantum states, and we will
find that the theory is actually applicable at finite
temperatures.

When no electric field is applied, electrons occupy
travelling-wave quantum states inside the Fermi
sphere on a k-space graph. The travelling-wave
states outside the sphere are unoccupied. Notice
that because of the symmetry of the situation in
which electrons find themselves, on average as
many electrons will be travelling in one direction
as in opposite direction. So the average electron
velocity must be zero.

Table 7.15 Examples of substances which display super-
conducting behaviour below the temperature  shown.

Substance Alloy

Low-temperature superconductors: elements
Aluminium 1.75

Lead 7.2

Niobium 9.25

Tin 3.72

Vanadium 5.4

Low-temperature superconductors: alloys
V3Si 17.1

Nb3Sn 18.3

MgB2 39

High-temperature superconductors
YBa2Cu3O7-δ 93

Hg1Ba2Ca2Cu3O10 133

Figure 7.38 Illustration of the effect of an electric field on
the occupation of quantum states in a simple model of a
metal. First, (a) shows the case when no electric field is
applied, then (b) shows the case when an electric field is
applied in the negative-x direction. Notice that in (b) the
distribution is not symmetric but is shifted by an amount
∆k and so has a net excess of electrons with positive k-
vectors. In the figures each small circle represents an
allowed travelling wave solution to the Schrödinger equa-
tion. The shaded circle represents the Fermi sphere of
occupied states which is shifted by ∆k as discussed in
the text.
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When an electric field is applied, electrons occu-
pying quantum states with energies near the Fermi
energy are able to make transitions into unoccu-
pied quantum states just above the Fermi energy.
The net effect of this is to change the balance of
occupied and unoccupied states as shown in Fig-
ure 7.38 (b).

In the theory we will develop below, we will sup-
pose that the primary effect of the electric field is
to alter the balance of occupancy between travel-
ling wave states with velocities parallel to the ap-
plied electric field E, and those with velocities
anti-parallel, to the applied electric field E.

Scattering
Inside a metal, electrons undergo several processes
that are grouped together under the term scatter-
ing. Scattering in this context is a process whereby
an electron in one quantum state (with, say, wave
vector k1) makes a transition to a second quantum
state (with, say, wave vector k2 ). For electrons in
metals, the factors which determine the relation-
ship between k1 and k2  have a large random ele-
ment. In other words, knowing which quantum
state an electron is in does not tell you much about
which quantum state it is going to be scattered
into. Scattering occurs when the quantum state
occupied by an electron is no longer the ‘appropri-
ate’ quantum state to occupy. Consider the fol-
lowing examples.

Electron–phonon scattering
Suppose an electron is in a quantum state k1 ap-
propriate to a region of the crystal with electron
density n. In a nearby region of the crystal, a lat-
tice distortion (a phonon) may have temporarily
increased (or decreased) the lattice spacing. This
region would therefore also have an increased (or
decreased) equilibrium number density of elec-
trons. Such a situation might enhance the prob-
ability for an electron to make a transition from k1
and k2  where k2  would be a state ‘more appropri-
ate’ to the new situation. However, since the lat-
tice vibrations are highly random, the new quan-
tum state will in general be only distantly related
to k1. This process is described as electron-phonon
scattering.

Electron–impurity scattering
Suppose an electron is in a quantum state k1 ap-
propriate to a region of the crystal with electron
density n. Now suppose that it encounters a region
of the crystal with an impurity. In general the im-
purity will have a complicated distribution of
electric charge around it which may cause an
electron to make a transition from k1 to another
quantum state k2 which is ‘more appropriate’ to
the new situation. This process is described as
electron–impurity scattering.

It is important to note that in the absence of scat-
tering processes such as those described above,
electrons would stay in their quantum state indefi-
nitely. Thus in a perfect crystal, with no phonons
(i.e. at T = 0 K), and no impurities (and no sur-
faces!: in this context surfaces count as an electron
scatterer), the conductivity would be infinite.

Working out the conductivity
According to the de Broglie hypothesis, an elec-
tron in a travelling-wave quantum state with wave
vector k has momentum:

p =

=
π

× π

=

hk

h

h
2

2

λ

λ

(7.74)

The effect of the applied electric field is to change
this momentum in accord with Newton’s second
law:

F
p

p

=

≈ ∆
∆

d

dt

t

(7.75)

We consider that each electron can be accelerated
under the action of the applied electric field for
some time ∆t, after which it is ‘scattered’. We
consider that each scattering event completely
destroys the momentum that the electron gained in
the time ∆t. (Aside: This assumption is in fact not
quite correct. Often the electron is scattered only
through a small angle, and much of its momentum
is preserved.  However, any other assumption
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leads to theory that is considerably more complex.
We note therefore that the value of ∆t that we de-
duce from our theory may be longer than the ac-
tual time between scattering events. This is be-
cause for some scattering processes, the ‘before’
and ‘after’ wave vectors k1 and k2 may in fact be
weakly related. Thus, it may take several actual
scattering events to completely destroy the mo-
mentum acquired by an electron). In between the
scattering events, the electron changes its mo-
mentum by:

∆ = ∆p F t (7.76)

and since the force on each electron is F E= q ,
where q is the charge on the electron, we have:

∆ = ∆p Eq t (7.77)

Now a change in momentum ∆p  corresponds to a
change in wave vector ∆ = ∆p kh , so every elec-
tron in the metal will on average shift its wave
vector by an amount ∆k  (Figure 7.38) given by:

∆ = ∆
k

Eq t

h
(7.78)

Notice that ∆k  is in the opposite direction to E
because the electron charge, q, is negative. The
momentum shift ∆p  corresponds to a velocity
shift ∆v  given by ∆ = ∆v p / m , i.e.

∆ = ∆
v

Eq t

m
(7.79)

Notice that ∆v  is on average the same for every
electron and is known as the drift velocity.

The drift velocity
In the absence of an applied electric field, we ex-
pect that the average velocity of electrons is zero,
i.e.

( E 0= )

v
v

=
∑

==
i

i

N

1 0
N

(7.80)

because in the absence of an applied electric field
on average as many electrons are travelling in one
direction as another. Now when an electric field

has been applied the average velocity is no longer
zero, but just ∆v  given by Equation 7.79, i.e.
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v v

v v
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(7.81)

Current flow
Consider a metal sample through which a current i
is flowing. Let us calculate the relationship be-
tween the current density and the average speed of
the charged particles carrying the current. If we
consider a particular cross-section of area A then
the total current which flows past the cross-section
per second is, by the definition of current, just i
coulombs. However, we can also see that on aver-
age, all the charge within a volume Av  will flow
past the cross-section per second. If the number
density of current carriers is n and each carrier has
charge q, then the total charge in volume Av  is
just nqAv .

We thus find i v= nqA , and after substituting for

Figure 7.39 Electrons flowing through a piece of metal.
In one second all the charge within a distance v  ‘up-
stream’ of a cross-section perpendicular to the current
flow will pass the cross-section. In this case the volume
of charge that will flow past the cross sectional area is
v A. The amount of charge in this volume is qnA v

Cross-sectional 
area, A

Electric 
current, i

v

Volume = vA
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v v= ∆  from 7.79 we have:

i nqA
q t

m
= × ∆E (7.82)

Rearranging this to give an expression for the cur-
rent density j we find:

j
i

A
nq

q t

m

j
nq t

m

= = × ∆

= ∆









E

E
2

σ
1 24 34

(7.83)

Comparing this with Equation 7.72(a) we see that
the quantity in brackets is the conductivity σ
shown in Table 7.13. Hence:

σ = ∆nq t

m

2

(7.84)

The scattering time ∆t
Let us now compare the expression 7.84 for σ
with experiment. The quantities n, q  and m are
either well-known or can be fairly easily esti-
mated. However the quantity ∆t, the average time
to ‘scatter’, is not easy to estimate. What we can
do is to use measured values of conductivity to
predict values for ∆t and then see whether we can
understand the predicted values.

According to this theory, at around room tem-
perature electrons remain in their travelling wave
quantum states for approximately 10–14 s to 10–13 s

seconds before being scattered. This might seem
like a very short time, but in fact is quite reason-
able if we consider how we expect the electron to
be scattered. In §7.6.3 we saw that the naturally
occurring displacement waves in a lattice had fre-
quencies of the order 1013 Hz. Thus 10–13 seconds
is a typical time over which a region of a solid
may first be compressed and then dilate. If it is
indeed these atomic vibrations that scatter elec-
trons then we would expect scattering to take
place after the positions of the atoms have
changed substantially, i.e. after some fraction of
an oscillation time.

The questions raised by the data

Absence of a ‘breakdown field’ for metals
Within this model we can understand the first
question raised by the data: why there is no
‘breakdown field’ for metals. This arises from the
extreme closeness in energy of the quantum states
in Figure 7.38. No matter in what direction an
electric field is applied, electrons in occupied
states are easily able to access vacant states and so
change their momentum.

In an insulator, things are rather different. The
quantum states with energy closest to the Fermi
energy are at the top of a so-called band of elec-
tronic states. If an electron is to move through the
crystal, it must find an unoccupied quantum state
into which it can move. In general, this requires
quite a lot of energy, of the order of an electron
volt or more. Since the available thermal energy
( ≈ k TB ) is of the order 1

40  electron volt, this kind
of process is very rare. The conduction process in
insulators is discussed further in §7.7.7, and the
distinction between insulators and metals is dis-
cussed again in the context of band theory in Web
Chapter W1.

The temperature-dependence of the resistivity
When an electron scatters from a lattice distortion
as described above, the lattice gives up momentum
∆p and energy ∆E to the electron. However as we
saw in §7.6.3, the lattice can lose energy only in
quantised amounts. In order to scatter an electron,

Example 7.17

Estimate the scattering time ∆∆∆∆t for mobile electrons
in copper at room temperature.

From Table 7.2 we estimate a number density of elec-
trons of n = 8.417 × 1028 m–3. Using Equation 7.84 we
estimate ∆t according to:

∆ = = × × ×
× × ×( )

≈ ×

−
−

−

t
m

nq

σ
2

31 7

28 19 2

14

9 1 10 5 98 10

8 417 10 1 60 10

2 5 10

. .

. .

. s

In this calculation we have taken the value
σ = 5.98 × 107 seimens for copper at 20 °C from Table
7.13.
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the amplitude of vibration of a displacement wave
with frequency f must be reduced such that the
energy tied up in the wave falls from ( )n hfph + 1

2

to ( )n hfph + −1
2 1 . Here nph  refers to the number

of phonons in the vibrational mode with frequency
f. Clearly this process cannot take place if nph < 1 .
Further it seems plausible that the process be-
comes more likely as the number of phonons asso-
ciated with that mode of vibration increases. Thus
at high temperatures, where there are many pho-
nons associated with each mode of vibration of the
lattice, electrons are more likely to be scattered,
and the ‘scattering time’ ∆t  in Equation 7.84 is
reduced.

The average number of phonons associated with a
displacement wave of frequency f is given by the
Bose–Einstein occupation factor (Equation 7.58)
as:

n
hf k Tph

B
= −

1

1exp( / )
(7.85)

If the temperature is high enough that k T hfB >>
then we may expand the denominator of Equation
7.85 to yield:

n
hf k T

k T

hfph
B

B= + +…[ ]− ≈1

1 1( / )
(7.86)

This indicates that at high temperatures, the num-
ber of phonons in any particular mode of vibration
is proportional to absolute temperature. Following
on from this argument, we would therefore expect
the ‘scattering time’ ∆t to be proportional to 1/T
and hence the resistivity to be proportional T. This
is indeed broadly what happens (Figure 7.36).

The argument above is certainly correct at tem-
peratures such that kBT is greater than the maxi-
mum phonon energy, i.e. when T > ΘD. However,
Figure 7.36 indicates that the linear behaviour
actually continues well below ΘD. This indicates
that the approximation in Equation 7.56 remains
valid even below ΘD. At first this might not seem
possible, but in fact we can understand it by ap-
preciating that the phonons which are actually
giving rise to most of the resistivity in metals have
frequencies well below the maximum possible
phonon frequency.

Commonness of metallic behaviour among
elements
Let us now turn to the question of why most ele-
ments are metals. This is what is known as ‘a good
question’: it is very difficult to answer in simple
terms.

As discussed in §6.5, the origin of metallic be-
haviour lies in the tendency for the outer (valence)
electrons on an atom to lower their energy by
spreading their wave function, allowing motion
from one atom to another. This tendency is quite
general and will occur unless electrons can lower
their energy more effectively in some alternative
way. As you may be aware, it is actually rather
rare to come across pure elements naturally, and
those one does find are rarely metallic. Normally
elements form chemical compounds in which the
outer electron of one element finds a low energy
quantum state to occupy on another atom. The
outer electrons are then bound to either one atom
or the other, or alternatively, are tied up in cova-
lent/ionic bonds.

In elements however, there is only one type of
atom. Hence electron transfer does not occur be-
cause the electron will merely find itself in an
identical situation on the neighbouring atom. Thus
in elements, the formation of delocalised states is
one of a limited number of strategies for reducing
the electron energies. If we chemically combine
metallic elements with the common insulating
elements, e.g. oxygen or nitrogen, then in general
the metallic properties are destroyed as the valence
electrons find low-energy, localised quantum
states.
Superconductors
The phenomenon of superconductivity is too com-
plex for us to attempt even a simple analysis of the
data in Table 7.15. However, the phenomenon is
so fascinating that I feel I must write a few words
on the subject. The key feature of all theories of
superconductivity is the appreciation that the
electron ‘gas’ described in §6.5 undergoes a kind
of ‘condensation’ at low temperatures. The elec-
tron ‘fluid’ which ‘condenses out’ from the elec-
tron ‘gas’ has the unusual properties that are char-
acteristic of the superconducting state.

In the transition of a normal molecular gas to a
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molecular liquid, the cause of the condensation is
a weak attractive interaction between molecules.
Similarly, a weak attraction between electrons is
the origin of the condensation into the supercon-
ducting state. However, for electrons in a metal it
is not at all obvious what the origin of this weak
attractive interaction between electrons might be.
In fact, so elusive was the source of this interac-
tion, that it took scientists around 40 years to work
out what it was!

In low-temperature superconductors, some elec-
trons within a metal can interact with other elec-
trons by distorting the lattice of ions. We say the
lattice mediates an attractive interaction between
electrons. In technical terms the electron–electron
attraction is actually an electron–phonon–electron
interaction. Thus metals with a strong electron-
phonon interaction, and hence a high resistivity,
are more likely to become superconductors. This
is why the best elemental conductors (Cu, Ag, and
Au), in which the electrons are weakly scattered
by phonons, do not become superconducting.

In high temperature superconductors the origin of
the attractive interaction between electrons is (at
the time of writing) still unknown, but is thought
to be of the form electron–something–electron.
Whoever discovers precisely what the something
is, will undoubtedly be destined for a Nobel Prize.

The resistivity of alloys
The resistivity of an alloy is larger than the resis-
tivity of either its component elements. For exam-
ple, data for an alloy of platinum (Pt) and its
neighbour in the periodic table iridium (Ir) ex-
tracted from Table 7.14 is shown below.

Pt Pt(10% Ir) Ir

9.81 × 10–8 24.8× 10–8 4.7 × 10–8

This data is at first hard to understand. Surely
adding 10 % of ‘low-resistivity iridium’ to
‘higher-resistivity platinum’ will lower the overall
resistivity? The answer to this question is ‘No’,
but in order to understand why, we have to think
again about the processes by which electron waves
are scattered.

On page 221 we discussed two ways in which
electrons could be scattered. We noted that in a
perfect lattice at absolute zero, electrons would
remain in their quantum states indefinitely. We
noted that it was deviations from the perfect pe-
riodicity of the lattice which scattered electrons,
and considered two ways in which a perfect lattice
might be disrupted: by lattice waves, or by impu-
rities of any kind. Importantly, any disruption will
cause an increase in resistivity. The appearance of
a plane of atoms in an alloy of two elements A
(e.g. Pt) and B (e.g. Ir) is illustrated in Figure 7.40.

Figure 7.40: Arrangements of atoms in a binary alloy.

Pure A

Pure B
Dilute alloy of B in A Dilute alloy of A in B

Dense AB alloy
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The resistivity of pure A or pure B arises entirely
from lattice waves (phonons) within the material
as discussed previously. In addition to this, the
resistivity of alloys has scattering contributions
from each of the impurities. For dilute impurities
(i.e. just a few per cent of A atoms substituted by
B atoms) it is fairly easy to identify which is the
‘pure’ substance and which is the ‘impurity’.
However for non-dilute alloys, estimates of the
resistivity are extremely difficult. It is worth not-
ing that the resistivity data for Pt(Ir) is evaluated
at 20°C and thus consists of both contributions
from impurities and from lattice vibrations.

7.7.4 Data on insulators in weak
electric fields

Conduction and polarisation
The simplest electrical property of electrical insu-
lators (or dielectrics, as they also known) is that
for small electric fields they are poor electrical
conductors! Neglecting the tiny electric current
that flows in response to the applied electric field,
the main effect of the electric field is to polarise
the material. This weakens applied electric fields
within the material to an extent measured by the

relative dielectric permittivity (or dielectric con-
stant) ε of the material (§2.2). From Table 7.16 it
seems that typical values of ε are in the range 2 to
10 for a variety of common solids. This is around
a factor 1000 greater than typical values for gases
(§5.6.1), but of a similar order to that found for
liquids (§9.7.3). However materials such as stron-
tium titanate and strontium zirconate show dra-
matically enhanced dielectric constants. This im-
plies that in these substances, an applied electric
field has an enormous effect on the distribution of
electric charge within the material.

So the main questions raised by our preliminary
examination of the experimental data on the elec-
trical properties of insulators are:
• Why is the difference of the dielectric con-

stant from unity ε – 1 in solids typically 1000
times greater than for gases?

• Why is the dielectric constant of some solids
anomalously large?

7.7.5 Understanding the behaviour of
insulators in weak electric fields
In this section we consider the data on the proper-
ties of insulators under weak static electric fields.
The response to rapidly varying electric fields is
covered in §7.9 on the optical properties of insu-
lators.Table 7.16 The relative dielectric permittivity ε of various

insulators (and semiconductors) The relative permittivity
of vacuum is exactly 1. All measurements refer to 20°C,
but are insensitive to small changes ≈ ±10°C around this
temperature.

Substance εεεε
Elements
Silicon Si 11.9
Germanium Ge 16.0
Ceramics
Alumina Al2O3 8.5
Strontium titanate SrTiO3 200
Strontium zirconate SrZrO3 38
Glass
Quartz SiO2 4.5
Borosilicate glass SiO2 with BO 4 – 5
Lead glass SiO2 with PbO 7
Plastics
Polyethylene 2.3
Polystyrene 2.6
Polytetrafluoroethylene PTFE 2.1
Polyamide Nylon 3 – 4

Example 7.18

A capacitor is made from two plates of metal of area
1 cm2 separated by 0.1 mm? Calculate the capaci-
tance if the intervening material is (a) air, (b) PTFE,
or (c) strontium titanate.

The capacitance of a parallel plate capacitor is given by
C = εεo A/L which for the capacitor in question is:

C = × × × = ×
=

− −
−

−ε ε
ε

8 854 10 10

10
8 854 10

8 854

12 4

4
12.

.

.

F

pF

From Table 5.16 we find ε (air) ≈ 1.000 and from Table
7.16 we find ε (PTFE) ≈ 2.1 and ε (SrTiO3) ≈ 200. Sub-
stituting for ε yields:

C = 8.86 pF air
C = 18.6 pF PTFE
C = 1771 pF strontium titanate
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Comparison with gases
In the discussion of the electric properties of gases
(§5.7) we saw that in order to understand the di-
electric constants of gases we had to divide gas
molecules into two classes:
• Those with a permanent ‘built-in’ electric

dipole moment, called polar molecules; and
• those without any ‘built-in’ electric dipole

moment, called non-polar molecules.
In an applied electric field both types of molecules
acquired induced electric dipole moments. In ad-
dition to this, polar molecules also experience a
torque that allows them to rotate in order line up
with the applied electric field. This additional
mechanism usually gives polar molecules a sig-
nificantly stronger response to applied fields than
non-polar molecules.

In a solid, the mechanism of molecular rotation is,
in general, not possible: atoms and molecules
within a solid are usually unable to rotate because
of the constraints of the bonds to neighbouring
atoms. Bearing this in mind we will make our first
attempt to understand the behaviour of the dielec-
tric constant of solids by considering a solid to be
the limit of a very dense gas, in which the mole-
cules cannot rotate. Clearly, this is not a sophisti-
cated model of a solid. However, as we shall see,
it is able to explain the first question raised by the
data: why the difference of the dielectric constant
from unity (ε – 1) in solids is typically 1000 times
greater than for gases.

Equation 5.109 predicts that for a non-polar gas:

ε α
ε

− =1
n

o

( 7.87)

where n is the number density of molecules and α
is the polarisability of a single molecule. For gases
we found values of 104(ε – 1) between 1 and 10
for non-polar molecules (Table 5.16) at STP. The
number density of gas molecules at STP is given
by:

n
P

k T
=

B

(5.87*)

which evaluates to:

n = ×
× ×

= ×
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(7.88)

For solids, number densities are closer to 1029 m–3

and so considering a solid as a dense gas we ex-
pect to find the dielectric constants enhanced by a
factor of approximately 1029 /2.68 × 1025 ≈ 3700.
Since values for 104(ε – 1) for gases were between
1 and 10, our predicted range of values of ε is
from 0.37 to 3.7. Comparison with Table 7.16
shows that this is indeed the correct order of mag-
nitude for the dielectric constants of most insula-
tors.

We have understood the order of magnitude of ε
as being due to the change in molecular number
density between a solid and a gas. We can now
interpret differences in ε between different solids
as being due to differences in either the number
density of the atoms in the solid, or α the ‘mo-
lecular polarisability’ of a solid. Notice that for
solids other than molecular solids, we can no
longer identify individual molecules within the
solid and so the molecular polarisability refers to
the polarisability of a chemical formula unit of the
solid. However, the molecular polarisability of a
solid still depends on the same factors that deter-
mined the polarisability of molecules.

Anomalously large values of ε
The remaining question to be answered from
§7.7.4 is why the dielectric constant of some sol-
ids is anomalously large. For example, strontium
titanate SrTiO3 has a value of  ≈ 200. Following
Equation 7.87 we see that since n cannot increase
by a factor of the order 20 from one material to
another, the origin of the enhanced value of must
lie in an enhanced ‘molecular’ polarisability α.

The enhancement of the polarisability is but one of
the extraordinary properties of strontium titanate.
The structure of SrTiO3 is complex, with both
covalent and ionic bonds. Importantly, the atoms
can arrange themselves in two different crystal
structures, which have nearly the same cohesive
energy. One arrangement is favoured at high tem-
peratures and another at low temperatures, with
the crossover between the two structures at around
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125 K. In the presence of an applied electric field,
all the positive ions are pulled in one direction,
and all the negative ions move in the opposite di-
rection. Because of the delicate balance between
the two crystal structures, an applied electric field
causes the ions within the crystal structure to
move anomalously large distances. and hence de-
velop an anomalously large electric dipole mo-
ment.

7.7.6 Data on insulators in strong
electric fields

Resistivity
As mentioned in the previous section, insulators
are poor conductors of electricity, but their con-
ductivity, though small, is still finite (Table 7.17)

The measured resistivity of an insulator depends
strongly on its purity and the temperature at which
the measurement is made. In general, increasing
the temperature dramatically lowers the resistivity.
The measured resistivity also depends on several
factors we might not at first have considered rele-
vant, such as the length of time we wait after the
applying the electric field before making the
measurement. The result also depends on whether
the surface of the experimental sample is rough or
smooth. Given these qualifications, the data of
Table 7.17 should be considered as only an indi-
cation of the order of magnitude of the result to be
expected. However, one things is clear: the resis-
tivity of insulators can be as much as 1020 greater
than the resistivity of metals.

Dielectric strength
If the strength of the electric field used to deter-
mine the resistivity of an insulator is increased,
then eventually the current rises dramatically, of-
ten catastrophically destroying the substance being
measured. This phenomenon is known as electri-
cal breakdown, and the value of electric field at
which breakdown occurs (known as the dielectric
strength) is of the order 10 1MV m− . This sounds
like an enormous electric field, but is not perhaps
quite so impressively large as it first appears. In
practical terms its corresponds to a voltage of
roughly 10 kV across a piece of material 1mm

thick, or a voltage of only 10 V across a piece of
material 1 µm thick. It is also of interest to put the
magnitude of the breakdown field in solids into
some sort of context. First, in Example 2.1(b) we
worked out a typical figure for the electric field
strength in the region of an atom of around 1011

V m–1. So when electrical breakdown occurs, the
field, the applied electric field ≈107 V m–1 is still a
tiny fraction of the intrinsic fields experienced by
electrons within the material. Second, we can
compare the dielectric strength with that of air at
25 °C and normal atmospheric pressure. In §5.7.3
we saw that this figure was 3.1 × 106 V m–1, so
solid insulators have dielectric strengths which are
of a similar order, though actually slightly greater
than, those found for gases at around room tem-
perature and pressure.

The main questions raised by our preliminary ex-
amination of the experimental data on the electri-
cal properties of insulators are:
• Why is the conductivity of insulators so much

worse than that of metals?
• Why does the dielectric strength of solid in-

sulators exceed those of gases at around room
temperature and pressure by a factor as great
as 10?

Table 7.17  Typical orders of magnitude of the resistivity
of some insulating substances at around room tempera-
ture. The data correspond to values of ρ determined one
minute after the electric field is applied.

Insulator ρρρρ (ΩΩΩΩ m) Insulator ρρρρ (ΩΩΩΩ m)

Alumina Al2O3 109 – 1012 Paper ≈1010

QuartzSiO2 ≈1016 PTFE 1015 – 1019

Diamond C 1010 – 1011 Polystyrene 1015 - 1019

Boron B 1010 – 1011 Varnish 107

Iodine I2 1013 Soil 102 –104

Glass 109 – 1012 Distilled water 102 –105

Table 7.18 Typical values (and ranges of values) of the
dielectric strength of some insulating substances.

Insulator Vm–1

Alumina, Al2O3 10 – 35 × 106

Sapphire, Al2O3 17  × 106

Quartz, SiO2 25 – 40  × 106

Beryllia 10 – 14  × 106
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7.7.7 Understanding the data on
insulators in strong electric fields

The conduction process in insulators
When we discussed the absence of a breakdown
field in a metal, we noted that conduction in an
insulator was by a quite different process from that
in a metal. The quantum states with the energy
closest to the Fermi energy are at the top of a so-
called band of electronic states. If an electron is to
move through the crystal, it must find an unoccu-
pied quantum state into which it can move. The
quantum states occupied by the most energetic
electrons can, for many purposes, be visualised as
being essentially localised at or near a particular
atom. When an electric field is applied, the elec-
trons in these states are unable to change quantum
state and remain bound to their ‘parent’ atoms.

In order to cause them to move through the crys-
tal, we must supply some energy ∆E to move an
electron from its quantum state around one atom
into a vacant quantum state around a neighbouring
atom. In metals ∆E is infinitesimally small, but in
an insulator it is usually a relatively large energy,
typically several electron volts. At room tempera-
ture the typical vibrational energy of an atom is
around kBT, which is around 1

40  of an electron
volt. The probability of an electron spontaneously
moving from to an unoccupied quantum state on a
neighbouring atom therefore contains a Boltzmann
factor term (§2.5) like:

probability factor
B

≈ × −∆



exp

E

k T
(7.89)

For a typical value of ∆E = 3 eV, the exponential
Boltzmann factor evaluates to exp(–120) ≈ 10–52.
This makes the process of excitation to a quantum
state in which electrical conduction is possible
extremely unlikely. However, unlikely as it is, it
still occurs. There is a low, but finite, rate at which
electrons are ‘freed’ into quantum states in which
they can conduct electricity.

However a ‘free electron’ electron in an insulator
will leave an uncompensated positive charge be-
hind, and will return to a localised quantum state
similar to that from which it derived relatively

Example 7.19

1 kV is applied across the two faces of a sheet of
glass 1 mm thick and with an area 1 cm ×××× 1 cm.
(a) Estimate the current which flows across the

sheet 1 minute after the electric field is applied?
(b) How many electrons per second does this cur-

rent correspond to?
(c) Estimate the number density of electrons able to

conduct electricity.

1000 V glasselectrode
electrode

(a) From Table 7.17 the expected resistivity is in the
range 109 Ω m to 1012 Ω m. To estimate the resistance
of the glass we use: R =ρL/A with L  = 10–3 m and
A = 10–4  m2. Substituting ρ = 109 Ω m we find:

R = × = Ω
−

−
10 10

10
10

9 3

4
10

And so we expect a resistance of between 1010 Ω and
1013 Ω. For a voltage of 1 kV Ohm’s Law tells us:

I
V

R
= = = −10

10
10

3

10
7  A

and so we expect a current of between 0.1 nA and 0.1
µA.

(b) A current of I ampere corresponds to:

n
I= × ≈ →

×−
− −

−1 6 10

10 10

1 6 1019

7 10

19. .

which evaluates to between 109 and 1012 electrons per
second.

(c) We use the general formula (Equation 7.84):

σ = ∆ne t

m

2

e

to evaluate n the charge carrier density . In this formula
me and e are the mass and charge of the electron, and ∆t
is the time over which a carrier is free to be accelerated
by the electric field. Estimating ∆t to have a similar
value to that found in metals, and substituting in orders
of magnitude only with σ = 1/ρ ≈ 10–9 S we have:

n
m

e t
= ∆ ≈ ×

× × ≈
− −

− − −
σ e m2

9 30

19 19 14
13 310 10

10 10 10
10

This may be compared with the number density of at-
oms of ≈ 1029 m3.
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quickly. This process is termed recombination. In
other words, carriers are not only created rela-
tively rarely, they are also destroyed relatively
quickly after their creation. As Example 7.19
shows, for a substance with a resistivity of 109

Ω m, on average there are only of the order of 1013

free electrons per cubic metre. This may be com-
pared with a typical value of roughly 1029 atoms
per cubic metre. Thus typically there is on average
only one carrier per 1016 atoms. The chance that
an electron on a particular atom will be in an ex-
cited state in such a substance is about a billion
times less than the chance of winning the UK na-
tional lottery.

This description of the conduction process allows
us to understand directly why insulators are poor
conductors. Further, the mechanism described
above also allows us to understand why the con-
ductivity depends strongly on temperature. As-
suming ∆ =E 3 eV  we may evaluate the Boltz-
mann factor:

exp
−∆









E

k TB

(7.90)

for T = 293 K (20 °C) and T = 303 K (30 °C).  At
20 °C the factor evaluates to 2.5 × 10–52 and at
30 °C it evaluates to 1.25 × 10–50. Thus heating the
substance by 10 °C increases the rate of carrier
formation by a factor ≈ 100.  We will see in the
next section that this sensitivity to temperature is
at the heart of understanding breakdown in solids.

Dielectric strength
The detailed mechanism of dielectric breakdown
in solids differs considerably from that in gases
(§5.6.4). However, the two processes do have
some features in common. In both processes there
is a low density of charge carriers in equilibrium
and breakdown occurs when each carrier can on
average create at least one more carrier before it is
removed from the conduction process. In other
words, both processes are avalanche effects. In
gases, electrons and ions create new carriers by
ionisation of neutral molecules. In solids, electrons
create a region which is hotter than the equilib-
rium temperature, making it considerably more
likely that a new carrier will be formed locally.

Let us again consider the case of the insulator we
considered above with an excitation energy of
∆E = 3 eV between states on neighbouring atoms.
Suppose that a carrier is created and travels one
lattice spacing a before being lost to the conduc-
tion process. In an electric field E Vm–1 it will
have acquired an extra Ea electron volts of energy
from the electric field. For E ≈ 107 Vm–1 (typical
of the values in Table 7.18) and a ≈ 0.3 nm this
amounts to 3 × 10–3 eV of energy. If this energy is
given up to vibrations of the atom on which it now
resides, this is equivalent to local heating. So what
temperature rise does this correspond to? Al-
though the actual calculation is quite tricky, we
can get a sense of the orders of magnitude in-
volved by considering the following. At
T ≈ 293 K:

k TB eV = 25 10  eV≈ × −1
40

3 .

Thus locally the effective temperature is increased
such that:

k TB 25 3 eV

28 eV

≈ × + ×
≈ ×

− −

−
10 10

10

3 3

3

which corresponds to T ≈ 325 K. The Boltzmann
factor governing the rate of carrier formation is

Example 7.20

In a transistor, which forms part of many microcir-
cuits, a potential difference is applied between two
regions of the circuit. The so-called gate electrode is
separated from the conducting channel of the tran-
sistor by a thin layer of silicon dioxide, SiO2, which is
a good electrical insulator. In order to make circuits
smaller this layer must be made thinner and thinner.
If the breakdown field for SiO2 is 40 ××××  106 V m-1,
what is thinnest layer that can be made if the applied
voltage is 5 V?

Simply, the electric field in the SiO2 layer is given by:

E
V

d
=

so the minimum thickness of the layer is given by:

d
V

E
≥ ≥ ×
≥ × ≈−

max

71.2 10 m 120  nm

5

4 107
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thus increased to 3 × 10–47. So it is now around 105

times more likely than previously that an electron
carrier will be created in this region.

This amplification of probability is exactly the
kind of process which gives rise to avalanche, and
will eventually create a hot, high carrier density
region (a plasma) within the solid. Typically this
region will grow rapidly and breakdown will take
place, potentially vaporising the insulator in the
process.

The physics of conduction and breakdown in in-
sulators is considerably more complex than I have
indicated above. However, even in this simple
analysis we have been able to understand the fun-
damental processes underlying electrical conduc-
tion and breakdown. We will consider these con-
duction processes again when we discuss conduc-
tion in semiconductors (§7.7.9).

7.7.8 Data on semiconductors
Semiconductors are indicated on Figure 7.34 as
having a resistivity at room temperature of around
1 Ω m. This is around a million times higher than
metals, but more than a million times lower than
the insulators discussed in §7.7.6. As with insula-
tors, the resistivity of semiconductors depends
strongly on the purity and temperature of the
semiconductor.

Figure 7.41 shows the sensitivity of the resistivity
of silicon to phosphorus impurities. The main
feature to note is that low levels of impurity, even
at the level of a few parts per million, significantly
reduce the resistivity. This is in direct contrast to
metals, where we saw that resistivity is increased
by the addition of impurities. The highest concen-
tration shown in Figure 7.41 corresponds to a re-
placement of around 1% of silicon atoms with
phosphorus atoms, and the resistivity is about 100
times higher than the resistivity of typical metals.

Figure 7.42 illustrates the sensitivity of the resis-
tivity of silicon to temperature. The main feature
to note is that resistivity decreases dramatically as
the temperature is increased. This is in direct con-
trast to metals, where we saw that resistivity in-
creases as the temperature increases.

So the questions raised by our preliminary exami-
nation of the experimental data on the electrical
resistivities of semiconductors are:
• Why does the resistivity of semiconductors

increase strongly with decreasing tempera-
ture?

• Why does the resistivity of silicon decrease
when small amounts of other elements are
added as impurities?

Figure 7.41 The resistivity at 300 K of silicon alloyed with
small amounts phosphorus, both plotted on logarithmic
axes. Alloying at this low level – the highest impurity
concentration shown is just over one P atom for every
100 Si atoms – is generally referred to as doping. Notice
that doping phosphorus dramatically reduces the resistiv-
ity of the silicon even at low levels. Notice also that even
at its lowest value the resistivity is 100 times worse than
that of typical metallic elements (Figure 7.34).
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Figure 7.42 Calculation of the resistivity of relatively pure
silicon plotted on a logarithmic scale versus temperature.
Also shown for contrast is the resistivity of platinum also
plotted on Figure 7.35.  Note: The silicon data has been
calculated from data tabulated in various sources. It
should be taken as indicative of the trend of data only.
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7.7.9 Understanding the electrical
properties of semiconductors
We approach the behaviour of semiconductors by
considering them to be essentially insulators. As
discussed in §7.7.7, the conduction process in in-
sulators is dramatically different from that in met-
als. When considering insulators we saw that the
main effect of an applied electric field was to po-
larise the electronic structure around the atoms of
the substance. Only occasionally did local fluc-
tuations conspire to excite an electron from a
bound quantum state to a state in which conduc-
tion was possible. The difference between the term
insulator and semiconductor lies only in the mag-
nitude of ∆E , the energy required to excite an
electron into a quantum state in which electrical
conduction is possible.

Background theory

The creation of charge carriers
The arrangement of quantum states on an atom of
semiconducting substance is shown in Figure 7.43.
A low-energy quantum state, generally corre-
sponding to an electron taking part in a covalent
bond, is occupied by an electron. There is also a
higher-energy quantum state, which is in general
empty. The relative probability of occupancy of
the two quantum states is proportional to a Boltz-
mann factor (§2.5). Thus, the relative probability
that the higher energy of the two quantum states is
occupied is proportional to:

P
E

k T
∝ −∆



exp

B
(7.91)

For semiconductors, the energy gap ∆E is rather
less than for insulators, typically of the order of
1 eV. However the Boltzmann factor in Equation
7.79 is still extremely small: at room temperature
it is typically exp(– 40) ≈ 4 × 10–18. This is much
greater than for the insulators, but still leads to a
slow rate of excitation of electrons into the upper
quantum state.

Notice that when an electron is in the upper
quantum state it is able to conduct electricity. In
an applied electric field, the electron may move
into a neighbouring quantum state, which is al-
most certainly empty, and so move through the
crystal. This contrasts with the situation when
there are no excited electrons. In this case elec-
trons cannot move easily onto neighbouring atoms
because there is no low-energy quantum state
available for them. In order to move into an upper
quantum state an electron would require ∆E  of
energy, which it would have to acquire at the ex-
pense of the electric field. If the spacing between
atoms is a, then the electric field would have to
exceed ∆E/a V m–1, which amounts to roughly
109 V m–1: well in excess of the breakdown field.

So thermal excitation of electrons into the upper
quantum state makes them available for an electric
field to draw them into a conduction process. No-
tice also that the atom the electron has left now
has an vacant lower-energy quantum state. This
allows neighbouring electrons to move into this
quantum state as shown in Figure 7.44 (c) and (d).
In this process, the vacant lower quantum state is
effectively transferred in the same direction as the
applied electric field. Since this vacant state has an
uncompensated positive electric charge, we see
that the excitation of single electron allows con-
duction in the lower quantum states. This conduc-
tion process is quite distinct from the conduction
associated with the motion of electrons.

Carrier recombination
Notice that if no external electric field acts on the
semiconductor, then the excited electron will still
be attracted to its ‘original’ atom by the uncom-

Figure 7.43 An illustration of the situation on an atom of
semiconducting substance at T  = 0 K. A low-energy
quantum state is occupied, and a higher-energy quantum
is empty. The energy difference ∆E between the two
states is very much greater than kBT.  The figure is drawn
approximately to scale so that if ∆E is 1 eV, then kBT is ≈
1/40 eV, the value of kBT at around room temperature.

∆E

kBT

Quantum state#2
(empty)

Quantum state#1
(occupied)
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pensated positive charge. After a short time, the
electron will in general return to its low-energy
quantum state, giving up its excess energy in the
form of a photon and/or a phonon. This process is
called carrier recombination and ‘annihilates’ two
charge carriers.

Terminology
The lower-energy quantum states are generally
referred to as valence states, and the upper quan-
tum states as conduction states. Electrons in the
conduction states are called electron carriers and
the vacant valence states left behind by a excited
electron carrier are called hole carriers.

In equilibrium
At a temperature T in a semiconductor, electron
and hole carriers are created at a characteristic rate
which is proportional to exp( / )−∆E k TB . After a
short while these carriers annihilate. Thus at any
instant there is an equilibrium concentration of
electron carriers and hole carriers able to conduct
electricity. These carriers form two dilute inter-
penetrating charged ‘gases’ within the semicon-

ductor as shown in Figure 7.45. Notice that be-
cause of the way they are created, the number den-
sities of hole and electron carriers are equal. Also,
because of the exponential dependence of the
creation rate, the number density of both types of
carriers increases rapidly with increasing tem-
perature.

Conductivity
Consider a single charge carrier with charge q
within the semiconductor. Under the action of an
applied electric field, carriers make transitions
from quantum state to quantum state, and so move
through the crystal (Figure 7.44 (c) and (d)). The
rate at which these transitions are made depends
on details of the quantum states involved and, in
general, is not equal for the hole and electron car-
riers. Since the rate at which the electron is accel-
erated by an electric field would normally be de-
termined by its mass, we characterise the rate at
which these transitions are made by means of an
effective mass m∗ . In a manner similar to the case
for electrons in metals (Equation 7.84) we derive
an expression for the drift velocity ∆v  of the

Figure 7.44 The situation of electrons within a semiconducting substance. (a) At T = 0 K the electrons occupy the low-
est energy states, but (b) above T = 0 K a few higher energy states are populated. In (c) and (d) T > 0 K and an applied
electric field causes electrons to move to neighbouring quantum states. Notice that field makes the electron in the upper
state move one way, and the uncompensated positive charge in the lower quantum state move in the opposite direction.

(a) At T = 0 K (b) T > 0 K (c) Applied electric field (d) Applied electric field
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Figure 7.45. A region of a
semiconductor with the lat-
tice of atoms represented by
a grey box. The number
densities of hole and elec-
tron carriers are equal, and
increase strongly with tem-
perature. In fact the change
in density with temperature
is much more dramatic than
figure indicates.

(a) Low temperature (b) High temperature
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charge carriers. We start with Newton’s law:

F m
v

t
= ∆

∆
∗ (7.92)

where ∆t is average time between scattering
events, and F is the extra force on the electrons
due to the external electric field (qE). Rearranging
this as an expression for the drift velocity we find:

∆ = ∆∗v
qE

m
t (7.93)

Using a similar argument to that following Figure
7.83 we may write the current density due to a
carrier density n of such carriers as:

j nq
q t

m
E= ∆



∗ (7.94)

If we have two such ‘gases’ of carriers, one of
which is composed of hole carriers and the other
of which is composed of electron carriers, then the
current density will be given by:

j n q
q t

m
E n q

q t

m
E= ∆
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(7.95)

I have used the subscripts ‘h’ and ‘e’ to refer to
hole and electron carriers respectively. The quan-
tity q t m∆ ∗/  that I have drawn in brackets in the
above equations is known as the carrier mobility,
µ. In terms of µ we may write an expression for
the conductivity as:

j n q n q E

n q n q

= +[ ]

= +

h h e e

h h e e

µ µ
σ

σ µ µ

1 244 344
(7.96)

Comparison with experiment
We can understand the temperature-dependence of
the resistivity of semiconductors in terms of a
temperature-dependence of the terms in Equation
7.96. Since the charge q on either type of carrier is
unlikely to change with temperature, we concen-
trate our attention on the temperature-dependence
of the mobility, µ, and the carrier density, n.

The temperature dependence of the mobility
The mobility of a carrier is defined by:

µ = ∆
∗

q t

m
(7.97)

From our study of metals, we would expect the
carrier lifetime ∆t to change with temperature.
However, we would expect in general that the
carrier lifetime would get shorter at high tem-
peratures, which would cause an increase in resis-
tivity at higher temperatures: this is exactly the
opposite of what is observed. The details of the
quantum states that determine m∗  do not change
strongly with temperature and we cannot explain

Example 7.21

Estimate number density of electron and hole carri-
ers in pure silicon at 300 K.

Let us first estimate the mobility of the carriers accord-
ing to Equation 7.97: µ=q∆t/m*. Since we have no di-
rect information on the quantities in this equation we
must make some plausible guesses. We estimate the
effective masses of both types of carrier are of the order
of the mass of a free electron me and that the scattering
lifetime of carriers is similar to that which we worked
out for copper in Example 7.16 ≈ 2.5 × 10–14 s. We thus
write the mobility of either hole or electron carriers as:

µ µ µ
µ
e h

1C s kg

≈ ≈
≈ × × ×

×
= ×

− −
−

− −

1 6 10 2 5 10

9 1 10

4 4 10

19 14

31

3

. .

.

.

(Note: This is in fact a significant underestimate of the
mobility). Recalling that we expect nh = ne we therefore
write Equation 7.96 as:

σ µ= 2nq

where n is the number density of either holes or elec-
trons. Rearranging to solve for n we find:

n
q q

≈ ≈

= × × × × × ×
≈ ×

− −
−

σ
µ ρ µ2

1

2

1

2 3 10 1 6 10 4 4 10

2 4 10

3 19 3

17

. .

. m 3

where we have used ρ ≈ 3 × 103 at around 300 K read
from Figure 7.42.
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the changes in resistivity as being due to changes
in m∗ . So we expect the mobility of either elec-
trons or holes to fall slightly, but not dramatically,
as the temperature is increased.

The temperature-dependence of the carrier
density
The source of the temperature-dependence of the
resistivity lies in the temperature-dependence of
the number density of charge carriers. As we saw
above, the rate at which electrons make transitions
to conduction states (and hence the creation rate of
hole and an electron carriers) is proportional to
exp( / )−∆E k TB . However the recombination rate
does not increase so dramatically. It will still in-
crease because there is now an enhanced probabil-
ity of an encounter between a hole and an electron
carrier. Overall, this leads to an exponential tem-
perature dependence of the equilibrium number
density of charge carriers.

The estimate of Example 7.21 is extremely in-
structive. There are roughly 1029 atoms per cubic
metre in silicon, and so a carrier density of
2 4 1017. ×  per cubic metre corresponds to around
one carrier for 1012 atoms. Even given the uncer-
tainties and assumptions involved in this calcula-
tion, the key result remains. The density of the
gases of electron and hole carriers that occur
spontaneously within silicon is extremely low.

The effect of impurities on the resistivity of
silicon
Example 7.21 indicates that the number density of
either hole or electron carriers in silicon at room
temperature is extremely small, around 1 carrier
for every 1012 silicon atoms. This is the number of
carriers which exist due to processes intrinsic to
the silicon lattice itself. When an impurity is
added to silicon in such a way that it replaces the
silicon atom within the lattice, then quantum states
in the region of the impurity are altered. For some
impurities, this alteration is such as to make it
much easier to create either a hole (a so-called p-
type impurity) or an electron carrier (a so-called n-
type impurity). If each impurity atom creates one
carrier, impurities present in silicon at a level of 1
impurity atom per 109 silicon atoms will create
around 1000 times more carriers than occur intrin-

sically within the silicon. This is the origin of the
extreme sensitivity of the resistivity of semicon-
ductors to impurities. The excess carriers which
are created as a result of impurities, are known as
extrinsic carriers. Please notice the staggering pu-
rities involved. For almost all substances, purity at
a level of around 1 part per million is considered
‘extremely pure’. However, for silicon at room
temperature, we would not observe the intrinsic
electronic behaviour until we made the substance
around a million times purer than this!

The effect of n-type (donor) impurities
Let us consider the way in which the quantum
states within a lattice are affected when an atom of
phosphorus is substituted for an atom of silicon
(Figure 7.46).

Phosphorus has five valence electrons, one more
than silicon, and one extra nuclear charge. The
extra electron will occupy the next available
quantum state, which will be at roughly the same
energy as the empty conduction states in silicon.
However, in general, the quantum state is at a
slightly lower energy than the conduction states in
silicon. This is because of the electrical attraction
of the extra nuclear charge.

Notice that the energy required to remove this
extra electron and place it in a conduction state on
the silicon atom, ∆Ed , is much less than the ∆E
required to remove an electron from a valence
state and place it into a conduction state. The re-
duction is in fact quite dramatic. For example, for
silicon the energy gap ∆E  is around 1.1 eV, but
the ∆Ed  is only 0.044 eV. At room temperature,
where k TB  is around 0.025 eV, it becomes highly
likely that the electron derived from the phospho-
rus impurity will be able to move easily into the
conduction states. Thus each phosphorus impurity
effectively donates one electron to the number
density of electron carriers. But notice that in this
process, no equivalent hole carriers have been
created.

So we see that phosphorus impurities in silicon at
a level of 1 part per billion can easily create suffi-
cient electron carriers to completely dominate the
conduction process.
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The effect of p-type (acceptor) impurities
Let us consider the way in which the quantum
states within a lattice are affected when an atom of
aluminium is substituted for an atom of silicon
(Figure 7.47).

Aluminium has three valence electrons, one less
than silicon, and one less nuclear charge. Thus the
valence quantum state which is occupied in silicon
is empty at the aluminium impurity. The empty
aluminium valence state will be at roughly the
same energy as the occupied valence states in sili-
con. However, in general, the quantum state is at a
slightly higher energy than the valence states in
silicon. This is because of the attraction effect of
the nuclear charge in aluminium is less than in

silicon. Notice now that the energy required to
remove an electron from a valence state in silicon
and place it into the empty state on the aluminium
atom ∆Ea  is much less than the ∆E  required to
remove an electron from a valence state and place
it into a conduction state. Just as for donor impu-
rities, the reduction is dramatic. For example, for
silicon the energy gap ∆E  is around 1.1 eV, but
∆Ea  is only 0.057 eV. At room temperature,
where k TB  is around 0.025 eV, it is highly likely
that the electrons will be able to move easily into
this acceptor state. Notice that each aluminium
impurity effectively accepts an electron and hence
creates a hole carrier in the valence states of sili-
con, but no equivalent electron carrier is created.

Figure 7.46 The mechanism by which a donor impurity
causes an increase in the number of carriers available for
conduction. (a) At T = 0 K, the extra electron on the
phosphorus impurity is in a quantum state with an energy
just below the conduction quantum states on neighbour-
ing ions. The energy ∆Ed required to ‘ionise’ the impurity
and place the donated electron into the conduction states
is much less than the band gap ∆E. Thus at relatively low
temperatures the electron leaves its localised quantum
state and an electron carrier is created in the conduction
band. (b) Notice that unlike the case of a carrier arising
from processes intrinsic to the silicon, the electron carrier
in the conduction states does not have a partner hole
carrier in the valence states. There is however an immo-
bile net positive charge left on the phosphorus impurity.

Si Si Si P Si Si Si

Si Si Si P Si Si Si
+

kBT
∆E

∆Ed

kBT

∆E

∆Ed

(a)

(b)

Figure 7.47 The mechanism by which an acceptor impu-
rity causes an increase in the number of carriers avail-
able for conduction. (a) At T = 0 K, the quantum state on
an aluminium equivalent to the valence state in silicon is
unoccupied. The energy of this state is just above the
valence quantum states on neighbouring ions. The en-
ergy ∆Ea required by an electron to occupy this quantum
state is much less than the band gap ∆E. At relatively low
temperatures, this capture can occur with high probability
resulting in the creation of a hole carrier in the valence
states of the silicon. (b) Notice that unlike the case of a
carrier arising from processes intrinsic to the silicon, the
hole carrier in the valence states does not have a partner
electron carrier in the conduction states. There is how-
ever an immobile net negative charge left on the alumin-
ium impurity.
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7.8 Thermal conductivity

7.8.1 Introduction
The thermal conductivity of a substance is a
measure of the ease or difficulty with which heat
flows through the substance. Good thermal con-
ductors, such as many metals, have high values of
thermal conductivity. Poor thermal conductors,
such as many electrical insulators or fibrous mate-
rials, have low values of thermal conductivity.

The thermal conductivity of a substance is defined
by the equation:

d

d

d

d

Q

t
A

T

x
= −κ (7.98)

In this equation:

d

d

Q

t
 is the rate of heat flow (W)

κ is the thermal conductivity, (W m–1 K–1 )
A is the cross-sectional area across

which heat is flowing (m2)
d

d

T

x
is the temperature gradient (K m–1 )

The minus sign in Equation 7.98 indicates that
heat flows against the temperature gradient, from
high temperatures to low temperatures.

7.8.2 Data on the thermal conductivity
of solids
The thermal conductivity data of some solid ele-
ments is given in Table 7.19, and summarised in
Figure 7.48.

The most striking feature of the data is the aston-
ishing thermal conductivity of diamond, between
two and five times greater than copper at room
temperature.

Perhaps surprisingly, the metallic elements do not
show up as being dramatically better conductors
of heat than the electrically insulating elements.
However, there is a distinct difference between the
temperature-dependence of the thermal conduc-
tivity. In particular, the thermal conductivity of

insulators falls more rapidly than that of metals as
the temperature is increased. We should note how-
ever that the elemental insulators in Table 7.19
refer to rather specialised materials which are
quite different from the day-to-day substances we
refer to as ‘insulators’. The thermal conductivities
of a variety of materials (including those we

Figure 7.48  Selected data from Table 7.19 The upper
graph shows the data for all the insulators and semicon-
ductors in Table 7.16 with the exception of diamond. The
thermal conductivity of diamond is so much greater than
any other material that it distorts the scaling of the graph.
The two unlabelled curves close to the temperature axis
belong to tellurium and sulphur. The lower graph shows
the data for a selection of metals. The vertical scale is the
same as the upper graph showing that a typical value of
the metallic conductivity is slightly greater for insulators.
More striking is the different temperature dependence
shown by metals and insulators. The metals show a less
pronounced temperature dependence. In general the
thermal conductivity appears to increase with decreasing
temperature. However, two of the insulators show peaks
in thermal conductivity as the temperature is lowered.
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would more commonly refer to as thermal insula-
tors, such as wool) are given in Table 7.20. Notice
that in the alloy section of Table 7.20, the thermal
conductivity of bronze (made from 90% copper
and 10% tin) is closer to that of tin than copper.

So the main questions raised by our preliminary
examination of the experimental data on the ther-
mal conductivity of solids are:
• Why does the thermal conductivity of ele-

ments fall into two classes, electrical con-
ductors and electrical insulators, distinguished

by the temperature-dependence of their ther-
mal conductivity?

• Why, in general, does the thermal conductiv-
ity of most solids increase on cooling, with
some materials showing a peak in the thermal
conductivity as the temperature is lowered?

• Why are the thermal conductivities of the
elemental solids large compared with those of
gases (Table 5.4)? However, many common
materials such as wool or paper have values
that are similar to those of gases?

Element Temperature (K)

and type of material 73.2 K 173.2 K 273.2 K 373.2 K 1273 K
Lithium, Li M 94 86 82 47 59
Beryllium, Be M 367 218 168 129 93
Boron, B I 72 32 19 11 10
Carbon (Graphite), C I 70–220 80–230 75–195 50–130 35–70
Carbon (Diamond), C I 1700–4900 1000–2600 700–1700 — —
Sodium, Na M 141 142 88 78 60
Magnesium, Mg M 160 157 154 150 —
Aluminium, Al M 241 236 240 233 92
Silicon, Si SC 330 168 108 65 32
Phosphorous, P I 20 13/0.25 0.18 0.16 —
Sulphur, S I 0.39 0.29 0.15 0.17 —
Potassium, K M 105 104 53 45 32
Scandium, Sc M 15 16
Titanium, Ti M 26 22 21 19 21
Vanadium, V M 32 31 31 33 38
Chromium, Cr M 120 96.5 92 82 66
Manganese, Mn M 7 8 — — —
Iron, Fe M 99 83.5 72 56 34
Cobalt, Co M 130 105 89 69 53
Nickel, Ni M 113 94 83 67 71
Copper, Cu M 420 403 395 381 354
Zinc, Zn M 117 117 112 104 66
Gallium, Ga M 43 41 33 45 —
Germanium, Ge SC 113 67 46.5 29 17.5
Selenium (c-axis), Se I 6.8 4.8 4.8 — —
Rubidium, Rb M 59 58 32 29 22
Yttrium, Y M 16.5 17 — — —
Zirconium, Zr M 26 23 22 21 23
Niobium, Nb M 53 53 55 58 64
Molybdenum, Mo M 145 139 135 127 113
Technetium, Tc M — 51 50 50 —
Ruthenium, Ru M 123 117 115 108 98
Rhodium, Rh M 156 151 147 137 —
Palladium, Pd M 72 72 73 79 93
Silver, Ag M 432 428 422 407 377
Cadmium, Cd M 100 97 95 89 445
Indium, In M 92 84 76 42 —
Tin, Sn M 76 68 63 32 40
Antimony, Sb M 33 25.5 22 19 27
Tellurium(c-axis), Te I 5.1 3.6 2.9 2.4 6.3

Table 7.19 Thermal conduc-
tivity κ  of solid elements
(W K–1 m–1) as a function of
absolute temperature. The
shaded entries refer to data
above the melting temperature
of the element. The labels  M,
I and SC stand for  metal,
insulator  and semiconductor
respectively. The two results
for phosphorus at 173.2 K
correspond to different crystal
structures known as ‘black’
and ‘yellow’ phosphorus  re-
spectively.
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7.8.3 Understanding the thermal con-
ductivity of solids

Background theory
Thermal energy can be transferred through a solid
in two quite distinct processes.

In the first process, heating a region of the solid
causes an increase in the amplitude of atomic vi-
brations in that region. The mechanism of heat
transfer is quite simple. Consider an atom A with a
large vibrational amplitude, interacting with a
neighbouring atom B with a smaller vibrational
amplitude. A will tend to lose energy until the av-
erage energies per degree of freedom of A and B
are equal. Since the average energy per degree of
freedom is directly related to the temperature, the
exchange of energy takes place until the local
temperatures at A  and B  are equal. In terms of
phonons (§7.2), the increased amplitude of atomic
vibration is described as the creation of phonons,
technically an increased number density of pho-
nons n Tph ( ). These phonons then travel at the
speed of sound to the colder regions of the lattice
taking with them the excess energy of vibration
from the hotter regions.

In the second process, which takes place only in
metals, ‘free’ electrons can accept a small amount
of thermal energy and then carry it to colder re-
gions of the metal. Notice that in metals this sec-
ond process takes place in addition to the first
process and so, other things being equal, we would
expect metals to have a higher thermal conductiv-
ity than insulators.

Both processes may be analysed in a manner
analogous to that used to examine the thermal
conductivity of gases (§5.4: Figure 7.48). In these
analogies, the first process described above is
analysed as a gas of phonons and the second proc-
ess as a gas of electrons.

Detailed analysis
In what follows, we consider a ‘gas’ in which
there is a temperature gradient, and consider ‘par-
ticles’ striking an area A perpendicular to the tem-
perature gradient. This analysis could be applied
to any gas. However, as we use the terms ‘gas’
and ‘particle’, you should bear in mind that at the
end of this section, we will apply the formulae we
develop first to a phonon gas, and then second to
an electron gas.

Table 7.20 Thermal conductivity of a variety materials (WK–1 m–1 ). The tables refer to metallic alloys, refractory materi-
als, i.e. those suitable for use in high temperatures without degradation, and a selection of everyday materials.

173.2K 273.2K 373.2K 573.2K 873.2K 973.2K 1473.2K

Brass (Cu70%,Zn30%) 89 106 128 146 — — —
Bronze (Cu90%,Sn10%) — 53 60 80 — — —
Carbon steel 48 50 48.5 54.5 — 30.5 —
Silicon steel — 25 28.5 31 — 28 —
Stainless steel — 24.5 25 25.5 — 24.8 —
Alumina (Al2O3) — 40 28 — 9.2 — 5.7
Beryllia (BeO) — 300 213 — 61 — 22
Fire brick — — — — 1.1 — 1.3
Silica (SiO2) fused quartz — 1.33 1.48 — 2.4 — —
Zirconia (ZrO2) — — 1.8 — 2.0 — 2.2

Substance κκκκ    (WK–1 m–1) Substance κκκκ    (WK–1 m–1) Substance κκκκ    (WK–1 m–1)

Brick wall ≈1 Porcelain 1.5 Glass wool 0.037
Plaster ≈0.13 Rubber ≈0.2 Cotton wool 0.03
Timber ≈ 0.15 Polystyrene ≈0.1 Sheep’s wool 0.05
Balsa wood ≈0.06 Glass (crown) 1.1 Nylon 0.25
Paper 0.06 Glass (flint) 0.85 Epoxy resins ≈0.2
Cardboard 0.21 Glass (pyrex) 1.1 Cellular polystyrene ≈0.04
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As we did for molecular gases in §5.5.2, we con-
sider an area A within the gas perpendicular to a
temperature gradient. On average, particles strik-
ing A have a travelled a mean free path λmfp  with-
out any ‘collisions’. So they bring with them
thermal energy characteristic of the region about
λmfp  distant. Now particles strike A from both the
hotter side and the colder side, but there may be
more particles striking A from one side or the
other. Alternatively, the average energy they bring
with them may be greater for particles arriving
from one side or the other. In either case, there
would be a net heat flux across A. In this analysis
we make the following assumptions.
• The average speed of the particles, v , is rela-

tively weakly affected by temperature. This is
true in both for the electron and the phonon
gas we will consider, but would not be true a
molecular gas.

• The number of particles crossing unit area per
second is given by Equation 4.39 as 1

4 nv ,
where n is the number density of the particles.
We will consider that in general the number
density of particles may change with tem-
perature, i.e. n n T= ( ).

• Each particle brings with it on average a
small amount of energy, which may be passed
on to other particles in a collision.

Combining these three assumptions, we estimate
that the rate of energy flow due to particles cross-
ing area A from the hotter side at x x+ d  is:

d

d th
Q

t
n T T v A E T T

+
= + ∆ × × + ∆1

4
( ) ( ) (7.99)

Similarly, the rate of energy flow due to particles
crossing area A from the colder side at x x− d  is:

d

d th
Q

t
n T T v A E T T

−
= − ∆ × × − ∆1

4
( ) ( ) (7.100)

The net rate of energy flow is therefore just the
difference between Equations 7.100 and 7.99:
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which simplifies to:
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d th

th

Q

t
vA n T T E T T

n T T E T T

= + ∆ + ∆[
− − ∆ − ∆ ]

1

4
( ) ( )

( ) ( )
(7.102)

From the above equation, you may be able to see
that heat is transferred because the temperature
gradient causes a gradient in either:
• the number density of particles, or
• in their average energy, or
• both these terms.
Since gradients in either or both terms can give
rise to heat flow, and since they occur as product,
let’s just consider gradients of the product of the
two terms. Writing the product n T E T( ) ( )th as a
single quantity, nE Tth ( )  we have:

d

d
th

th

Q

t
vA nE T T

nE T T

= + ∆[
− − ∆ ]

1

4
( )

( )
(7.103)

If we expand nE Tth ( )  to first order we find:

Figure 7.49 Simplified illustration of the calculation of
thermal conductivity of ‘a gas’. This is the same as figure
5.20, but now we are applying it more generally to pho-
non and electron gases instead of just molecular gases.

The Figure shows three planes in ‘a gas’ perpendicular to
a temperature gradient. The separation of the planes is
λmfp. the mean free path of the particles. Thus particles
that are travelling in the appropriate direction in either the
top or the bottom plane will (probably) cross the central
plane before colliding. Energy is carried across A in both
directions, but on average more energy flows across A
from the plane in the hotter region of the gas. The analy-
sis of the thermal conductivity centres on the problem of
evaluating the net energy flow across an area A .

λmfp

λmfp

Area, A

x

x – ∆x
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Subtracting the two terms in Equation 7.104
yields:
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Finally, we may substitute for ∆T  using:

∆ =T
T

x

d

d mfpλ (7.106)

Rewriting Equation 7.105 using this substitution,
we arrive at an expression for the heat flow in
terms of the temperature gradient:
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If we rearrange this equation so that we can easily
compare it with the standard form of Equation
7.98, we can derive an estimate for the thermal
conductivity:
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So our efforts above have arrived at an expression
for the thermal conductivity of a gas that depends
upon:
• the mean speed v  of the particles of the gas
• the mean free path λmfp  of the particles of the

gas
• the rate at which the product nE th  changes

with temperature.
Each factor in Equation 7.108 is difficult to esti-
mate. However, the value of the last term
d dth( ) /nE T  is the most problematic. For this rea-
son, we restrict ourselves to trying to understand
only the temperature-dependence of the thermal
conductivity, rather than its absolute magnitude.

Let us now move on to see how Equation 7.108
can help us understand the temperature-
dependence of the thermal conductivities, first in
insulators and then in metals.

Electrical insulators: a phonon gas
For electrical insulators, there are no ‘free’ elec-
trons to carry excess thermal energy. So we as-
sume that it is the vibrations of the lattice alone
that are responsible for heat transfer. We will es-
timate the temperature dependence of the thermal
conductivity of a phonon gas by considering how
Equation 7.108 applies in detail to such a gas.

The data given in Table 7.16 refer mainly to tem-
peratures which are greater than (or at least of the
order of) ΘD , the Debye temperature (Table 7.12)
and so we treat the three factors in Equation 7.108
as follows:
• We approximate the speed of all phonons to

be csound , an average of the speeds of sound
for different modes. The speed of sound in a
solid is roughly temperature independent.

• We consider that at these high temperatures,
the main source of scattering of phonons is
other phonons. This is in fact correct, but it is
rather a difficult matter to establish that it
should be so. At low temperatures, when the
amplitude of atomic vibrations is small, the
main sources of phonon scattering are impu-
rities, crystalline defects and surface irregu-
larities. Considering the phonon gas in the
same light as a molecular gas (§4.3.4), we ex-
pect that the mean free path for phonons will
be inversely proportional to the number den-
sity of phonons, i.e.

λmfp
ph

ph

∝ 1

n T( )
(7.109)

• The number  of  phonons in each mode of
vibration with energy Eph  is given by the
Bose–Einstein factor :

n E T
E k Tph ph

ph B

( , )
exp( / )

=
−

1

1

(2.63* and 7.110)

When T is high enough, so that k TB is greater
than the maximum phonon energy (which is
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of the order of kB DΘ ), then we can expand
the exponential to first order to give:

n E T
E k T

k T

E

ph ph
ph B

B

ph

( , )
/

=
+ +…[ ] −

≈

1

1 1
(7.111)

So for all phonon modes, the product nE th  we
introduced previously is given by:

nE n E T E k Tth ph ph ph B= ≈( , ) (7.112)

which is linearly proportional to temperature.
Since this happens for each individual phonon
mode, the product nE th  involving the total
phonon density must also increase linearly as
the absolute temperature.

Let us combine the three factors above to work out
just the temperature-dependence (rather than the
absolute magnitude) of the thermal conductivity κ.
Combining only the temperature-dependencies of
these factors in Equation 7.108 we find:
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which simplifies to:

κ ( )T
T

∝ 1  (7.114)

for insulators at T > ΘD .

So at high temperatures we expect to find that
κ ( )T T∝ −1  i.e. that electrical insulators become
poorer conductors as they are heated. This comes
about because the increased density of phonons at
higher temperatures shortens the phonon mean
free path. This agrees (at least qualitatively) with
the high-temperature data on insulators in Figure
7.48.

Insulators at low temperatures
At temperatures below the Debye temperature ΘD,
this trend does not continue. The thermal conduc-
tivity reaches a peak and then begins to get worse.
This comes about because in this regime, the pho-
non density is reduced to such an extent that the
dominant source of scattering is from impurities
and defects. Since their density does not change
with temperature, we find that λmfp

ph does not de-
pend on temperature. The temperature dependence
of the product nE th also changes in this regime. It
may be shown that well below ΘD, nph ∝ T  3 and
Eph ∝ T. Equation 7.108 therefore becomes:
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So we expect the thermal conductivity of insula-
tors to falls quite dramatically (∝ T 3) at tempera-
tures well below the Debye temperature.

Metals: an electron gas
For metals, in addition to thermal conduction by
phonons, the electron gas (§6.5) is able to conduct
heat. Once again we note that the data of Table
7.16 refer mainly to temperatures which are
greater than (or at least of the order of) ΘD. Bear-
ing this in mind, we treat the three factors in
Equation 7.108 as follows:
• We approximate the speed of all electrons to

the Fermi speed vF. As in our discussion of
electrical conductivity in a metal, only those
electrons in quantum states with energies
close to the Fermi energy EF are able to accept
thermal energy.

• We consider that at high temperatures the
main source of scattering of electrons is pho-
nons. (Notice that in the last section on insu-
lators, the main source of phonon scattering
was also phonons.) From the discussion of
electrical conductivity, we concluded that the
scattering time for electrons ∆t varied in-
versely with absolute temperature (Equation
7.86). Since the speed of the electrons (vF ) i s
temperature-independent, we conclude that
the mean free path of electrons will also vary
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inversely as temperature, i.e.

λmfp
e

F

constant

=
∝ ×

v t

T

∆
1 (7.116)

As we discussed in §7.6 on the electronic heat
capacity of solids, only a small fraction of
electrons are able to accept thermal energy
from the lattice. This fraction is proportional
to k TB  and the typical energy of an electron
in this fraction is E k TF B+ . Notice that only
the latter component of this energy may be
given up in thermal interactions, and so the
thermal energy E th  of electrons in the frac-
tion is k TB . Hence the product nE th  we in-
troduced previously has the form:

nE n E

k T
k T

th
constant

th

B
B

∝ ×
×

{ { (7.117)

In the above equation the first factor k TB
arises from the number of electrons able to
contribute to the thermal current and the sec-
ond k TB  factor arises because of the thermal
energy of those which do contribute to the
thermal current.

Combining only the temperature dependencies of
these factors in the Equation 7.108 for κ :
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we arrive at:

κ( ) ( )T
T T

T∝ × × ×constant
d

d
constant

1 2 (7.119)

which simplifies to:

κ( )T ∝ constant  (7.120)

for metals at T > ΘD .

Hence we conclude that at high temperatures we
should expect to find κ  is temperature-
independent. This agrees (at least qualitatively)

with the high-temperature data on metals in Figure
7.48. We see however that the metallic data does
show a small decrease with increasing tempera-
ture. We can understand this as being due to the
fact that in metals, thermal conduction also occurs
through the phonon gas described in the previous
section. The thermal conductivity of the phonon
gas is proportional to 1/T, which explains the
slight fall of κ with T. A rough estimate from Fig-
ure 7.48 indicates that at around room tempera-
ture, around 95% or so of the thermal conductivity
of elemental metals is due to conduction by elec-
trons.

Metals at low temperatures
As the temperature is lowered below the Debye
temperature ΘD, the thermal conductivity of met-
als does not stay roughly constant. There are two
reasons for this. The first reason is that the thermal
conductivity of the lattice gets better as the tem-
perature is lowered. Now the total thermal con-
ductivity that we measure is the ‘parallel’ sum of
the electron and phonon contributions. Since the
phonon thermal conductivity increases as the tem-
perature is lowered, so will the total thermal con-
ductivity. The second reason is that the thermal
conductivity of the electron gas itself changes. As
the phonon density declines, a regime is reached
where phonons are no longer the dominant source
of scattering for electrons.

Instead, the main source of scattering arises from
impurities and defects. Since their density does not
change with temperature, we find that λmfp

e does
not depend on temperature. The temperature de-
pendence of the product nE th does not change as
the temperature is lowered because, as we have
seen, temperatures around the Debye temperature
barely disturb the free-electron gas from its con-
figuration at absolute zero. We can thus rewrite
Equation 7.118 as:
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so we arrive at:
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κ( ) ( )T
T

T∝ × × ×constant constant
d

d
constant 2

(7.122)

which simplifies to:

κ( )T T∝ ×constant  (7.123)

So the thermal conductivity of the electron gas
also falls at temperatures well below the Debye
temperature.

Summary of temperature-dependency
Table 7.21 draws together the results from this
section of our analysis.

Table 7.21 Summary of our predictions for the tempera-
ture dependence of the thermal conductivity of phonon
and electron gases at high and low temperatures.

Low
temperature

High
 temperature

Phonon gas KT 3 1/T

Electron gas T constant

The results of Table 7.21 do not permit a simple
application to the data. This is because, for exam-
ple, metals contain both phonon and electron
gases, and we have not calculated the relative
magnitudes of the conductivity due to each
mechanism. However, we can make three general
comments.

The first is that for both conduction mechanisms,
it is phonon scattering that is the dominant cause
of scattering at high temperatures, and impurity or
defect scattering that is the dominant scattering
term at very low temperatures. In this regime the
lattice vibrates so violently that neither lattice
waves or electrons can travel uninterrupted.

The second is that, except at the lowest tempera-
tures, the thermal conductivities of both types of
gases (as they exist in solids) are linked. Again,
this is because phonons are the dominant source of
scattering for both electron and phonon gases.

The final comment is that the change from low-
temperature to high-temperature behaviour leads

in general to a peak in the thermal conductivity of
all materials. The temperature at which the peak
occurs is very variable between materials. It is
even variable amongst different samples of the
same material dependent on the defect and impu-
rity concentration in each particular sample. How-
ever typically the peak will occur at a few tens of
kelvin.

Inhomogeneous materials
The final questions raised by the data concern the
order of magnitude of the data in Table 7.19 and
7.20 when compared with those of gases in Table
5.11. Given that we have analysed solids as
merely containers for electron and phonon gases,
there was considerable similarity in the approach
taken here and in §5.5. This similarity of approach
allows us to identify immediately the simple rea-
son why typical solid thermal conductivities
(≈ 10 W K–1 m–1) are so much greater than those
of gases (≈ 10–2 W K–1 m–1). It is simply that the
density of atoms present in a solid is roughly 1000
times greater than a molecular gas.

However in inhomogeneous materials such as pa-
per or wool, gases (usually air) may be trapped
within a solid. Such materials may have a thermal
conductivity which differs only slightly from that
of a gas. This low thermal conductivity arises even
when the conductivity of the solid itself (the indi-
vidual wool or paper fibres) may be relatively
good. It arises because the material is constituted
so that heat must take an extremely long path
through the substance, often with an extremely
small effective cross-sectional area. For example,
in wool, heating one end of an individual wool
fibre will quickly transfer heat along the whole
length of the fibre. However, each fibre only
touches its neighbouring fibres at a few points.
This dramatically reduces the effective cross-
sectional area across which heat is transported. If
the reduction in thermal conduction is sufficiently
large, then we may actually neglect the heat flow-
ing through the fibres of the inhomogeneous sub-
stance. In this case the weak thermal conduction
through the trapped gas in the material may prove
the limiting thermal conduction process.
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7.9 Optical properties

7.9.1 Introduction
The optical properties of solids are extremely var-
ied: from strongly absorbent to transparent to
strongly reflecting. This indicates considerable
variety in the way solids respond to oscillating
electric fields with frequencies between
400 × 1012 Hz (red light) and 1000 × 1012 Hz (blue
light).  The optical properties of solids are rather
difficult to characterise succinctly, since typically
this requires a specification of their absorbtion and
reflection across the optical frequency range.
However for many purposes, substances may be
characterised by two parameters: the refractive
index and the absorption coefficient. In general,
these two parameters are related to one another,
but in our analysis we will not emphasise this
links, instead looking at each parameter independ-
ently.

7.9.2 Data on the optical properties of
metals
Metal samples thicker than roughly 10 nm are
essentially opaque to visible light and are strongly
reflective. With the exceptions of copper and gold,
all the metallic elements have the same ‘silvery’
colour, i.e. they are strongly reflective at all opti-
cal wavelengths.

Table 7.22 The reflectivity of polished surfaces of several
metals. The figures represent averages across the optical
spectrum.

Reflectivity (%)

Steel 58

Aluminium 92

Silver 98

Copper 67

Gold 81

7.9.3 Data on the optical properties of
insulators
The refractive index of a transparent substance is
related to the speed of light v in the substance by:

n
c

vlight = . (7.124)

where c is the speed of light in a vacuum. The
symbol nlight   is used instead of the more usual n
to prevent confusion with the use of  n to represent
the number density of atoms. The measured re-
fractive index nlight  of various transparent sub-
stances is plotted as a function of wavelength in
Figures 7.50 and 7.51. The figures show that nlight

Figure 7.50 The refractive index of some optical glasses
as a function of wavelength. The shaded region corre-
sponds to the visible region of the spectrum. Longer
wavelengths are described as infra-red, and shorter
wavelengths as ultra-violet.
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Figure 7.51 The refractive index of a three transparent
insulators as a function of wavelength. The SiO2 curve is
also plotted on Figure 7.49 for comparison. The shaded
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increases (i.e. the light travels slower) at shorter
(bluer) wavelengths. The glasses in Figure 7.49
are composed of mainly SiO2 with a variety of
oxides, typically barium oxide (BaO) or lead oxide
(PbO), added at various concentrations. The
glasses shown represent the range of refractive
indices available for optical designers. The high
refractive index glasses tend to tarnish (oxidise)
quickly, which means they are not used unless
they are essential to an optical design. They also
tend to absorb in the blue, which makes them look
slightly ‘yellowish’. The exception to this rule is
carbon (in the form of diamond) which (as you
may know) is completely transparent and yet has a
refractive index of 2.4. Figures 7.50 and 7.51
show that in general the refractive index is greater
for shorter wavelengths than longer wavelengths.
Interestingly, the rate at which the refractive index
increases with wavelength also increases as the
wavelength is reduced.

The questions raised by our preliminary examina-
tion of the experimental data on the optical prop-
erties of solids are:
• Why are some insulators transparent to visible

light? However, light travels through these
materials with a speed between 50% and 70%
of its speed in free space.

• Why does the speed of light in these materials
depends on the wavelength of light and be-
come slower as the wavelength decreases?

• Why are metals highly reflective?

7.9.4 Understanding the data on the
optical properties of solids
We have considered previously what happens to
metals and insulators when they are subject to
static electric fields (§7.7). We saw that:
• In metals, a static electric field causes a flow

of electrons, which are essentially free to
move through the metal. The current was lim-
ited by scattering, which occurred after
roughly 10–14 seconds.

• In insulators, (aside from a tiny fraction of
mobile electrons) most electrons remain at-
tached to their ‘parent’ atoms or molecules.
However the charge within each atom or
molecule becomes displaced or polarised.

Example 7.22

A 10 W laser beam is focussed to a spot with a ra-
dius of 10 µm at the surface of a silver-coated glass
mirror. Will the mirror surface be damaged?

It is interesting to note the intensity of optical radiation
intensity at the beam spot is:

Ioptical W m=
π ×( ) = ×−

−10

10 10
3 18 10

6 2
10 2.

so this is certainly an intense beam. The reflectivity of
the mirror is 98% and so the power dissipated in the
mirror is:

P Pthermal optical W W= −( ) = × =1 0 98 0 02 10 0 2. . .

This is not a great deal of power, but the beam is highly
concentrated, and so the temperature might rise signifi-
cantly at the mirror surface. The geometry makes the
exact problem difficult to solve, but if we imagine the
situation shown below, where the beam delivers its
power to the end of a rod-shaped sample, then we can
calculate the temperature gradient along this rod fairly
easily using Equation 7.98 dQ/dt = –κAdT/dx. The two
calculations will probably differ only by a factor of the
order unity.

For the rod we write:

A r= π = π( ) = ×− −2 5 2 10 210 3 142 10. m

We then note that κ for glass from Table 7.17 is roughly
1W K–1 m–1. Substituting dQ/dt = 0.2 W we find
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If we assume that 1 mm or so below the surface the
temperature is around room temperature, then the tem-
perature at the mirror surface would be approximately:
T T
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Even allowing for changes to any of the parameters in
this calculation, it is clear that such a beam could not be
bounced of any solid surface at this spot size without
vapourising it.
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At optical frequencies the distinction between
metallic and insulating response remains, but now
the currents and polarisations which are caused by
the electric field of a light wave are oscillating
currents and oscillating polarisations. In the analy-
ses which follow we assume (correctly) that the
electric component of the electromagnetic field
affects atoms much more strongly than the mag-
netic component of the field.

7.9.5 Insulators
In considering the optical properties of insulators,
we will neglect the tiny fraction of mobile elec-
trons within the insulator. We consider that the
main effect of light is to cause oscillations of the
electrons trapped in the valence states around each
atom or ion. And amazingly, that is just about all
we need to assume to understand a great deal
about the optical properties of insulators.

Example 7.23

Snell’s law relates the deviation of a light ray at an
interface to the refractive indices of the material of
either side of the interface.

θi

θr

Airor vacuum

Transparent material

θi

θr
Airor vacuum

Transparent material

If the refractive indices of the materials on the inci-
dent and refracted sides of the interface are ni and nr

respectively, then Snell’s law predicts that the inci-
dent angle θθθθi and the refracted angle θθθθr are related
by:

sin

sin

θ
θ

r

i

i

r
= n

n
For blue light (λλλλ ≈ 0.4 µm)  incident on a glass sur-
face at 45 °, work out both the angle of refraction
and angle of deviation ( )θ θi r−  of the light if the
glass surface is made from (a) crown glass, (b) heavy
flint glass and (c) heaviest flint glass. Repeat the ex-
ercise for red light (λλλλ ≈ 0.7µm).

Reading from Figure 7.49 we can assemble the follow-
ing table of approximate refractive indices:

Heavy Heaviest
Crown flint flint
glass glass glass

Red light 1.51 1.63 1.88
Blue light 1.53 1.68 1.94
So for crown glass if we substitute into  Snell’s law we
get:

sin

sin .
.

θr

45

1

1 51
0 6623°( ) = =

where we have assumed that the refractive index of air is
≈ 1 (Table5.17). Solving for θr we find:

sin . sin .

sin .

.

θ
θ

r

r

= × °( ) =
= ( )
= °

−
0 6623 45 0 4683

0 4683

27 93

1

This situation is illustrated below, where it is clear that
the angle of deviation is 45° – 27.93° = 17.07°.

45°

27.9°

AirCrown glass

Red light

17.1°

Repeating this calculation for the other glasses yields the
table of angles of deviation:

Heavy Heaviest
Crown flint flint
glass glass glass

Red light 17.07° 19.29° 22.91°
Blue light 17.47° 20.11° 23.62°
Difference 0.40° 0.82° 0.71°

The difference between the angles through which red
and blue light are refracted is calculated in the last row
of the table. Notice that the glass with the greatest angle
of deviation (the heaviest flint glass) does not produces
the greatest dispersion between the red and blue light
(the heavy flint glass).
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We consider the electrons to occupy a ‘shell’ with
mass M and electric charge Q distributed around
the atom. We assume that the electric field of light
wave causes this ‘shell’ to move rigidly with re-
spect to the rest of the atom. This amounts to as-
suming that the electric fields within the shell
(which give rise to its structure and shape) are
much stronger than the external field of the light
wave. This is true for all but the most intense laser
light sources, which can give rise to so-called non-
linear optical behaviour. We note also that the
‘shell’ will have a much smaller mass than an
atom as a whole.

At the position of an atom, the electric field due to
the light is given by E E t= o cos( )ω . So the shell
experiences a periodic force F QE t= o cos( )ω . In
addition to this force, there is a restoring force due
to the internal electric fields within the atom. We
do not know the precise form of this force, but we
do know that the force acts to restore the charge
shell to its initial position around the atom. We
assume that the force has the form –Kx, where K is
the ‘spring constant’ acting to restore the shell of
charge to its optimum position, and x is the dis-
placement of the charge shell from its optimum
position. Newton’s second law of motion states
that:

F ma= (2.19*)

which in our case amounts to:

− + =Kx QE t
F

M
x

t

a

o
d

d
cos( )ω6 7444 8444

}
2

2 (7.125)

Since this is a differential equation we must as-
sume a solution and then show that our solution is
appropriate. So assuming that the displacement of
the charge x is given by:

x x t= +o cos( )ω φ (7.126)

where xo is the amplitude of the charge displace-
ment, and φ is the phase difference between the
charge oscillations and the oscillations of the light
field. From Equation 7.126 we can work out that:

d

d o
x

t
x t= − +ω ω φsin( ) (7.127)

and so:
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ω ω φ

ω

cos( ) (7.128)

Substituting 7.126 and 7.128 into 7.125 we arrive
at:

− + + =

− +

Kx t QE t

M x t

o o

o

cos( ) cos( )

cos( )

ω φ ω

ω ω φ2
(7.129)

We can now rearrange this to obtain an expression
for xo. First we write:

QE t Kx t

M x t

o o

o

cos( ) cos( )

cos( )

ω ω φ

ω ω φ

= +

− +2
 (7.130)

QE t x t K Mo ocos( ) cos( )ω ω φ ω= + −[ ]2 (7.131)

Figure 7.52 A simple model of the polarisation of an
atom in an applied electric field. (a) The electron shells
around an atom are much lower in mass than the nu-
cleus.  (b) & (c): When the direction of the applied electric
field is reversed, the heavy nucleus moves much less
than the charged electron shells.
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and finally we arrive at an expression for xo:

x
QE

K M

t

to
o=

− +








ω

ω
ω φ2

cos( )

cos( )
(7.132)

This equation describes a situation in which the
amplitude of the charge displacement grows reso-
nantly large when the frequency (colour) of the
light is such that K M= ω 2 . The theory as we
have developed it predicts (incorrectly) that the
charge displacement will be infinite when
K M= ω 2 . This is because we have neglected the
damping term in our differential equation (Equa-
tion 7.125) (for further details see §2.3.2 on the
simple harmonic oscillator). Because of this diffi-
culty we must only apply Equation 7.132 at fre-
quencies that are much less than the resonant fre-
quency. We note however that the amplitude of
oscillation will still grow large when K M= ω 2 ,
but that the actual amplitude of the oscillations
will depend on the extent of damping of the
charge oscillations.

Low frequency approximation
As long as we work well below the resonant fre-
quency, the phase difference φ between the forcing
field and the charge displacement stays small
(Figure 2.6), and the time-dependent factor in
brackets in Equation 7.132 stays close to unity.
With this proviso, we write the amplitude of the
charge oscillations as:

x
QE

K Mo
o≈

− ω 2 (7.133)

The resonant frequency is reached when ω satis-
fies the condition K M= ω 2 , i.e. when ω = ωο
given by:

ωo = K

M
(7.134)

Substituting 7.121 into 7.120 we arrive at:

x
QE

Mo
o

o
2≈

−( )ω ω 2 (7.135)

If this is the amplitude of the oscillations of charge
displacement, then the amplitude of the electric
dipole moment caused by this displacement is:

p Qx
Q E

Mo o
o

o
2= ≈

−

2

2( )ω ω
(7.136)

If we recall the definition of the polarisability, α,
of an atom (Equations 2.12 and 5.101):

p Eo o= α (7.137)

then by comparing 7.136 and 7.137 we can derive
an expression for the polarisability:

α
ω ω

≈
−

Q

M

2

2( )o
2 (7.138)

Recalling that the approximations we have made
restrict the theory to frequencies such that
ω ω2 << o

2 , we can write the molecular polaris-
ability at such low frequencies as:

α ω ω ω≈ <<Q

M

2

o
2 owhen (7.139)

Notice that even at low frequencies, the molecular
polarisability α still depends on the value of the
resonant frequency ωο.

The dielectric constant and the refractive index
Recalling from §5.6.2 Equation 5.104 that the di-
electric constant of a substance consisting of n
non-interacting molecules per unit volume may be
expressed as:

ε α
ε

− =1
n

o

. (7.140)

Substituting from Equation 7.139 for α this be-
comes:

ε
ε ω

− =1
2nQ

Mo o
2 . (7.141)

As mentioned in §2.3.3, the refractive index of a
medium may be expressed as:

n
c

v

n

light

light
2

= ≈
≈

ε
ε

(7.142)

where ε is the dielectric constant. Substituting for
ε from Equation 7.141 we find:
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n
nQ

Mlight
2

o o
2= +1

2

ε ω (7.143)

This expression predicts the ‘low frequency’ value
of the refractive index in terms of some simple
quantities and ωο the frequency of the resonant
vibration of the electron shell within the atom.

Finding the resonant frequency
We can now solve for ωο in terms of the experi-
mental values of the ‘low frequency’ value of the
refractive index. Rearranging Equation 7.143 as an
expression first for ωο:

ω
εo

o light
2=

−
nQ

M n

2

1( )
(7.144)

and then for fo, the frequency rather than the an-
gular frequency:

f
Q

M

n

no
o light

2=
π −
1

2 1

2

ε ( )
(7.145)

Finally we can derive an expression for the wave-
length of light which would resonantly excite the
atom λo o= c f/ :

λ
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o
o

o light
2

=

=
π −
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c M

Q

n
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2 1
(7.146)

Evaluating the pre-factor numerically for an elec-
tron shell with a single electron this evaluates to:
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metre= ×
−

3 34 10
17.

n

n
(7.148)

where nlight  is the refractive index and n is the
number density of atoms. According to our simple
theory, Equation 7.148 should apply to all solids,
liquids or gases which have just a single electron
which can be polarised.

Example 7.24 shows that we can understand the
range of experimental values of refractive index
by assuming that atoms contain charged ‘shells’
which have resonances in the ultra-violet region of
the spectrum ( λo  from 0.1 µm to 0.3 µm). Recall
that visible light has a wavelength range from
roughly 0.35 µm (violet) to roughly 0.77 µm (red).

The questions raised by the data
In the light of theory outlined above, let us look at
the questions raised by our examination of the data
in turn:

The value of the refractive index
The reason that insulators are transparent to visi-
ble light is that there are no mechanisms for ab-
sorbing the light within the insulator. This is be-
cause the resonant frequencies of electron shells
typically lie in the ultra-violet region of the spec-
trum. Thus the amplitude of the charge oscillations
induced by the (relatively) low-frequency oscilla-
tions of the electric field of the light wave are
relatively small.

In a ‘pure’ glass (mainly SiO2) the resonant fre-
quencies of electron shells lie in the far ultra-
violet. However, impurities with many electron
shells (such as lead) have lower resonant frequen-
cies, closer to the visible region of the spectrum.
As Equation 7.143 suggests, lowering ωo has the
effect of increasing the refractive index and so
adding such impurities to a glass increases the

Example 7.24

A typical number density of atoms in a solid is no ≈
5 ××××  1028 m–3. For solids with refractive indices
nlight =1.2, 1.5 or 2, evaluate the expected value of the
wavelength of radiation corresponding to the reso-
nant frequency of the charges within the solid.

Using Equation 7.148 for n ≈ 5 × 1028 m–3 and nlight =1.2
we write:

λo = × −
×3 34 10

1 2 1

5 10
7

2

28.
( . )

which evaluates to λo = 0.099 × 10–6 m. Similarly we
find for nlight = 1.5, λo = 0.167 × 10–6 m and for nlight = 2,
we find λo = 0.259 × 10–6 m.
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overall refractive index of the mixture. However
the refractive index cannot be increased indefi-
nitely.

If the resonant frequency is lowered too much,
then the substance will start to absorb light at fre-
quencies around ω0. The theory outlined above has
ignored the role of absorption, but we can see
fairly directly how this absorption occurs. If the
oscillations of a charge shell grow large, then
nearby atoms will be set in motion by their electri-
cal interactions with the oscillating charge shell.
This dissipates the energy of oscillation in the
form of lattice waves (phonons). In addition, an
oscillating charge radiates electromagnetic energy
at the frequency at which it is oscillating in a
process known as Rayleigh scattering (§5.8.3).
Both processes limit the useable refractive index
of a transparent substance to n < ≈ 2. The excep-
tion to this limit is diamond.

The origin of diamond’s exceptional optical prop-
erties lie in the very rigid covalent bonds between
carbon atoms and the relatively light mass of the
carbon atoms themselves. In itself the refractive
index of diamond ( nlight ≈ 2 4. ) is not uniquely
high. Kaye and Laby list several materials with a
refractive index in this range. For example, stron-
tium titanate has a refractive index of 2.42 at a
wavelength of 0.56 µm. What is unique is the
combination of this high refractive index with low
absorbtion. Optically, diamond is clear whereas
strontium titanate, though transparent, is slightly
yellowish. The reason for the low absorbtion is
complex, but roughly speaking it is because of the
exceptionally high energy required to create a
phonon in diamond. This high energy is reflected
in the exceptionally high Debye temperature of
diamond (≈ 2000 K) and the amazingly fast speed
of sound waves (≈18,350 m s–1). These in turn
derive from the light mass of the atoms and the
exceptionally rigid nature of the C–C covalent
bonding network.

Quantum mechanics
In discussing the dynamics of a ‘charged shell’
inside an atom under the action of an electromag-
netic field, we need to be aware that the laws of
quantum mechanics limit the realm in which the

classical approach we have taken is applicable. In
particular it is important to understand that the
process that we have called resonance, using our
classical vocabulary, describes a process which is
described in a quantum mechanical vocabulary as
a transition between quantum states (Figure 7.53).
Thus the ‘resonances’ which occur in the ultra-
violet are properly described as transitions be-
tween quantum states by electrons in the outer
parts of the atom.

Infra-red response
The shells of charge within each atom of a sub-
stance are not the only charged objects that can
move in response to the oscillating electric field in
a light wave: the ions themselves can move as
whole. However, the process in which whole ions
move in response to an oscillating electric field
occurs at much lower frequencies. Equation 7.148
gives the wavelength of the radiation which will
cause resonance in a bound particle of mass M and
charge Q. Example 7.24 shows that λo  for an
electron lies in the ultra-violet region of the spec-
trum. However although an ion has a similar mag-
nitude of charge to an electron, an ionic mass may
be 104 times greater than an electron mass. Sub-
stituting M ≈ 104me in Equation 7.148 we find:

λo
light
2

≈ ×
−

3 34 10
19.

n

n
(7.149)

Figure 7.53 Classical and quantum mechanical descrip-
tion of resonance in a simple harmonic oscillator. (a)
Classically, the amplitude of an oscillation grows dramati-
cally when the oscillator is subject to a force at frequency
ω – ωo = √(K/M) (b) Quantum mechanically, when ω = ωo
photons with energy hω  are absorbed and the oscillator
makes transitions between its quantum states.

Quantum resonanceClassical resonance

hω

hω
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Assuming that the refractive index and the number
density of ions are similar to those in Example
7.24, then the resonant wavelength is 100 times
longer i.e. of the order of 10 µm. Such wave-
lengths lie far into the infra-red part of the elec-
tromagnetic spectrum. Thus at optical frequencies
(of the order 10 to 100 times greater than the reso-
nant frequencies corresponding to ionic vibration)
the electric field oscillates so quickly that the rela-
tively heavy ions have no time to respond before
the field reverses and a new oscillation begins.
Thus at optical frequencies only the electrons are
light enough to oscillate in response to field and so
we may ignore the polarisability of the lattice in
our considerations.

Aside: the visible range of the spectrum
The visible range of the electromagnetic spectrum
lies in between the region in which ionic vibra-
tions absorb radiation (infra-red), and that in
which electronic vibrations within atoms absorb
radiation (ultra-violet). This is not a coincidence.
The considerations above apply equally to elec-
trons and ions in molecules in the gaseous, liquid
or solid phases. Our eyes have evolved so as to be
useful to us. They would be of precious little use if
the gas in which we lived, and the fluid in which
we evolved, were opaque. We have evolved sensi-
tivity in the range of the electromagnetic spectrum
in which many substances are transparent.

Variation of nlight with wavelength
The dependence of the refractive index on wave-
length arises quite naturally from the equation for
α ω( ) . Rearranging Equation 7.138:
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ω ω
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and expanding the bracket to first order in ω ω/ o
we obtain:
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This should be valid as long as ω ω<< o . Com-
paring this with Equation 7.126 for the zero-

frequency polarisability, we can write:

α ω α ω ω
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Finally, we can rearrange this as an expression for
λ  to yield:

α λ α λ λ
λ( ) ( )≈ = ∞ + 
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This revised wavelength-dependent polarisability
α λ( )  feeds through to an expression for the re-
fractive index in the same way that the infinite
wavelength polarisability α λ( )= ∞  fed through to
the infinite-wavelength refractive index (Equa-
tions 7.137 to 7.143). We thus find the wave-
length-dependent refractive index is given by:
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This predicts that if we plot nlight ( )λ  as function
of 1 2/ λ  then we should expect a straight-line
variation with intercept nlight ( )λ = ∞  and slope
λ λo

2
lightn ( )= ∞ . Figure 7.54 shows the refractive

index data from Figure 7.50 plotted versus 1 2/ λ .
We see that the data conform rather well to
straight lines and that analysis of the slopes pre-
dicts similar values of λo  to those inferred from
an analysis of the nlight ( )λ = ∞  theory. Of the two
predictions for λo  the slope analysis is to be pre-
ferred. This is because in order to evaluate Equa-
tion 7.148 we needed to assume a certain number
of electrons per shell, a number which cannot be
accurately estimated without some detailed
knowledge of the charge distribution of the sub-
stance under examination.

Before proceeding, it is worth reflecting on the
astonishing results predicted here. Based on little
more than the theory of a harmonic oscillator and
Coulomb’s law we have plausibly explained the
optical properties of glasses! The tiny masses in-
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volved in atomic size oscillators have shifted the
resonant frequencies to the optical regime, but the
basic results still apply. As long as we consider
regions of the spectrum where resonances (elec-
tronic transitions between quantum states) are ab-
sent, then the classical model will serve us well.

Another way of looking at things
Our simple analysis has allowed us to understand
a great deal about the optical properties of insula-
tors. As we saw in §5.8.3, there is another way of
looking at these phenomena. There we considered
the Rayleigh scattering from a gas. This scattering
arose because each small region of a gas could be
considered as an oscillating electrical dipole ra-
diator. The radiation from each region was emitted
as a spherical wave, and the resultant scattering
from the gas was the sum of these spherical
waves.

In a gas, the amplitude of each spherical wave
differed slightly from one region of the gas to an-
other. This was because the random nature of the
positions of the gas molecules gave rise to small
density fluctuations. The amplitude differences
caused the radiation scattered at right angles to the
wave to just fail to cancel.

In a solid, we can apply exactly the same model.
The oscillating dipole moments induced by the
wave have a much greater amplitude in a solid

than in a gas, because of the higher density. Thus,
the amplitude of the scattered waves are also much
larger. However, the regular arrangement of atoms
in a solid, and the much higher density, lead to
much smaller fluctuations in density from one
region (of volume ≈ λ3) to the next. This homoge-
neity reduces the Rayleigh scattering in solids to a
level low enough to permit light to travel through
a kilometres of optical fibre with only a few per
cent reduction in amplitude. However, in the di-
rection parallel to the direction of the light wave,
the scattered radiation always adds in phase. It
may be shown that it is the addition of a slightly
phase-shifted scattered wave to the original wave
that leads to the reduction in the speed of light
through the solid.

7.9.5 Metals
The main question raised by our examination of
the optical properties of metals is why metals are
highly optically reflective. We will consider this
question in a largely qualitative manner.

Insulators can be optically transparent if the
charges within the insulators are bound suffi-
ciently tightly that their resonant frequencies lie
well into the ultra-violet region of the spectrum. If
the resonant frequency is too close to the optical
region of the spectrum, then visible light will be

Figure 7.54  The data of Figure
7.50 re-plotted to show the re-
fractive index of various glasses
plotted as a function 1/λ2. The
straight lines are least-squares
fits to the data. The equations of
the lines and the value of λo
inferred from the slope of the
lines is given in the inset. In Ex-
ample 7.24 we found that for
nlight(∞) ≈ 1.5 implied λo ≈ 0.167
µm whereas from this data we
deduce 0.059µm. This factor 3
difference arises because in
Example 7.24 we assumed just
one electron per atom and used
only an approximation for the
electron density. However both
analyses are simplified and nei-
ther should be trusted absolutely.
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able to cause relatively large charge oscillations.
These oscillations can dissipate the energy of the
wave either as phonons or photons. In contrast, it
is easy for the electric charges within metals to
move in response to the electric field of the light
wave. We envisage reflection as a three stage
process.

Stage 1: The skin depth
In the first stage (Figure 7.55 (a)) the incoming
electromagnetic wave is heavily damped as it en-
ters the metal. This damping occurs as the electric
field does work in accelerating the many free
electrons in the surface of the metal. The more
free electrons, the greater the damping of the
wave. The electric field decays over a distance
known as the skin depth δ , related to the conduc-
tivity σ  of the metal by (Bleaney and Bleaney):

δ
µ σω

= 2

o

. (7.155)

Substituting for µo yields:
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(7.156)

Notice that the damping of the wave is not due to
dissipation of the electrons energy into heat. If that
were so then the skin depth would get shorter in
more resistive substances, but as Equation 7.156
shows, δ behaves in exactly the opposite manner.

For aluminium, σ = ×4 107 S  at around room
temperature (Table 7.13) and for (say) green light
f ≈ 5 × 1014 Hz, Equation 7.156 predicts a skin
depth δ ≈ 4 nm . Since the wavelength of light
with this frequency is of the order of 600 nm we
see that light penetrates the metal for only a small
fraction of its wavelength.

Stage 2: Current flow
In the second stage (Figure 7.55 (b)) we consider
the oscillating currents which flow in the small
region of depth δ  in which the electric field is not
zero. We noted in §7.7.3 that the mean time before

scattering in a metal was around 10–14 s. However,
in this time a light wave makes ≈ 10 oscillations.
So the currents induced at the surface of a metal
are not strongly damped by electron scattering.

Figure 7.55 The processes underlying reflection of light
from a metallic surface. (a) The incoming electromagnetic
wave is strongly damped as it enters the metal. The
length over which the field decays is known as the skin
depth, δ, and is related to the conductivity, σ, of the metal
as shown in Equation 7.155. (b) In the thin region, δ, in
which the electric field is not zero, oscillating currents will
flow. The currents are driven by the electric field of the
light wave. (c) The oscillating currents re-radiate electro-
magnetic waves. Waves radiated into the solid are
strongly absorbed, but waves radiated away from the
surface can propagate easily.

(a) Incoming wave

E

(b) Charge oscillations due to incoming wave (a)

(c) Re-radiated (reflected) wave due to the
charge oscillations (b)

E
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Stage 3: Re-radiation
In the third stage (Figure 7.55 (c)) we note that the
oscillating currents will radiate electromagnetic
waves. The wave radiated into the metal decays
strongly and but the wave radiated back out of the
metal can propagate. Because currents in Stage 2
are not strongly dissipated, most of the energy is
re-radiated.

The colour of copper
Figure 7.55 allows us to understand where the
burnished red colour of copper arises. In a thin
layer at the metal surface, the copper ions will be
subjected to an oscillating electric field. As we
saw previously, §7.9.5, electron shells within ions
typically have resonances in the ultra-violet region
of the spectrum. However, in copper, a resonance
occurs in the blue region of the visible spectrum.
At this resonance there is strong absorbtion, and
the charge oscillations are converted into phonons
(heat) within the solid. So when white light illu-
minates the surface of copper, the blue end of the
spectrum is absorbed, and the red and orange part
of the spectrum is reflected.

Quantum mechanically, the resonance in the blue
region of the spectrum corresponds to an elec-
tronic transition within the copper ions in which
an electron moves from a quantum state which is
part of a covalent bond, to a state on the surface on
the ‘Fermi sphere’. This transition occurs for light
with wavelength λ < 6.2 × 10–7 m (blue) which
corresponds to frequencies f < 4.8 × 1014 Hz.
Photons with these frequencies have energy E = hf
given by:
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= × × ×

= ×
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By examining the frequencies at which light (ul-
tra-violet, visible and infra-red) is transmitted
through (or reflected from) solids, one can ex-
perimentally determine key features of the energy
differences between quantum states in solids. This
topic is also discussed briefly in Web Chapter W1
on the band theory of solids.

7.9.6 Semiconductors
In discussing electrical conduction (§7.7.9) I cate-
gorised semiconductors as electrical insulators in
which electrical carriers could be created rela-
tively easily, either thermally or by the addition of
impurities. However, even in the most highly-
doped semiconductors, the carrier density was
only ≈ 1% of that in typical metals. So, in dis-
cussing the optical properties of semiconductors,
we expect to find properties characteristic of in-
sulators, with additional characteristics appropriate
to a metal with a low carrier density.

Both these expectations are borne out, but there
are additional processes that take place in semi-
conductors that make them especially complicated
to describe, but potentially especially useful.
These extra complications arise because the ‘reso-
nances’ which occurred in the ultra-violet region
of the spectrum in transparent insulators, occur in
the optical or infra-red regions of the spectrum in
semiconductors. Indeed, they are the reason that
semiconductors are not transparent! We recall
from §7.9.5 that these ‘resonances’ corresponded
to processes in which electrons make transitions
between quantum states within the solid. In semi-
conductors, the transitions are made by electrons
in quantum states in covalent bonds (valence
states), to other states in which they can move
through the semiconductor (conduction states).
The energy above which such electronic transi-
tions become possible is called the energy gap of a
semiconductor and has a typical value of the order
of an electron volt (1 eV).

Optical absorbtion
Since the conductivity of semiconductors is much
less than that of metals, the skin depth (Equation
7.156) is much greater than for metals. So the
electric field of a light wave can penetrate a semi-
conductor for a distance of typically a few wave-
lengths (i.e. a few µm). In this distance, it is able
to interact with atoms and excite electrons from
valence states into conduction states. This creates
an electron carrier and a hole carrier which in the
presence of an electric field will be drawn apart
and contribute to the current flow through the
semiconductor. Thus, the current flow through a
semiconductor may be made light-dependent.
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Light-emitting diodes and photodiodes
Consider a situation within a semiconductor in
which conduction states are populated with elec-
tron carriers to a level above their equilibrium
density. After a short while, the electron carriers
will find hole carriers and annihilate. The excess
energy of the electron carrier may be emitted in
the form of phonons and photons. The photon en-
ergy will correspond to the energy gap of the
semiconductor, typically ≈ 1 eV. This corresponds
to emission of infra-red light with a wavelength of
around 1 µm.

An excess of carriers may be created at the junc-
tion between two pieces of semiconductor, one of
which has mainly n-type impurities, and the other
with mainly p-type impurities. Such a device is

called a pn junction or a diode (a general name for
any two-terminal electrical device). There are
many technologically significant applications for
pn junctions, including the ability to allow current
to flow in only one direction. But here we con-
centrate on their ability to emit and absorb light.

The situation at the junction between p-type and n-
type material is complicated, but the key features
are summarised in Figure 7.56 (a) and (b). Close
to the junction electron carriers from the n-type
region diffuse across the physical boundary and
annihilate with holes in the p-type region. Simi-
larly holes from the p-type region diffuse across
the physical boundary and annihilate with elec-
trons in the n-type region. The result is a region
near the boundary with very low carrier density

Figure 7.56 Illustration of the use of a semiconductor pn junction as a photodiode and light emitting diode (LED).
(a) How we imagine the arrangement of carriers at the moment a pn junction is formed. (b) The arrangement a short
while later. The carriers have diffused a short distance across the junction and annihilated the ‘native’ carriers. This
leaves uncompensated donor and acceptor charges in the so-called depletion layer. (c) When used as an LED, an
electric current across junction injects holes and electrons into the depletion layer where they annihilate. (d) When used
as a photodiode light with photon energy greater than the energy gap can create hole–electron pairs. If these are cre-
ated in the depletion layer they are pulled apart by the built in electric field and give rise to a current.

(a) pn junction at the moment of formation (b) Depletion layer

p-type semiconductor n-type semiconductor Built-in electric field

Negative charges from acceptor impurities Positive charges from donor impurities
Depletion layer

p n

(c) Light-emitting diode (d) Photodiode
Built-in electric field

Appliedelectric fieldFlow of holes Flow of electrons
Conventional current

p n
Built-in electric field

Flow of electronsFlow of holes
Conventional current

p n
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known as a depletion layer. In this layer there are
charged impurities with no compensating carriers.
This results in an intense electric field in this re-
gion (Figure 7.56(b)).

If current is driven across a pn junction as shown
in Figure 7.56 (c), then in the junction region, the
current must change from being carried  mainly by
hole-carriers in the p-type material, to being car-
ried mainly by electron-carriers in the n-type ma-
terial. In order to do this electron-carriers and
hole-carriers annihilate intensely in the depletion
layer. As well as emitting phonons, which heat the
material, photons with energy equal to the band
gap are emitted. When a pn junction has been op-

timised for this purpose, it is known as a light-
emitting diode.

Now consider a pn junction, in which no current is
flowing as shown Figure 7.56 (d). If light is ab-
sorbed in this region, then an electron–hole pair
will be created. However, they will not recombine
because the intense electric field draws them in
opposite directions. In fact they give rise to a cur-
rent known as a photo-current. When a pn junc-
tion has been optimised for this purpose, it is
known as a photodiode. Such devices can be used
either as sensitive detectors of optical radiation, or
for the generation of useful electrical currents
from sunlight.

7.10 Magnetic properties

The magnetic properties of solids are discussed in Web Chapter W2.

7.11 Exercises

Exercises marked with a P prefix are ‘normal’
exercises. Those marked with a C prefix are best
solved numerically by using a computer program
or spreadsheet. Exercises marked with an E prefix
are in general rather more challenging that the P
and C exercises. Answers to all the exercises may
be downloaded from www.physicsofmatter.com

Density
P1. Figure 7.1 shows a graph of the density of the ele-
ments versus atomic number. The peaks e, f and g have
‘shoulders’ on the high atomic number side. To what
features on the periodic table (Figure 2.2) do these
‘shoulders’ correspond?
C2. Re-plot the graph of density versus atomic number
(Figure 7.1) up to element 20 to see the detail in Table
7.1. Is there still evidence of periodic behaviour?
P3. What are the densest and second densest elements?
Are these also the elements with the greatest number
density of atoms? Would you expect to find that a com-
pound or alloy of the densest element was denser than
the element itself? (Table 7.2)
C4. Which element has the greatest number density of
atoms? (Table 7.2 and Example 7.1)

P5. Work out approximately (a) the number density, (b)
the molar density, (c) the molar volume, (d) the atomic
volume and (e) the typical separation between atoms in
(i) tungsten and (ii) aluminium. (Table 7.2 and Example
7.1)
P6. What types of wood will sink in water (Table 7.1)?
What types of wood would sink in ethanol (Tables 7.1
and 9.2)?
P7. The density of the element with atomic number 50
is the same as that predicted by the simple theory of
Example 7.2. Does this imply that element 50 has a
simple cubic crystal structure with a lattice spacing of
0.3 nm? If not, what does it imply? (Figure 7.2 and Ex-
ample 7.1)

Compressibility
P8. By considering the correlation between compressi-
bility and density data, estimate the compressibility of
Uranium (Z = 92) (Figure 7.4).
P9. Which two elements listed in Table 7.4 have the
highest bulk modulus. For these elements, estimate
roughly the pressure required to reduce the average
distance between atoms by 1%. Compare the pressure
change required with the temperature change required to
increase the average distance between atoms by 1% ?
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Thermal expansivity
P10. Of the elements listed in Table 7.7, which has (a)
the largest and (b) the second largest thermal expansiv-
ity?
P11. Estimate a typical figure for the linear thermal
expansivity of brick and cement. (Table 7.7). A house
has walls made from brick and cement and the mean
temperature of the walls can change by around 10 °C
between summer and winter. Estimate (a) the change in
mean height of a house 10 metres high and (b) the
change in height of a door frame 2.2 metres high. (Ex-
ample 7.5)
P12. Show that the area expansivity of a substance is
given by 2α. (Example 7.4)
P13. Example 7.4 shows that the volume expansivity
may be given by β = 3α. Show that this same relation-
ship holds for a cuboid of initial dimension x × y × z.
Show that if the linear expansivity in each direction is
different, the volume expansivity is given by the sum of
the linear expansivities in each of the three directions.
P14. Use order of magnitude estimates from Table 11.1
and Table 7.7 to estimate how much an elemental solid
expands before it melts.
P15. A sphere of copper just fails to fit through a circu-
lar carbon-steel hole. The is machined to be exactly
10.000 mm diameter at 20 °C. On cooling to –50 °C, the
copper sphere just falls through the hole. What is the
diameter of the copper sphere at room temperature?
P16. Estimate the percentage change in the average
separation of two neighbouring atoms in a piece of cop-
per when the temperature is changed from (a) 20 °C to
100 °C, (b) 20 °C to 1000 °C, and (c) 20 °C to 10 K.
(Table 7.7, Examples 7.5 and 7.6)
P17. Write an explanation (about half a page) for a non-
scientific friend outlining what an alloy is, and explain-
ing why the thermal expansion of alloys is not always
given by the average of its component metal. (Table
7.7)
P18. Write a briefing paper for a fellow student ex-
plaining what invar is (Tables 7.7 and 7.8) and how its
thermal expansivity is related to that of iron and nickel.
By considering the brief outline of the origin of ferro-
magnetic interactions at the end of Web ChapterW2,
speculate as to how the anomalous pair potential of
Figure 7.9 may be produced.
P19. Write an explanation (≈ half a page) for a non-
scientific friend explaining why plastics expand more
than crystalline solids. Show the explanation to the
friend and ask them to ask the first question which
comes into their mind. Answer the question. (§7.4)

Speed of sound
P20. What is the speed of the longitudinal sound waves

in (a) domestic glassware, (b) ice, (c) polyethylene, (d)
aluminium, (e) copper, and (f) lead. (Table 7.9)
P21. Typically what is the ratio of the speed of longitu-
dinal sound waves to the speed of transverse sound
waves in elements (Figure 7.11). Name (a) one element
in which the ratio lies close to this typical value, (b) one
element in which the ratio lies well below this value,
and (c) one element in which the ratio lies well above
this value. Evaluate the Poisson ratio for each element
(a) to (c) (Equation 7.29).
P22. The sounds from musical instruments, such as the
xylophone, are made by striking blocks of metal that are
free to ‘ring’. If the fundamental resonance of a block of
length L occurs when L = λ/2, estimate the length of a
block that will resonate at 440 Hz (the note A above
middle C). Take a look at a real xylophone and see if
you can spot something unexpected about the relative
lengths of the keys.
P23. Write an explanation for a colleague summarising
the definitions of shear modulus G and Young’s
modulus E. Explain briefly why we might reasonably
expect the shear modulus of a solid to be less than
Young’s modulus. (Figures 7.14 and 7.16)
P24. Based on Equations 7.25 to 7.27, estimate the
shear modulus G, Young’s modulus E and Poisson ratio
σ of copper, silver, and gold (Tables 7.2 and 7.9). Use
Equation A2.33 in Appendix 2 to estimate the bulk
modulus B and compare it with the experimental values
from Table 7.4.
P25. Describe an experiment to directly demonstrate to
a non-scientific friend that sound travels faster through
solids than through gases. (Tables 5.14 and 7.6).

Heat capacity
P26. What is the molar heat capacity of (a) gold and (b)
neodymium at around room temperature? (Table 7.10)
P27. Which elements have the highest and lowest molar
heat capacity (J K-1 mol-1) at 298 K? (Table 7.10)
C28. Which elements have the highest and lowest spe-
cific heat capacity (J K-1 kg-1) at 298 K? (Tables 7.2 and
7.10)
P29. Estimate CP for copper, silver and gold at the
boiling temperature of liquid nitrogen. (Figure 7.19 and
Table 11.1)
E30. Liquid helium costs around £3.00 per litre and is
used routinely to cool apparatus for use in low-
temperature experiments. The latent heat of liquid he-
lium is around 2000 joules per liquid litre. Estimate
roughly how much it would cost to cool 1 kg of copper
from room temperature to the boiling temperature of
liquid helium (Figure 7.19 and Table 11.1). In fact, a
simple calculation overestimates the amount of helium
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required by a factor of roughly 50: can you suggest
why?
P31. Following Example 7.13 and Figures 7.19 and
7.25, estimate an Einstein temperature for gold. Based
on that estimate, calculate the Einstein frequency and
the spring constant between gold atoms.
P32. By considering the spring constant K estimated in
Example 7.13, and the model of a solid sketched in
Figure 7.14, show that Young’s modulus for a substance
may be estimated as E  ≈ K /a, where a is the lattice
spacing (≈ 0.3 nm). How well does the estimate for E
for copper derived from analysis of the heat capacity
data (Example 7.13) tie up with E estimated from the
bulk modulus data (Tables 7.4 and Equation A2.33 in
Appendix 2)?
P33. Figure 7.30 indicates a roughly linear relationship
between the Debye temperature and the speed of sound
wave in a substance. Estimate the constant of propor-
tionality using Equation 7.48 and discuss how well it
agrees with the experimental value of approximately 7.
Use this correlation to estimate the Debye temperature
for niobium and seek confirmation of your estimate in
the scientific literature. (Tables 7.9 and 7.12)
C34. Compare the heat capacity predicted by Equation
7.61 with the tabulated values of the Debye function
(Table 7.11). Up to what fraction of ΘD is the Equation
accurate within (a) 1%, and (b) 10%?
P35. Explain to a friend what is meant by the terms
phonon and photon and outline the correct usage of each
term.
P36. Evaluate the ratio kBT/EF for a copper at 10 K,
100 K and 1000 K (Equations 6.72 and 6.76).
E37. Estimate the ratio of Cel/Clattice for silver at (a)
room temperature and (b) 1K. (Example 7.14, Table
7.12, Equation 7.47)
P38. A single photon of energy 3 × 104 eV is absorbed
in a block of silicon (ΘD ≈ 630 K) of volume 1 cm3.
Estimate the temperature rise if the silicon is held at
initial temperatures of (a) 1 mK, (b) 10 mK and (c) 100
mK (Equation 7.47 and Table 7.2). Could such a cryo-
genic device be used as a photon detector at any of these
temperatures?

Electrical properties
P39. Which four elements are the best electrical con-
ductors at room temperature (Table 7.13 and Fig-
ures 7.35 and 7.36)? Are these still the best conductors
at a T = 1 K (Table 7.15)? Amongst the lanthanide ele-
ments (Figure 7.1) which is the worst and which the
best electrical conductor around room temperature?
(Table 7.13)
P40. What is the resistivity of (a) copper, (b) brass, and
(c) zinc at around room temperature? (Table 7.14)

P41. A copper wire is 50 km in length, has a diameter of
10 cm, and a potential difference of 3 × 105 V across it.
Estimate the current through the wire and the power
dissipated per metre. (Table 7.13 and Example 7.15)
P42. The resistivity ρz of an element with atomic num-
ber Z is required in a calculation, but your tables record
only the value of ρz+1 for the element with atomic num-
ber Z + 1. How good a guide is this to the likely value of
ρz (Figure 7.34 and 7.35)? If you had to choose a single
figure as a ballpark estimate of the resistivity of all ele-
mental metals, what value would you choose?
P43. The resistivity ρ of rhodium is 4.51 × 10–8 Ω m at
room temperature. Estimate ρ at 77 K. (Hint: Look at
Figure 7.36 and make some assumptions)
P44. Work out the scattering time for electrons in Au,
Cu, Zn, Cu(Zn) and Nd (Example 7.17). Discuss briefly
the origin of the differences in ∆t.

P45. Ask your tutor why metallic behaviour is common
amongst the elements. Write down their answer, think
about it, and then send it to me.
P46. Element A has resistivity ρA and element B has
resistivity ρB. Sketch how you would expect the resis-
tivity of a random alloy AXB1-X to vary for 0 < X < 1.
(Table 7.14)
P47. Work out the thickness of a parallel plate capacitor
made with a quartz dielectric with an area 10 mm2 and a
capacitance of 1 nF (Example 7.18). If the capacitor has
a voltage of 100 V across its plates, roughly what is the
current (known as the leakage current) which flows
through the capacitor? (Table 7.14 and Example 7.19)
If an AC voltage at a frequency of 1 kHz is now applied
to the capacitor, the reactive current through the ca-
pacitor has a magnitude VC/2¹f. Compare the magni-
tudes of the capacitative and leakage currents through
the capacitor. A good dielectric substance for a capaci-
tor has a low leakage current and a high dielectric con-
stant. In these terms is quartz or polystyrene a better
material with which to make a capacitor? (Table 7.14)
P48. A parallel-plate capacitor is made with a quartz
dielectric, an area 10 mm2, and has a capacitance of
1 nF (Example 7.18). What is the maximum voltage that
may be applied to the capacitor (Table 7.18)? How
would you expect this maximum voltage to change with
temperature? (§7.5.7)

Semiconductors
P49. What is the resistivity of silicon with 1 part per
million phosphorus impurity at around 300 K? How
many phosphorus atoms per cubic metre does this corre-
spond to? (Figure 7.40)
P50. What is a typical value of the energy gap for a
semiconductor? (Figure 7.43 and Equation 7.79)
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P51. Estimate the number density of electron and hole
carriers in pure silicon at 1000 K (Example 7.21 and
Figure 7.42). How does this compare with the number
density of carriers in copper at 1000 K?
P52. Based on the discussion around Figures 7.45 and
7.46, suggest elements that would make good donor or
acceptor dopants for (a) silicon and (b) germanium.
Speculate which dopants would have the smallest acti-
vation energies, i.e. have quantum states with energy
most similar to the host material.

Thermal conductivity
P53. A question about frying pans. Roughly 1 kW of
heat flows through the base of a cast iron frying pan
(diameter 30 cm, thickness 5 mm) and heats the oil be-
neath some sausages to around 200 °C. Estimate the
temperature of the underneath of the frying pan. The
handle is 15 cm long, 2 cm in diameter, and made from
epoxy resin. Make some simple assumptions and esti-
mate the temperature half way down the handle. (Tables
7.16 and 7.17).
P54. The room in which I am sitting has one outside
wall, which has an area of approximately 3 m × 4 m.
Roughly half of this area is taken up with glass 5 mm
thick. Neglecting leaks around the window frame, and
assuming that the wall has two layers of bricks (ap-
proximately 20 cm total thickness) but no cavity, esti-
mate the rate at which energy must be dissipated inside
the room in order to keep it at 23 °C when it is –2 °C
outside. (Tables 7.16 and 7.17)
Based on this calculation, would you recommend that I
invest in double-glazing? Describe with the aid of a
sketch how even a thin cavity of trapped air would help
improve the thermal insulation of both the brick wall
and the window. (Table 5.11)

Optical Properties
P55. What is the average optical reflectivity of alumin-
ium? (Table 7.22)
C56. The reflectivity of glass to light normally incident
upon it is given by the formula:
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so that, for example, when nlight = 1.5, R = 0.04 and so
4% of the incident light intensity is reflected. Using a
spreadsheet or otherwise, plot R as function of nlight  for
nlight in the range 1 to 3. Since glass with R > 0.1 is not
useful for many applications, what is the maximum
useful refractive index.
P57. If the refractive index of glass were the same for
all wavelengths across the spectrum, would a high re-
fractive index prism split white light into different col-
ours more strongly than a low refractive index prism?
(Example 7.24)
P58. Diamonds are commonly used in jewellery. Sug-
gest which optical properties of diamonds are responsi-
ble for this popularity? Justify your suggestion.
P59. What conclusions can be drawn from the level
agreement between the theory of refractive index and
experimental data in Figure 7.53?
P60. Estimate the wavelength of UV resonance (or UV
electronic transition) for glass with a refractive index of
1.3 (Example 7.24). From your estimate of λo produce
an estimate of fo, the resonant frequency. By considering
Equation 2.25, and supposing only a single electron to
be excited, estimate the ‘spring constant’ K with which
the electron is bound within the glass. Compare your
answer with the result of Question P5 at the end of
Chapter 2
P61. Estimate the skin depth of copper at a frequency
of: (a) 50 Hz (mains frequency); (b) 50 MHz (the clock
frequency of a computer when the first edition was
published); (c) 1 GHz (the clock frequency of a com-
puter when the second edition was published;  (d) 10
THz (infra red); (e) 1000 THz (optical) (Equation
7.155). How thick should the aluminium screening
around a computer be in order to reduce the strength of
the radiated electric field by a factor of 100?


