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CHAPTER 2

Background theory

2.1 Introduction

My general aim in writing this book is to help you, and incidentally myself, to understand the properties
of matter. In general, the properties that we seek to understand are the large scale (or macroscopic) prop-
erties of matter. These properties are familiar to us: for example density, colour or viscosity. In our ex-
planations of why these properties have the values that they do, reference will often be made to the mi-
croscopic components of matter. So from the outset we need to be clear about what the components of
matter are, and what general principles we may use to analyse their behaviour.

In this context, the principles are analogous to ‘tools’ for understanding ‘components’, which we may
think of as the ‘nuts and bolts’ of matter. Historically, the principles evolved to allow analysis of par-
ticular problems, in rather the same way that mechanical tools have evolved. For example, screwdrivers
have evolved to be good at turning screws. However, for the uninitiated, it is often difficult to distinguish
between the ‘tools’ used to analyse a problem and the ‘nuts and bolts’ of the problem itself: it all looks
like ‘just so much metal’.

In the context of this book we consider the following ‘components’ of the world: electrons, neutrons, and
protons; and the electromagnetic field. The ‘tools’ which we shall use are: classical mechanics and
quantum mechanics; thermodynamics and statistical mechanics.

In what follows I assume that readers will have had some introduction to the topics outlined above.
However, my experience tells me that, for many students, their understanding of some of these subjects
remains scanty. For this reason, the presentation here assumes as little as possible in the way of back-
ground knowledge and confines itself to a few words of explanation together with the key results that
students will need in the later chapters.

This chapter is divided into four sections:

§2.2 Matter: Here we outline our assumptions about what constitutes the matter of the world.
§2.3 The electromagnetic field: Here we look at the general properties of all the known fields, and

focus on some detailed properties of the electromagnetic field, which is by far the most im-
portant from our point of view.

§2.4 Classical and quantum mechanics: Having looked at the components of the world, we will
look at some of the tools we use to understand how the components interact.

§2.5 Thermodynamics and statistical mechanics: Finally we look at techniques for calculating
the properties of large numbers of particles.

At www.physicsofmatter.com

In addition to copies of the figures and tables, you will also find animations of some of the key equations
in this chapter, and some colour pictures of atomic wave functions.
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2.2 Matter

2.2.1 Electrons, neutrons and protons
In what follows we assume that electrons, protons
and neutrons are fundamental particles from which
all matter is made. Some of their properties, as
deduced from numerous experiments, are listed in
Table 2.1. The mass and electric charge of the
electron, proton and neutron do not require much
further comment, except to note that they are all
exceedingly small. Their smallness is significant
because we are apt to bring to our study of these
particles understandings gained with more familiar
particles, which are usually substantially larger.
As we shall see later in this chapter, because of
their size, these particles must be described using
the language of quantum mechanics. Although this
allows a technical description of small particles
and their properties, the description can be very
difficult to understand.

But are protons electrons and neutrons
really fundamental?
Electrons are currently considered fundamental
particles at the deepest level at which scientists
can study them. In other words, the properties of
electrons are not explained in terms of ‘compo-
nent’ particles. However, the properties of neu-
trons and protons are explained in terms of a yet
deeper layer of structure. They are considered to

consist of particles called quarks: when certain
types of quarks are bound together, they create
what we call a proton: when other types of quark
are bound together, they create a neutron. This is
imagined to be broadly analogous to the way that
electrons, neutrons and protons are bound into
atoms, and cause atoms to have different proper-
ties depending on the precise numbers and ar-
rangement of electrons, neutrons and protons
within them.

In the current cosmological view, all the electrons,
protons and neutrons in the universe were created
shortly after the start of the universe as the tem-
perature of a primordial ‘gas’ fell. Initially the gas
contained free quarks, but as the gas cooled the
quarks ‘condensed’, i.e. bound together to form
the particles we now know.

2.2.2 Nuclei
The total number of protons and neutrons in the
universe is not thought to have changed very much
since shortly after the start of the universe. This
total number of protons and neutrons, estimated to
be ≈ 1087, constitutes the raw material from which
the physical universe is made. The protons and
neutrons interact strongly in the regions of high
temperature and pressure within the cores of stars
to bind together into particles of varying sizes that

Table 2.1 The properties of particles that are treated as fundamental in this book. The most important properties of the
particles for understanding the properties of matter are the first two rows of the table: mass and electric charge. The
internal angular momentum (spin) and magnetic moment of the particles are discussed in the text below.

Property Units Electron Neutron Proton

Mass Atomic mass units
u = 1.661 × 10–27  kg

5.485  × 10 – 4

≈1/1836
1.0085 1.0071

Electric charge Proton charge
e = 1.602 × 10–19 C

–1 0 +1

Magnetic moment Bohr magneton

µB = 9.274 × 10–24 J T–1

1.001 1.0419 × 10 –3 1.521 × 10 –3

Magnetic moment Nuclear magneton

µN = 5.051 × 10–27 J T–1

1837.8 1.913 2.793

Intrinsic (spin)
angular momentum

Planck constant divided by 2π
h = 1.054 × 10–34  J  s

1
2

1
2

1
2

Electric dipole moment Cm 0 0 0

Lifetime Stable Stable within nuclei
half life ≈ 15 minutes

in free space.

Stable
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we refer to as nuclei. The number of protons in a
nucleus is called its atomic number, Z. Most nuclei
that are formed are unstable and rapidly disinte-
grate. Thus most nuclei that we find around us
now are the relatively stable nuclei that have not
yet disintegrated. The stable nuclei have roughly
equal numbers of protons and neutrons, usually
with a slight excess of neutrons. Nuclei with the
same number of protons but different numbers of
neutrons are called isotopes.

Nuclei are held together by attractive forces that
act between the quarks that make up the protons
and neutrons. These attractive forces act roughly
equally between protons and protons, protons and
neutrons, and neutrons and neutrons. Thus it is
common to use the collective term nucleon which
does not distinguish between protons and neu-
trons. The mass of a nucleon is approximately one
atomic mass unit (u). The attractive forces are
extremely short range (≈10–15 m), and essentially
amount to a contact force between nucleons, as if

their ‘surfaces’ were ‘sticky’. The mass number of
a nucleus, A, is the total number of nucleons in a
nucleus.

No stable nuclei are observed to exist with more
than 83 protons; a fact which is ascribed to the
strong electric repulsion between protons. The
repulsive force on a proton within the nucleus is
roughly proportional to Z(Z – 1). Thus, for exam-
ple, the repulsive force on a proton in a nucleus for
which Z = 82 is 74 times bigger than for Z = 10.
Above Z = 82 the repulsive force between the
protons overcomes the attractive forces between
the quarks in the nucleons, and so the nucleus be-
comes unstable.

Nuclei are extremely small, with typical diameters
of the order 10–14 m. At temperatures below about
10,000 K, electrons bind to nuclei until they be-
come electrically neutral, i.e. until the number of
electrons equals the number of protons. It is
thought that the universe as a whole is electrically
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Figure 2.1 The relative abundance of the ele-
ments (a) in the outer part of the sun, and (b) in
the solid, outer part of the Earth, its ‘crust’. No-
tice that the vertical axis is logarithmic, so that
points which are noticeably lower on the graph
represent elements that are several orders of
magnitude rarer than their neighbours.

The Sun is composed primarily of hydrogen, with
all the other elements together accounting for
only 6% of the total number of atoms. Further,
with one or two exceptions, there is a relatively
smooth variation with heavier nuclei becoming
successively less common that lighter nuclei.

The distribution of elements in the Earth’s crust
is quite different from that in the Sun. Under-
standing the distribution of elements on Earth is
considerably more difficult than for the Sun. For
example, some of the rare elements in the
Earth’s crust are rare because they are chemi-
cally unreactive gases, which are relatively
abundant in the Earth’s atmosphere. This shows
that the abundance of an element in the Earth’s
crust is not only related to the primordial compo-
sition of the Earth. Other factors are important,
such as whether the element is a gas, liquid or
solid at the Earth’s mean temperature, or
whether it will bind chemically with other ele-
ments. It is interesting to note that ‘rare earth’
elements are not particularly rare. Data from
Emsley (§1.4.1)
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neutral and that there are equal numbers of elec-
trons and protons in existence. In this book, we
restrict our study of matter to the temperature
range below a few thousand kelvin. This excludes
an explicit study of the state of matter known as a
plasma because although it is by far the most
common state of matter in the universe, it is rela-
tively rare on our planet. The combination of a
nucleus with sufficient electrons to achieve elec-
trical neutrality is known as an atom.

2.2.3 Atoms
In later chapters, the arrangement of atoms in the
different states of matter will be the main focus of
our attention. Only occasionally will we refer
separately to the existence of nuclei and their
protons or neutrons. The structure of all atoms is
broadly similar, consisting of two main features.
• A dense nucleus of A nucleons: Z protons and

(A – Z) neutrons. The nucleus therefore has an
electric charge of +Ze , where e  is the ele-
mentary charge on the proton, and an ap-
proximate mass of Au, where u is the atomic
mass unit (see Table 2.1).

• A diffuse outer structure of Z electrons of
total electric charge –Ze, held around the nu-
cleus by electrical attraction to the oppositely-
charged nucleus. The overall diameter of the
electron structure is similar for most atoms
and is ≈3 × 10–10 m. The diameter of the elec-
tron structure around an atom is typically
more than 10,000 times larger than the di-
ameter of the nucleus.

A substance composed of only one type of atom
only is called an element. Historically, it was
through the realisation that some substances were
elemental, and subsequent analysis of their prop-
erties that the basic properties of atoms were de-
duced. Table 2.2 lists the names and symbols of
all the elements with atomic numbers up to 105.

Valence electrons
At separations greater than a few atomic diame-
ters, atoms barely interact with one another. The
interactions between atoms occur when they are
brought close together and are caused only by the
electrical interactions between the atoms. This
single fact is worth repeating: the interactions
between atoms are caused only by electrical inter-

actions. The magnitude of the interaction is domi-
nated by the outer part of the electronic structure
around the atom. The electrons in the outer part of
the structure are called valence electrons. The
number and distribution of the valence electrons
strongly affects the physical and chemical proper-
ties of atoms, and of the substances of which the
atoms are a part.

Electrons tend to cluster around the nucleus in a
sequence of spherically symmetric shells. This
gives rise to a periodicity in the properties of at-
oms as function of Z, the number of electrons. For
example, atoms with 2, 10, 18, 36, 54 and 86
electrons are able to pack electrons into successive
shells with no electrons left over. Their physical
and chemical properties are all strikingly similar,
being the properties of atoms with no electrons
outside a closed shell. Atoms with one electron
outside a closed shell, i.e. those with 3, 11, 19, 37,
55 and 87 electrons also behave with striking
similarity. For this reason, Mendeleyev and others
grouped the elements into a so-called Periodic
Table (Figure 2.2). In such a table, elements with
similar properties, such as density, melting tem-
perature, or chemical reactivity, were placed in
columns. An example of the striking periodicity
found in the properties of the elements can be seen
in Figure 7.1, showing the densities of the solid
elements as a function of atomic number.

Molecules and compounds
It is unusual on our planet to find matter in ele-
mental form. Normally we encounter matter in
which there are many types of atoms. The atoms
are held together by electrical interactions between
the outer electrons on each atom, known as chemi-
cal bonds. A set of atoms that are bonded together
chemically is known as a molecule. Molecules
range in size from two atoms to thousands of at-
oms. For example N2, O2 are two–atom molecules
composed (as the subscript indicates) of two at-
oms of nitrogen and oxygen respectively. Exam-
ples of three atom molecules are H2O (two atoms
of hydrogen and one of oxygen) and CO2 (one
atom of carbon and two of oxygen). Molecules
with thousands of atoms have chemical formulae
which are too complicated to list here.
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Figure 2.2. The periodic  table of the elements. The shaded elements have only radioactive isotopes.

3
Li

4
Be

11
Na

12
Mg

19
K

20
Ca

37
Rb

38
Sr

55
Cs

56
Ba

87
Fr

88
Ra

57
La

89
Ac

58
Ce

90
Th

59
Pr

91
Pa

60
Nd

92
U

61
Pm

93
Np

62
Sm

94
Pu

63
Eu

95
Am

64
Gd

96
Cm

65
Tb

97
Bk

66
Dy

98
Cf

67
Ho

99
Es

68
Er

100
Fm

69
Tm

101
Md

70
Yb

102
No

21
Sc

39
Y

71
Lu

103
Lr

22
Ti

40
Zr

72
Hf

104
Rf

23
V

41
Nb

73
Ta

105
Db

24
Cr

42
Mo

74
W

106
Sg

25
Mn

43
Tc

75
Re

107
Bh

26
Fe

44
Ru

76
Os

108
Hs

27
Co

45
Rh

77
Ir

109
Mt

28
Ni

46
Pd

78
Pt

29
Cu

47
Ag

79
Au

30
Zn

48
Cd

80
Hg

5
B

13
Al

31
Ga

49
In

81
Tl

6
C

14
Si

32
Ge

50
Sn

82
Pb

7
N

15
P

33
As

51
Sb

83
Bi

8
O

16
S

34
Se

52
Te

84
Po

9
F

17
Cl

35
Br

53
I

85
At

10
Ne

18
Ar

36
Kr

54
Xe

86
Rn

1
H

2
He

Table 2.2. The elements with atomic numbers up to 105 together with their date of discovery. The term ‘Old’ as a date
of discovery indicates that the element was known in antiquity. The names of the elements tell many fascinating stories
about their discovery.

Z
Element, symbol, date of
discovery Origin of name

1 Hydrogen, H, (1766) Greek: Hydros Genes: mean-
ing Water Forming

2 Helium, He, (1895) Greek: Helios meaning Sun
3 Lithium, Li, (1817) Greek: Lithos meaning Stone
4 Beryllium, Be, (1797) Greek: Beryllos meaning Beryl
5 Boron, B, (1808) Arabic: Buraq
6 Carbon, C, (Old) Latin: Carbo meaning Char-

coal
7 Nitrogen, N, (1772) Greek: Nitron Genes meaning

Nitre Forming
8 Oxygen, O, (1774) Greek: Oxy Genes meaning

Acid Forming
9 Fluorine, F, (1886) Latin: Fluere meaning To Flow
10 Neon, Ne, (1898) Greek: Neos meaning New
11 Sodium, Na, (1807) English: Soda: The symbol

comes from the Latin Natrium
12 Magnesium, Mg, (1755) Greek: Magnesia, a district in

Thessaly
13 Aluminium, Al, (1825) Latin: alumen meaning alum
14 Silicon, Si, , (1824) Latin: Silicis meaning Flint
15 Phosphorus, P, (1669) Greek: Phosphorus meaning

Bringer of Light
16 Sulphur, S, (Old) Sanskrit: Sulvere meaning

Sulphur
17 Chlorine, Cl, (1774) Greek: Chloros meaning Pale

Green

Z
Element, symbol, date of
discovery Origin of name

18 Argon, Ar, (1894) Greek: Argos meaning Inactive
19 Potassium, K, (1807) English: Potash: The symbol

comes from the Latin Kalium
20 Calcium, Ca, (1808) Latin: Calix meaning Lime
21 Scandium, Sc, (1879) Latin: Scandia meaning Scan-

dinavia
22 Titanium, Ti, (1791) Titans, Sons of the Earth

Goddess.
23 Vanadium, V, (1801) Vanadis, Scandinavian god-

dess
24 Chromium, Cr, (1780) Greek: Chroma meaning

Colour
25 Manganese, Mn, (1774) Latin: Magnes meaning Mag-

net
26 Iron, Fe, (Old) Saxon: Iron: The symbol

comes from the Latin Ferrum
27 Cobalt, Co, (1735) German: kobald meaning

Goblin
28 Nickel, Ni, (1751) German: Kupfernickel meaning

either Devil’s Copper or St
Nicholas’ Copper

29 Copper, Cu, (Old) Latin: Cuprum meaning Cyprus
30 Zinc, Zn, (1400) German: Zink
31 Gallium, Ga, (1875) Latin: Gallia meaning France
32 Germanium, Ge, (1886) Latin: Germania meaning

German
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Z
Element, symbol, date of
discovery Origin of name

33 Arsenic, As, (1280) Greek: Arsenikon meaning
Yellow Orpiment

34 Selenium, Se, (1817) Greek: Selene meaning Moon
35 Bromine, Br, (1826) Greek: Bromos meaning

Stench
36 Krypton, Kr, (1898) Greek: Kryptos meaning Hid-

den
37 Rubidium, Rb, (1861) Latin: Rubidius meaning

Deepest Red
38 Strontium, Sr, (1790) English: Strontian in Scotland
39 Yttrium, Y, (1794) The town of Ytterby in Sweden
40 Zirconium, Zr, (1789) Arabic: Zargun meaning Gold

Colour
41 Niobium, Nb, (1801) Greek: Niobe, a daughter of

Tantalus: Also called Colum-
bium in USA

42 Molybdenum, Mo, (1781) Greek: Molybdos meaning
Lead

43 Technetium, Tc, (1937) Greek: Technikos meaning
Artificial

44 Ruthenium, Ru, (1808) Latin: Ruthenia meaning Rus-
sia

45 Rhodium, Rh, (1803) Greek: Rhodon meaning Rose
46 Palladium, Pd, (1803) The asteroid Pallas
47 Silver, Ag, (Old) Saxon: Siolfur meaning Silver:

The symbol comes from the
Latin Argentum

48 Cadmium, Cd, (1817) Latin: Cadmia meaning Calo-
mine

49 Indium, In, (1863) Indigo
50 Tin, Sn, (Old) Saxon: Tin: The symbol comes

from the Latin Stannum
51 Antimony, Sb, (Old) Greek: Anti+Monos meaning

not alone. The symbol is from
Latin Stibium

52 Tellurium, Te, (1783) Latin: Tellus meaning Earth
53 Iodine, I, (1811) Greek: Iodes meaning Violet
54 Xenon, Xe, (1898) Greek: Xenos meaning

Stranger
55 Caesium, Cs, (1860) Latin: Caesius meaning Sky

Blue
56 Barium, Ba, (1808) Greek: Barys meaning Heavy
57 Lanthanum, La, (1839) Greek: Lanthanein meaning

To Lie Hidden
58 Cerium, Ce, (1803) Ceres, an asteroid discovered

in 1801
59 Praseodymium, Pr, (1885) Greek: Prasios Didymos

meaning Green Twin
60 Neodymium, Nd, (1885) Greek: Neos Didymos mean-

ing New Twin
61 Promethium, Pm, (1945) Greek: Prometheus
62 Samarium, Sm, (1879) The mineral Samarskite
63 Europium, Eu, (1901) Europe
64 Gadolinium, Gd, (1880) J. Gadolin, a Finnish chemist
65 Terbium, Tb, (1843) The town of Ytterby in Sweden
66 Dysprosium, Dy, (1886) Greek: Dysprositos meaning

Hard To Obtain

Z
Element, symbol, date of
discovery Origin of name

67 Holmium, Ho, (1878) Latin: Holmia meaning Stock-
holm

68 Erbium, Er, (1842) The town of Ytterby in Sweden
69 Thulium, Tm, (1879) Thule,  meaning Ancient

Scandinavia: The Uttermost
North

70 Ytterbium, Yb, (1878) The town of Ytterby in Sweden
71 Lutetium, Lu, (1907) Latin: Lutetia meaning Paris
72 Hafnium, Hf, (1923) Latin: Hafnia meaning Copen-

hagen
73 Tantalum, Ta, (1802) Greek: Tantalos, the father of

Niobe
74 Tungsten, W, (1783) Swedish: Tung Sten meaning

Heavy Stone: The symbol
comes from the alternative
name Wolfram

75 Rhenium, Re, (1925) Latin: Rhenus meaning Rhine
76 Osmium, Os, (1803) Greek: Osme meaning Smell
77 Iridium, Ir, (1803) Latin: Iris meaning Rainbow
78 Platinum, Pt, (Old) Spanish: Platina meaning

Silver
79 Gold, Au, (Old) Saxon: Gold
80 Mercury, Hg, (Old) Latin: The planet Mercury: The

symbol comes from the Latin
Hydragyrum meaning Liquid
Silver

81 Thallium, Tl, (1861) Greek: Thallos meaning Green
Twig

82 Lead, Pb, (Old) Saxon: Lead: The symbol
comes from the Latin Plum-
bum

83 Bismuth, Bi, (1450) German: Bisemutem
84 Polonium, Po, (1898) Poland
85 Astatine, At, (1940) Greek: Astatos meaning un-

stable
86 Radon, Rn, (1900) Radium
87 Francium, Fr, (1939) France
88 Radium, Ra, (1898) Latin: Radius meaning Ray
89 Actinium, Ac, (1899) Greek: aktinos  meaning Ray
90 Thorium, Th, (1815) Thor The Scandinavian god of

war
91 Protractinium, Pa, (1917) Greek: Protos meaning First
92 Uranium, U, (1789) The planet Uranus
93 Neptunium, Np, (1940) The planet Neptune
94 Plutonium, Pu, (1940) The planet Pluto
95 Americium, Am, (1944) English: America
96 Curium, Cm, (1944) Pierre and Marie Curie
97 Berkelium, Bk, (1949) English: Berkeley
98 Californium, Cf, (1950) English: California
99 Einsteinium, Es, (1952) Albert Einstein
100 Fermium, Fm, (1952) Enrico Fermi
101 Mendelevium, Md, (1955) Dmitri Mendeleyev
102 Nobelium, No, (1958) Alfred Nobel
103 Lawrencium, Lr, (1961) Ernest O. Lawrence
104 Rutherfordium, Rf, (1964) Ernest Rutherford
105 Dubnium, Db, (1967) The town of Dubna, home to a

centre for nuclear research
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The phrase chemical compound generally refers to
solids consisting of more than one type of atom,
but for which there is no small group of atoms that
may be considered independently. For example,
carbon dioxide, CO2, in its solid state would not be
described as a compound. This is because even in
its solid state the molecules are still clearly identi-
fiable and interact only weakly with one other: it is
thus referred to as a molecular solid. On the other
hand, sodium chloride, NaCl, in its solid state is a
chemical compound. This is because although its
formula refers to only two atoms, each Na atom is
bonded to six Cl atoms, and each Cl atom is
bonded to six Na atoms. The bonding forms a
network that extends throughout the solid.

Complex molecules
I have excluded from systematic inclusion in this
book consideration of materials made from large
complex molecules, i.e. those consisting of more
than a small number of atoms. This is not because
materials made from such molecules are not inter-
esting; indeed the opposite is true. They are ex-
cluded because the study of their physical proper-
ties is still in its infancy and the variety of their
properties is simply overwhelming. They are re-
ferred to in Chapters 8 and 9 on the properties of
liquids (and liquid crystals) composed of organic
molecules, and in passing at several other points.

2.3 The electromagnetic field

The matter of the world as we encounter it may be
considered to be normally composed of atoms and
molecules as described in §2.2.3. The primary
method by which these atoms and molecules inter-
act with one another is through the electromag-
netic field, and in particular the electric aspect of
the field

2.3.1 The concept of a field
It may be that you are not familiar with the con-
cept of a field as a physical entity so let me start
from the beginning. Fields are not composed of
matter (electrons, protons and neutrons etc.), but
they do still exist. Fields can be considered as a
complementary component of the world to the
particles of matter discussed in the previous sec-
tion. Particles are localised with a relatively well-
defined position whereas fields extend throughout
all of space

Fields are found to affect matter, and matter to
affect fields, and it is through their mutual effects
that we determine the properties of both matter
and fields. For example, consider two particles X
and Y. We can imagine the interaction between X
and Y as a three-stage process:
• Particle X affects the field around it,
• The disturbance of the field around X spreads

away from X,

• A little later, particle Y is affected by the dis-
turbance of the field created by X.

Notice that the field itself is not an observable
‘object’. We infer its properties from systematic
studies of the way one particle affects other parti-
cles around it. Currently we can explain all ob-
servable phenomena in the universe in terms of
three different types of fields: the gravitational,
electroweak and colour (or strong) fields. It is
hoped that eventually all these fields will be un-
derstood as separate aspects of a single ‘unified’
field.

For our purposes, we need to examine the proper-
ties of only one of the above fields, the elec-
troweak field. Before leaving the other two fields
we note that:
• The colour field, while existing everywhere,

acts only between particles that possess a
property called colour charge and it is
through this field that quarks interact with one
another.  As mentioned previously, the forces
between quarks are extremely short range ≈
10–15 m, and they thus act only within nuclei.
In attempting to understand the properties of
matter we ignore any processes that take place
within nuclei and treat nuclei as if they were
point masses with an electric charge +Ze.
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• The gravitational field acts between all parti-
cles that possess mass, but its effects are gen-
erally negligible unless the masses involved
are large, which will not happen over the
length scales that we are interested in. We do
however use the fact that particles possess
mass, but only to discuss the way in which
their motion is affected under the action of
electrical forces. In other words we use mass
in the sense of inertial mass, but not gravita-
tional mass.

We note that we will be unable to understand
some quite common phenomena, such as radio-
activity or convection, without recourse to expla-
nations that involve these two fields. However, to
understand most properties of the matter which we
find around us we need concern ourselves only
with the electroweak field. In fact, in the regions
in which we shall be discussing it, the ‘weak’ part
of this field represents only a tiny correction to the
‘electro’ part of the field. The ‘weak’ part of the
field causes a small difference between the inter-
actions of:
• electrons which move with their internal spin

axis oriented in the same direction as their di-
rection of motion

and
• electrons which move with their internal spin

axis oriented in the opposite direction as their
direction of motion.

We will neglect these small effects caused by the
‘weak’ aspect of the field entirely and concentrate
on the ‘electro’ part of the field, conventionally
called the electromagnetic field.

2.3.2 Electric fields and forces
In what follows we consider the electric part of
the electromagnetic field, and look at results for
the properties of isolated electric charges, electric
dipoles and their interaction with electric fields. I
have followed the phraseology of electromagnet-
ism textbooks in using phrases such as “a charge
of 0.01 coulomb is placed at…”. In this context I
would like to remind you that there is no such
thing as ‘a charge’: when the phrase is used it is
shorthand for ‘a particle of matter with a charge
of…’. Electric charge is property of matter, and
cannot be isolated from it.

Electric charges

Force on an electric charge q in an electric field
The electric field E in the region of a point charge
of magnitude q is given by:

E r=
π

q

r4 2εo

ˆ (2.1)

where r is the distance from the point charge, and
r̂  is a unit vector from q to the point under con-
sideration. The constant εo (pronounced ‘epsilon
zero’) is a universal constant known as the per-
mittivity of free space and has the value
εo = 8.854 × 10–12 F m–1. (The units F m–1 are Far-
ads per metre.) The force F on a charge q1 in an
electric field E is given by:

F E= q1 (2.2)

and so the force on a point charge q1 a distance r
from q is given by combining 2.1 and 2.2 to give:

F r=
π
q q

r
1

24 εo

ˆ (2.3)

The electrical force F described in Equation 2.3 is
sometimes referred to as the Coulomb force. The
potential energy of the two charges is:

u
q q

r
= π

1

4 εo

(2.4)

The potential energy per unit charge, the electric

Figure 2.3 Conventional illustration of the electric field in
the region of a positive point charge. The arrowed lines
indicate the direction of the electric field, and their close-
ness indicates the intensity (strength) of the electric field.
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potential, around charge q is u/q1, i.e.

V
q

r
=

π4 εo

(2.5)

Electric dipoles
In the study of matter, we frequently need to con-
sider electrical charges that are grouped together
so as to remain electrically neutral overall. How-
ever, for a variety of reasons, the positive and
negative electrical charges may not be distributed
such that they have the same centre of symmetry.
For example, in the absences of an applied electric
field, atoms and molecules are generally electri-
cally neutral. However, in an applied electric field,
the electrons and nuclei of all atoms move in op-
posite directions and the atom or molecule then
acquires a so-called electric dipole moment.
Sometimes the distribution of electric charge
within some molecules is such that the molecules
possess intrinsic electric dipole moments even in
the absence of an applied electric field.

A simple electric dipole moment is illustrated in
Figure 2.4 (a). The electric dipole moment consid-
ered as vector is given by:

p d= q (2.6)

where d is a vector from the negative charge cen-
tre to the positive charge centre. The electric di-
pole moment has magnitude:

Example 2.2

Calculate the force, acceleration, and potential en-
ergy of an electron a distance 10–10 m from a proton.
This distance is typical of separations between
charges found in atoms. From Table 2.1 we see that
protons possess an electric charge +e and electrons
possess an electric charge –e  where e has the value
1.6 ×××× 10–19 C.

The force is given by Equation 2.3 with
q1 = –1.6 × 10–19 C, q = +1.6 × 10–19 C and r = 10–10 m .
We thus have:

F = − × × ×
π× × ×

= − ×

− −
− −

−

1 6 10 1 6 10

4 8 85 10 10

2 31 10

19 19

12 10 2

8

. .

. ( )
 

. N

where the negative sign indicates that the force is at-
tractive. The force acts attractively along the line join-
ing the two particles.

The acceleration of an electron is given by Newton’s
third law a = F/m  and so since me = 9.1 × 10–31 kg. We
thus have:

a
F

m
= = − ×

×
= − ×

−
−

−

2 31 10

9 1 10

2 53 10

8

31

22 2

.

.

. ms

Notice the colossal magnitude of this acceleration in
comparison with the accelerations we experience daily
≈ g ≈ 10 ms–2.

The potential energy of the electron–proton pair is given
by Equation 2.4 so we have:

u = − × × ×
π× × ×

= − ×

− −
− −

−

1 6 10 1 6 10

4 8 85 10 10

2 31 10

19 19

12 10

18

. .

.

. J

where the negative sign indicates attraction. In other
words the particles have a lower energy than if they
were separated by a large distance. The small energies
involved in Coulomb interactions between electrons and
protons are often expressed in units of electron volts
where:

1 1 6 10 19.eV J= × −

In these units the energy of interaction of a proton and
electron separated by 10–10 m is:

u = − ×
× = −

−
−

2 31 10

1 6 10
14 4

18

19
.

.
. eV

Example 2.1

What is the electric field a distance 10–10 m from a
proton?

The field is given by Equation 2.1 with:
q = +1.6 × 10–19 C
r = 1 × 10–10 m

We thus have:

E = ×
π× × ×( )

= + ×

−
− −

−

1 6 10

4 8 85 10 10

1 44 10

19

12 10 2

11 1

.

.

.  V m

This field is enormous in comparison to the electric
fields commonly experienced in laboratories.
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p qd= (2.7)

Force on an electric dipole p in an electric field
As illustrated in Figure 2.4 (b) the net force on an
electric dipole in a uniform electric field is zero,
because the force on each component of the dipole
cancels.

F = 0 (2.8)

Torque on an electric dipole p in an electric
field
As illustrated in Figure 2.4 (b), although a uniform
electric field exerts no force on an electric dipole,
it does exert a torque. The torque Γ  is perpen-
dicular to both E and p and is given by the vector
product:

Γ = ×p E (2.9)

which has magnitude:

Γ = pE sinθ (2.10)

where θ  is the angle between p and E.

Electric field due an electric dipole
As well as being subject to forces and torques in
electric fields, electric dipoles also act as sources
of electric fields. At distances r greater than d (the
separation of the charges in the dipole) the electric
potential due the dipole may be written approxi-
mately as:

V
r

= ⋅
π
p r̂

4 2εo

(2.11)

where p is defined in Equation 2.6 and r̂  is a unit
vector from the dipole centre to the position at
which the potential is evaluated. The electric field
of a dipole (Figure 2.4(d)) is related to the gradient
of the potential function and varies roughly as 1/r3.

Example 2.3

In a carbon monoxide (CO) molecule, slightly more
electric charge clusters around the oxygen atom than
the carbon due to details of structure of electronic
orbits around C and O atoms. The molecule thus has
a ‘built-in’ electric dipole moment of approximately
0.1 ×××× 10–30 Cm. (The unit of 1 ×××× 10–30 Cm is typical of
the electric dipole moments found in molecules and
is sometimes called a debye unit. CO has an electric
dipole moment of 0.1 debye.) Estimate the torque on
a CO molecule in an electric of 1000 Vm–1.

Assuming the moment is oriented perpendicular to the
field, then Γ is given by:

Γ ≈ = × ×
=

−
−

pE 0 1 10 10

10

30 3

28

.

Nm

Notice that 1000 V m–1 is not a particularly strong elec-
tric field. It corresponds to the electric field between
two plates 1 mm apart with a potential difference of 1
volt. As we saw in Example 2.1, the field near a proton
is  ≈1011 V m–1.

(a)

p = q d

+q

–q

d

d
Figure 2.4  (a) An electric dipole consists of two equal and opposite
charges and its magnitude p, the electric dipole moment, has magnitude
p = qd . As a vector, it is considered to point from the negative to the posi-
tive charge. (b) In a uniform applied electric field, an electric dipole experi-
ences no net force, but  (c) is subject to a torque  Γ = pEsinθ. (d) Electric
field lines in the region of an electric dipole.

(b)

F = –qE

F = –qE

E

(c)

p θ

Γ = pEsinθ

E

(d)
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Electric dipole induced by an electric field
In the absence of an electric field, all atoms and
many molecules have no electric dipole moment.
However, in the presence of an applied electric
field E, a dipole moment pi  is induced on all at-
oms and molecules. The electric dipole moment
induced on a molecule is related to the applied
field E by:

p Ei = α (2.12)

where α is the molecular polarisability, which has
a characteristic value for each type of atom or
molecule.

Electric fields and matter
Only very occasionally do we observe the effect of
an electric field in a vacuum. Generally, we ob-
serve electric fields through their effect on matter.
In the presence of matter, the electric field is
modified compared to how it would have been if
the matter had not been there. In general, the field
is reduced in value. This change is characterised
by the dielectric constant ε of the substance in
question. For a vacuum, ε = 1, and as long as the
charges on question are not oscillating, we find
that in general ε > 1. For substances such as air, ε
has a value of around 1.001; for solid insulating
substances such as glass, ε has a wide range of
values, usually in the range 1.1 to 10. For metals,
ε is effectively infinite since charges can move
within metals to almost perfectly screen the effect
of a charge.

To modify the formulae in Equations 2.1 to 2.5 for
use within matter, the general rule is as follows:
find εo in the formula and replace it with εεo.

Magnetic dipoles and forces
A summary of the properties of magnetic dipoles,
and of forces on electric charges in a magnetic
field, can be found on the Web in Chapter W2 on
the magnetic properties of solids.

2.3.3 Changes in electromagnetic
fields

The speed of light in a vacuum
The speed of electromagnetic disturbances in a
region of the electric field in which there is no
matter (a vacuum) is a universal constant c. In the
SI system of units, this is defined to be exactly
2997922458.0 ms–1 or roughly 2.998 × 108 m s–1.
The theory of electromagnetic wave propagation
predicts that c is related to other constants that
characterise the electric field in a vacuum by:

c = 1

ε µo o

(2.13)

where  µo is a constant known as the permeability
of free space and εo is the permittivity of free
space. Since εo = 8.854 × 10–12 F m–1, µo (pro-
nounced  ‘mew zero’) has the value:

µ
εo

o

H m

=

= × − −

1

1 257 10

2

6 1

c

.

(2.14)

Interestingly, from a historical point of view, this
value of µo is exactly equal to 4¹ ×  10–7 H m–1.
(The units H m–1 are Henrys per metre).

The constants εεεεo and µµµµo

εo is a constant of proportionality that character-
ises the strength of the electric field produced by a
given charge. For example, in a hypothetical uni-
verse in which εo was little smaller than it is in our
universe, electric charges would induce slightly
more intense electric fields than they do in our
universe. Similarly, if µo was a little smaller than
it is in our universe, electric currents would create
slightly larger magnetic fields than they do in our
universe. Bearing these rough definitions in mind
we can see that Equation 2.13 states that the speed
of an electromagnetic disturbance in free space is
inversely proportional to the square root of the
‘spring constants’ for the electromagnetic field.
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The speed of light in a material
substance
The speed v of electromagnetic disturbances
through a region containing matter varies with the
frequency of the disturbance and with properties
of the matter through which the disturbance
passes. The theory of electromagnetic wave
propagation predicts that v is given by:

v = 1

εε µµo o

(2.15)

where µ is the relative magnetic permeability and
ε is the relative dielectric permittivity (sometimes
called the dielectric constant) of the substance.
Commonly µ has a value very close to unity in
which case Equation 2.15 may be written ap-
proximately as:

v
c=
ε

(2.16)

The ratio of the speed of light in free space, to the
speed of light in a material, is known as the re-
fractive index of a material, nlight. We can thus
note that the refractive index of a non-magnetic
substance is given by:

n
c

vlight =

≈ ε
(2.17)

As we shall see when we examine data on the
subject in section §5.8.2, §7.9.5 and §9.13.2,
Equation 2.17 does not always hold. In general,
we will be able to understand this by realising that
ε can change with frequency.

The electromagnetic spectrum
When charged particles are accelerated or deceler-
ated, an electromagnetic disturbance spreads out-
ward from the particle at the speed of light. Com-
monly the acceleration is periodic, resulting from
a simple harmonic motion of the charge. In such a
case, the electromagnetic disturbance has a well-
defined frequency f and wavelength λ . Table 2.3
illustrates the different names given to distur-
bances in different frequency ranges.

Photons
The electromagnetic field can gain or lose energy
only in small packets called photons. The energy E
required to create a photon with a frequency f is
given by:

E hf= (2.18)

where h is a universal constant known as the
Planck constant, with the value 1.054 × 10–34 J s.
The magnitude of the energy required to excite
photons of different frequencies and wavelengths
is summarised in Table 2.3.

Table 2.3 Photon energies, frequencies, and wavelengths.

Frequency
(Hz)

Wavelength
(m)

Energy
 (eV)

Comment

106 3×102 4.14×10–9 Radio broadcasts

107 3×101 4.14×10–8

108 3 4.14×10–7 Television broadcasts

109 3×10–1 4.14×10–6 A gigahertz: microwave
ovens and mobile
phones

1010 3×10–2 4.14×10–5 Infra-red

1011 3×10–3 4.14×10–4 Infra-red

1012 3×10–4 4.14×10–3 A terahertz: Infra-red:
Typical frequency of
atomic vibration

6.6 ×1012 4.55 ×10–4 2.5×10–2 Infra-red: corresponds to
processes occurring at
around room tempera-
ture  (290K)

1013 3×10–5 4.14×10–2 Infra-red

4 ×1014 7.5 ×10–7 1.654 Red light: Corresponds
to processes involving
electrons in the outer
(valence) shells of
atoms

1015 3 × 10–7 4.14 Blue light: corresponds
to processes involving
electrons in the outer
(valence) shells of
atoms

1016 3×10–8 4.14×101 Ultra-violet light

1017 3×10–9 4.14×102 Ultra-violet light

1018 3×10–10 4.14×103 Ultra-violet light

1019 3×10–11 4.14×104 X-rays

1020 3×10–12 4.14×105 X-rays: corresponds to
processes involving
electrons in the inner
shells of atoms

1021 3×10–13 4.14×106 X-rays

1022 3×10–14 4.14×107 X-rays

1023 3×10–15 4.14×108 Gamma rays: Corre-
sponds to processes
that occur within nuclei



CLASSICAL AND QUANTUM MECHANICS

19

2.4 Classical and quantum mechanics

2.4.1 Classical mechanics or quantum
mechanics?
Classical mechanics concerns itself with the mo-
tion of ‘relatively large’ particles of matter.
Quantum mechanics is concerned with the motion
of particles of matter of all sizes, but is used
mainly when the particles involved are ‘relatively
small’. Where to draw the distinction between
‘relatively small’ and ‘relatively large’ is a subject
of both physical and philosophical controversy.
Broadly speaking, particles larger than a few
atomic diameters in size (≈ 10–9 m to 10–8 m) may
be treated classically, whereas particles smaller
than this must be treated using quantum mechan-
ics. However, this is not a hard and fast rule. Even
for atomic sized particles, classical mechanics can
give ‘a feel’ for a problem, and is often useful for
obtaining order-of-magnitude estimates. Similarly,
there are occasions where quantum mechanics is
necessary to understand macroscopic phenomena.

2.4.2 Classical mechanics

‘Laws of motion’
Classically, particles are assumed to obey the three
‘laws of motion’ first enunciated clearly by Isaac
Newton. The first and second laws may be sum-
marised as:

F a= m (2.19)

where F is the force acting on a body of mass m
and a is the resulting acceleration. Equation 2.19
may be restated in terms of momentum p, velocity
v, or position r:

F
p

v

r

=

=

=

d

d
d

d

d

d

2

t

m
t

m
t2

(2.20)

If we rewrite the first equality in Equation 2.20 for
short times, we find an expression which allows us

to estimate F when a particle changes momentum
by ∆p in a short time ∆t:

F
p≈ ∆

∆t
(2.21)

This formula is useful when considering the im-
pacts between colliding particles.

Simple harmonic oscillator
The motion of many objects may be described (to
some extent at least) as being similar to that of an
idealised simple harmonic oscillator. In a simple
harmonic oscillator,  a  particle is attracted to a
central position xo by a force which increases line-
arly with increasing displacement from xo, i.e.

F K x x= − −( )o (2.22)

The proportionality constant K in Equation 2.22 is
generally known as the ‘spring constant’ of the
oscillator. The larger the value of K, the greater
the force attempting to restore the particle to posi-
tion xo. The potential energy of the particle in a
simple harmonic oscillator is given by:

V K x x V= −( ) +1
2

2
o o (2.23)

where Vo  is energy of the particle when it is at rest
at x x= o .

Natural oscillations
A  particle  in  a  simple  harmonic  oscillator po-
tential has a natural frequency of oscillation fo.
This natural frequency arises from the combina-
tion of the mass m of the oscillating particle and
the spring constant K with which it is attracted to
xo. When a particle has a large mass, a given
spring will return the particle to xo more slowly
than it would a particle of low mass. Similarly, for
a given particle mass, a ‘stiff’ spring with a large
spring constant will return a particle to the origin
more quickly than a ‘floppy’ spring with a small
spring constant. The natural frequency of oscilla-
tion is given by the surprisingly simple expres-
sion:

f
K

mo =
π
1

2
(2.24)
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The natural frequency may also be expressed in
terms of angular frequency ω  (pronounced
‘omega’) as:

ωo = K

m
(2.25)

Forced oscillations: resonance
If the particle is subject to an externally applied
force oscillating with angular frequency ωo then
the amplitude of the resulting oscillations shows a
pronounced maximum when ω = ωo, a phenome-
non known as resonance. In order to calculate the
oscillation amplitude at resonance, we must take
account of the loss of energy from the oscillator
system. The process of energy loss from the os-
cillations may often be fairly represented by a
damping (or frictional) force proportional to the
particle velocity v:

F v= −α (2.26)

Notice the minus sign in Equation 2.26, which
indicates that the damping force always acts in the
opposite direction to the direction of motion. The
term α  (pronounced ‘alpha’) is large when the
oscillations are heavily damped. If the applied
(driving) force has the form:

F F t= o cos( )ω (2.27)

then the particle position varies as:

x A t= +cos( )ω φ (2.28)

The amplitude of oscillation A is given by:

A
F m

m

=
−( ) + ( )

o

o
2 2 2

/

ω ω ωα
2

2
2

4
(2.29)

and the phase difference φ (pronounced ‘phi’)
between the particle motion and the applied force
satisfies:

tanφ αω
ω ω

α

=
−( )

=
π −( )

m

f

m f f

o
2 2

o
2 22

(2.30)

Examples of the application of equations 2.29 and
2.30 are illustrated in Figure 2.6. There are two
key features of these results that are worthy of
notice. The first feature (Figure 2.6a) is the reso-
nantly large amplitude of the vibrations of the
particle when the forcing frequency f is close to its
natural frequency of oscillation fo. The second
feature (Figure 2.6b) concerns the phase difference
between the particle motion and the driving force,
F. Notice that if the frequency of the driving force
is well below fo, the particles oscillate essentially

Figure 2.5 Simple harmonic oscillator. (a) A particle trapped by springs in a physical situation that would result in
simple harmonic motion. (b) The force on a particle as a function of its displacement. The three lines correspond to
three different values of K, the  ‘spring constant’, with the steepest lines representing the stiffest spring. (c) The po-
tential energy of a particle as a function of its displacement. The three curves correspond to different values of K, the
‘spring constant’, with the narrowest, most  strongly curving parabola representing the stiffest spring.

(a)

xo

x – xo

(b)

x
o

Increasing K

x

F(x)

F K x x= − −( )o

(c)

x
o

Increasing K

x

V x K x x( ) ( )= + −1
2

2
o
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in phase with the driving force. However, if the
frequency of the driving force is well above fo, the
particles oscillate essentially 180° out of phase
with the driving force.

Small simple harmonic oscillators:
electrons and atoms
The resonant frequency of a particle of mass m in
a simple harmonic oscillator of spring constant K
is given by:

ωo = K

m
(2.25*)

Because ωo is inversely proportional to m , the
resonant frequencies of particles of atomic mass
may be very large. The ‘spring constants’ that
keep electrons and atoms in place in a solid are
rather difficult to calculate accurately, but are
generally of a similar order to those found in
common household and industrial springs. Typical
values lie in the range from 100 N m–1 to 1000
N m–1 (Example 2.5).

The forces acting on electrons and ions originate
solely from their Coulomb interaction, and since
electrons and ions have charges of a similar mag-
nitude (±e) they have ‘spring constants’ of a
similar magnitude. The ‘spring constants’ binding
electrons to ions, and the low mass of the electron,
yield resonant frequencies in the range 1015 Hz to
1016 Hz. Electromagnetic waves with these fre-
quencies lie in the optical and ultra-violet regions
of the electromagnetic spectrum. However, atoms
or ions are typically 104 times heavier than elec-
trons, and so their resonant frequencies are of the
order of 104  = 102 times lower than the resonant
frequencies of electrons. Consequently, ions and
atoms have resonant frequencies in the range 1013

to 1014 Hz. Electromagnetic waves with these fre-
quencies lie in the infra-red region of the electro-
magnetic spectrum.

However, in order to describe small simple har-
monic oscillators accurately, we must use the
quantum mechanical description outlined in the
following section.

Figure 2.6   The response of a simple harmonic oscillator
to an applied oscillating force. The oscillator has a low
damping coefficient α = 0.02, a spring constant K  = 1,
and the response is depicted for particles of three differ-
ent masses, m = 0.5, m = 1.0, m  = 2.0.

(a) The amplitude of the oscillations as a function of fre-
quency. Notice the increase in the resonant frequency as
the mass of the particle decreases. Notice also the in-
crease in the low frequency amplitude as the mass de-
creases. (b) The phase φ of the oscillations as a function
of frequency. At frequencies much less than the resonant
frequency, the particle oscillates essentially in phase with
the applied force. The graphs in (a) and (b) were calcu-
lated using a spreadsheet program to evaluate Equations
2.36 and 2.37 at a set of closely spaced frequencies.
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2.4.3 Quantum mechanics

Quantum states
Classically a particle may be described by listing
the values of its physical properties, for example
its mass, position, momentum, energy, electric
dipole moment and so on. Taken together, these
properties constitute a specification of the state of
a particle. The laws of classical mechanics de-
scribe the way in which the state of a particle
changes with time.

In quantum mechanics, we use the concept of a
quantum state to describe the possible states of a
particle. The laws of quantum mechanics describe
which states are physically realistic, and specify
the ways in which a particle moves from one
quantum state to another. Each quantum state is
characterised by a unique set of quantum numbers
that ‘index’ the quantum state. Sometimes quan-
tum numbers have continuously variable values,
but commonly quantum numbers are restricted to
a set of discrete values, i.e. values outside this set
do not describe physically realistic quantum states.
For example, for a particle of mass m confined to
a cubic box of side L, the physically realistic
quantum states have energies described by:

E n n n
h

mL
n n n( , , )x y z x

2
y
2

z
2= + +[ ]

2

28
(2.31)

where  h is the Planck constant and nx, ny, nz are
the quantum numbers that uniquely label each
particular quantum state.

Importantly, we frequently discuss the properties
of a quantum state even if no particle is actually
occupying the state. (Figure 2.7 (a) and (b)). Al-
though this seems strange at first, it is merely
analogous to (say) discussing the potential merits
of theatre seats even when no one is sitting in
them. Thus, in addition to specifying the proper-
ties of quantum states, we then describe a physical
situation by specifying which quantum states are
occupied.

It is also important to note that a quantum state
can describe a state of motion. Thus a particle in a
quantum state (and remaining in that state) may

Example 2.4

A diatomic molecule of nitrogen consists of two at-
oms of nitrogen of mass m = 14 ×××× 1.66 ×××× 10–27kg. The
distribution of electric charge throughout the mole-
cule which has the minimum Coulomb energy is
illustrated right. Vibrations of such molecules are
observed to take place with resonant frequencies of
the order of 1013 Hz.

IN EQUILIBRIUM

During these vibrations, the charge distribution
changes  and  Coulomb forces  act to restore the
atoms to their minimum energy position. These vi-
brations may be modelled as a simple harmonic os-
cillator with spring constant K.

VIBRATIONS OF THE MOLECULE

What is the approximate value of K?

Our model of the molecule is illustrated above, and we
can use Equation 2.24 to estimate the resonant fre-
quency fo.

f
K

mo = π
1

2
.

We can re-arrange this to yield an expression for K:

K mf= π2 o
2 .

Substitution into this expression yields

K = π× × × ×[ ]
=

−

−
2 14 1 66 10 10

91 7

27 13 2
.

. N m 1

Note The correct mass to use in the calculation is actu-
ally the so-called reduced mass of the particle:

m m m

m
R = +

=
−( / / )

/

1 1

2

1

However this does not affect the order of magnitude of
the answer and so we conclude that for resonant fre-
quencies in the region of 1013 Hz, K is of the order of
100 Nm–1. It is interesting, and not entirely coincidental,
to note that values of this order of magnitude are similar
to those found in ordinary springs.
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have a velocity. This is particularly significant in
discussing the quantum states of electrons near
atoms. Classically we describe the electrons as
‘orbiting’ the atom and indeed the quantum states
are often called orbitals. This implies that the clas-
sical state of the particle is changing as it moves
around the nucleus. However, quantum mechani-
cally this ‘state of motion’ is simply described by
specifying the quantum state which corresponds to
that ‘state of motion’.

Quantum states and energy levels
In any particular physical situation, there are in
general many possible quantum states that a parti-
cle may occupy (Figure 2.7c). It is possible to
have several quantum states that all have the same
energy, although other properties of the quantum
states will be different. Quantum states with the
same energy are said to belong to the same energy
level. An energy level with more than one quan-
tum state is, curiously, said to be degenerate.

The wave function
Each quantum state has associated with it a wave
function Ψ( , )r t  ( Ψ is pronounced ‘psi’). The
wave function is a complex function, i.e. it has
two components, a real part Ψr  and an imaginary
part Ψi . Please note that the technical mathemati-
cal terms ‘real’ and ‘imaginary’ can be used to
describe many two-component quantities: the
terms do not refer to the ‘existence’ (ontology) of

the components of the wave function. The prob-
ability of finding a particle in a region of space of
volume dr  around a position r is given by:

P( ) ( )

( ) ( )

r r r r

r r r

r

d d

d

dr
2

i
2

=

=

= +[ ]
∗

Ψ

Ψ Ψ

Ψ Ψ

2

(2.32)

where Ψ∗( )r  is the complex conjugate of Ψ( )r .
Since the particle must be somewhere, the integral
of P(r) over all space must equal unity, i.e.

P( ) ( )r r r rd d
all space all space

∫ = ∫ =Ψ 2 1 (2.33)

This property is a key feature of the quantum me-
chanical description of matter: the probability of
finding a particle near a particular position is re-
lated to the value of Ψ( )r 2  near that position.

The Schrödinger equation
Erwin Schrödinger has given his name to two
equations relevant to our discussion of wave func-
tions. These are the time-independent Schrödinger
equa t ion  and the time-dependent Schrödinger
equation. The first equation determines the form
of the wave functions which correspond to par-
ticular allowed quantum states, and the second
governs how a wave function evolves in time. In
this book we will be mainly concerned with the

Figure 2.7 A simple representation of a collection of quantum states. Each line represents a particular quantum state,
and its vertical position represents its energy. A filled circle indicates that the quantum state is occupied. (a) A set of
quantum states with different energies. (b) The same set of states with just one state occupied. (c) A different set of
quantum states, again with only one state occupied. Notice that at some energies there are several distinct quantum
states, i.e. some of the energy levels are degenerate.
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time-independent Schrödinger Equation, which is:

− ∇ + =h2
2

2m
V EΨ Ψ Ψ( ) ( ) ( ) ( )r r r r (2.34)

or in one dimension:

− ∂
∂

+ =h2 2

22m x
x V x x E xΨ Ψ Ψ( ) ( ) ( ) ( ) (2.35)

In equations 2.34 and 2.35
• V( )r  is the function describing how the po-

tential energy of the particle varies with posi-
tion, e.g. for a one-dimensional harmonic os-
cillator V x K( ) = 1

2 (x – xo)2.
• m is the mass of the particle under discussion.
• ∂ ∂2 2Ψ( ) /x x is the second derivative of the

wave function. Colloquially the second de-
rivative of a function is known as its curva-
ture.

• E is the total energy of the particle under dis-
cussion.

At each point in space, the Schrödinger equation
determines the relative values of the curvature of
the wave function and its magnitude in terms of
the energy E  of the wave function. Suppose a
given wave function (E fixed) has amplitude Ψa
at position xa, in a region of low potential energy.
Suppose now that at position b the potential en-
ergy V is larger than at a. The Schrödinger equa-
tion  (Figure 2.9) tells us that at b either the am-
plitude of the wave function must be reduced, or
the curvature must be lessened. Finding solutions
to the Schrödinger equation is in general quite
tricky. Below we list a few solutions appropriate
to some of the situations we shall encounter in
later chapters.

Examples of quantum mechanics

A free particle
For a particle in free space the potential energy is
a constant Vo  independent of position. If this is
the case then the Schrödinger equation:

− ∂
∂

+ =h2 2

22m x
x V x x E xΨ Ψ Ψ( ) ( ) ( ) ( ) (*2.35)

becomes:

Figure 2.8 Illustration of the way the modulus of the
wave function squared |Ψ(x)|2 is interpreted. The figures
show a possible variation of |Ψ(x)|2.

(a) If a particle occupies the quantum state that the wave
function represents, it is more likely to found near x1 than
x2 because |Ψ(x1)|2dx >|Ψ(x2)|2dx  (b) If a particle occu-

pies the quantum state that the wave function represents,
then it must be found somewhere between x =  –∞ and x
 = +∞. Therefore  the equation shown must hold true.
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Figure 2.9 Illustration of the significance of each term in
the Schrödinger equation. At each value of position x, the
Schrödinger equation relates the curvature of the wave
function at x, the value of the wave function itself at x, the
potential energy at x and the value of the energy of the
quantum state.
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− ∂
∂

+ =h2 2

22m x
x V x E xΨ Ψ Ψ( ) ( ) ( )o (2.36)

Taking the Vo term over to the right-hand side of
the equation, and re-arranging the constants gives:

− ∂
∂

= −( )
∂
∂

= − −( )





h

h

2 2

2

2

2 2

2

2

m x
x E V x

x
x

m
E V x

Ψ Ψ

Ψ Ψ

( ) ( )

( ) ( )

o

o

(2.37)

Since all the quantities in square brackets are con-
stants, this may be rewritten as:

∂
∂

= −
2

2
2

x
x A xΨ Ψ( ) ( ) (2.38)

where A is a constant given by:

A
m

E V= −( )2
2h

o (2.39)

Equation 2.38 is a differential equation that has
solutions of the form:

Ψ Ψ( ) sin( )   ( ) cos( )x Ax or x Ax≈ ≈ (2.40)

If ( )E V− o  is positive, then 2 2m E V/ ( )h − o  will
be a positive number, and its square root will be a
real number (positive or negative). The solutions
to the equation are sketched for several different
positive values of ( )E V− o  in Figure 2.10.

The wavelength, λ , of the wave function (Equa-
tion 2.40) for the particle is given by:

A = π2

λ
(2.41)

The de Broglie hypothesis is that the momentum,
p, of the particle is given by:

p
h=
λ

(2.42)

Substituting Equation 2.41 into Equation 2.42 :

p
hA

A=
π

=
2

h (2.43)

p
m

E V

m E V

= −( )

= −( )

h
h

2

2

2 o

o

(2.44)

The energy in the case of Figure 2.10 is entirely
kinetic energy, and is related to the momentum by
the usual relationship:

KE E V

mv
p

m

= −

= =

o

1

2 2
2

2 (2.45)

The square-well potential or the one-
dimensional box
Figure 2.11 shows the variation of potential en-
ergy in a one-dimensional square potential well,
the walls of which are extremely high. The con-
cept of this type of potential energy well is of
great use in physics. This is because, although the
situation never actually occurs in nature, it is one
of the few problems that it is possible to solve
exactly. Furthermore, it often makes a good first
approximation to many real problems, such as the
problem of electrons trapped in a metal, or on an
atom. It is considered further in §6.5, §7.7.3 and
Chapter W1.

There are several features to note about the wave
functions of the two lowest quantum states
sketched in Figure 2.11:

Figure 2.10 Portions of wave functions ψ(x) satisfying

Equation 2.47 for three different values of E – Vo. From

(a) to (c) the value of E – Vo is increasing. Notice that for

a given Vo, the higher values of E result in wave functions

with shorter wavelengths.

( a )

( b )

( c )

Increasing 
E – V

o
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• The wave functions satisfy the time-
independent Schrödinger equation (Eq. 2.35).

• At the edges of the potential well, the wave
function is zero where the potential energy is
very large.

• In the central region of the potential well, the
potential energy term V(x) is zero. This is
equivalent to a ‘small part of free space’. The
solution in this region will therefore be simi-
lar to that described in Figure 2.10.

• Unlike the case of the particle in free space
(Figure 2.10), the wavelength is restricted to
just a few special values that cause the wave
function to be zero at the edges of the poten-
tial well. The wave functions which satisfy
this condition are known as eigenfunctions.

• By virtue of the de Broglie hypothesis (Equa-
tion 2.42), the wavelength is restricted to spe-
cial values. Consequently, the momentum and
energy  of the particles  trapped  in the poten-
tial well are also restricted to a few special
values known as eigenvalues.

The wavelengths are restricted to the set of values,

λ = …

= …

2
2

3

1

2

2
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2

2
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2

2

2

3

2
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2
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2

L L L L L
L

n
L L L L L L

n

, , , , , ,

, , , , , ,
(2.46)

where n is an integer. I have written the series in
two ways because the second way emphasises the
structure of the sequence of allowed wavelengths.
The energy of a particle trapped in this well is
therefore restricted by Equation 2.46 to be:

E n
p

m

h

m L n

( )

/

=

=
[ ]

2

2

2

2

2 2

(2.47)

or more simply:

E n
h n

mL
( ) =

2 2

28
. (2.48)

where  n = 1, 2, 3,… but not zero.

The two-dimensional box
Figure 2.12 (a) shows the variation of potential
energy in a two-dimensional square potential well,
the walls of which are extremely high. The two-
dimensional square-well is an interesting interme-
diary between the one-dimensional and three-
dimensional square well potentials. The primary
purpose of discussing the two-dimensional exam-
ple is that its wave functions can be visualised
relatively easily, whereas the three-dimensional
wave-functions are rather more difficult to depict.
The wave functions in Figure 2.12 have energies

Figure 2.11 The varia-
tion of potential energy
in a one-dimensional
square potential well.
The figure shows the
wave functions ψ(x) and
probabil ity densities
|ψ(x)|2 of the two lowest
energy quantum states
(n =1 and n = 2).
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given by:

E n n
h

mL
n n( , )x y x

2
y
2= +[ ]

2

28
(2.49)

where nx and ny  have values 1, 2, 3, ...etc., but
not zero. In addition to the points noted in the one-
dimensional example, notice that the wave func-
tions and energies of each quantum state are de-
termined by more than one quantum number. This
raises the possibility that two or more distinct
quantum states might possess the same energy, a
phenomenon known as degeneracy. For example,
referring to the state with nx = 1 , ny = 2  as the
(1,2) state, Figure 2.13 shows that the (1,2) and
(2,1) states have quite distinct wave functions and
probability densities, but the same energy. The
significance of this degeneracy is discussed more
fully in the section below on the three-dimensional
box.

The three-dimensional box
A particle confined to a cubic ‘box’ of side L has
wave functions described by three quantum num-
bers, n n nx y z and , , and the wave functions have
energies given by an expression similar to Equa-
tion 2.49:

E n n n
h

mL
n n n( , , )x y z x

2
y
2

z
2= + +[ ]

2

28
(2.50)

where n n nx y z and ,  may take integer values 1, 2,
3, ...etc., but not zero. As with the two-
dimensional box, degeneracy also occurs. Label-
ling the quantum state with nx = 3, ny = 4 and nz =
1 by (3,4,1), we see that quantum states such as
(1,2,2), (2,2,1) and (2,1,2) all have the same en-
ergy. Using the terminology mentioned above, we
may refer to this energy level as being three-fold
degenerate. The degeneracy of other energy levels
is indicated in Figure 2.14.

Figure 2.12  (a) Illustration of a two-dimensional square well potential .

(b) The wave functions and probability densities of the four lowest-
energy quantum states for the two-dimensional square well
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The simple harmonic oscillator
The potential energy of a particle in a one-
dimensional simple harmonic oscillator

V x K x x( ) = −( )1
2

2
o (2.51)

is shown in Figure 2.15. As in the classical treat-
ment of such an oscillator (§2.4.2), the frequency

f
K

m

K

mo o      or     =
π

=1

2
ω (2.52)

is significant because the energy of a quantum
state with quantum number n is given by:

E n n hf

n

( ) ( )

( )

= +
= +

1
2

1
2

o

ohω
(2.53)

The allowed energies of a particle trapped in a
three-dimensional harmonic oscillator potential:

V x K x x y y z z( ) = −( ) + −( ) + −( )[ ]1
2

2 2 2
o o o

(2.54)
are given by:

E n n n n n n hf( , , ) ( )x y z x y z o= + + + 3
2 (2.55)

Notice that the energy levels are equally spaced,
unlike those of a particle in three-dimensional box
where the energy gap between quantum states
becomes smaller for higher energy states.

Atomic wave functions
The nature of the wave functions of electrons
bound to atoms is of great interest. The character-
istics of these functions determine many physical
and chemical properties of the substances of which
they form a part. Nowadays, the nature of the
wave functions around most atoms is known rather
well. Unfortunately, however, for most atoms the
wave functions do not have any simple functional
form, and the energy levels within the atom have a
complex structure. Happily there is one simple
case which is extremely informative: the hydrogen
atom.

The hydrogen atom is the simplest atom, consist-
ing of just one electron and one proton. The elec-
trostatic potential energy around the proton varies
roughly as 1/r (Eq. 2.5), binding the electron to the
proton. Figure 2.16 illustrates the nature of the
potential and some of the wave functions. The web
site for this book has some attractive colour im-

Figure 2.13 The three-dimensional particle in a box
problem. The figure shows a histogram of the number of
quantum states with a given energy. The energy is indi-
cated in units of h2/8mL2 and is calculated according to
Equation 2.59.

For the first few energy levels, the quantum numbers of
the states that comprise those energy levels are also
shown.
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Figure 2.14 The variation of potential energy in a one-
dimensional simple harmonic potential well. The wave
functions ψ(x) and probability densities |ψ(x)|2 of the two
lowest energy quantum states  are also shown.
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ages of the wave functions of hydrogen-like at-
oms.

When many particles interact: the exclusion
principle
The three fundamental particles (electrons, protons
and neutrons) that we considered as our basic set

of particles belong to a class of particles called
fermions (Table 2.1). They can be identified as
fermions by the fact that their intrinsic spin (in
units of the Planck constant, h ) is half an odd in-
teger, in this case 1

2 . It is worth noting that it is
not known what the property referred to as spin
actually corresponds to. However, we do know
that (confusingly) it does not correspond to any
kind of spinning motion. We know that it corre-
sponds to an intrinsic property of a particle, and
that it gives the particle an internal ‘axis’ or spe-
cial direction.

Particles with spins of magnitude 1
2

3
2h h, ,… etc.

obey the Pauli exclusion principle. This states
that:

At any one time, no more than one fermion
may occupy an individual quantum state.

Notice however that it is possible for many fermi-
ons to have the same energy, as long as the energy
level has many individual quantum states.

The application of this principle is critical to un-
derstanding the properties of matter and is dis-
cussed further in §2.5 on statistical mechanics.
For example, it is a consequence of this principle
that only one electron is allowed to occupy the
lowest energy quantum state within an atom, and
other electrons are forced to occupy higher energy
states. Also, when atoms collide in a gas, it is the
combination of the exclusion principle with the
Coulomb repulsion between valence electrons that
causes the atoms to ‘bounce’ off one another.

2.5 Thermodynamics and statistical mechanics

2.5.1 Introduction
Historically, the approach to understanding the
large-scale properties of matter has developed
along two rather separate lines.

In the thermodynamic approach, we assume as
little as possible about the microscopic nature of
matter. For example, we do not have to posit the
existence of atoms. We then derive relationships
between measurable large-scale properties of ma-
terials. In the statistical mechanical approach, we

first make assumptions about the properties of the
basic microscopic entities involved in a problem,
usually atoms or molecules. We then try to deduce
the properties of large numbers of these basic en-
tities. This approach takes account of the fact that
atoms are very small and the large-scale properties
of a substance are the average properties of a very
large number of atoms. Statistical mechanics
makes calculations of these average values.

In this book, I have used some ideas from thermo-

Figure 2.15 The variation of potential energy in a one-
dimensional 1/r  potential well. The wave functions ψ(r )
and probability densities |ψ(r )|2 of the two lowest energy
quantum states are also shown. Representations of the
three-dimensional 1/r potential are available on the web
site for this book
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dynamics and some from statistical mechanics.
My aim has been to choose the explanation which
seems to make most sense in the context of the
book. Let us look at some ideas important to both
approaches.

Temperature
In the statistical-mechanical approach, the key
property of temperature is related to the average
kinetic energy per basic entity of the substance,
usually per molecule or per atom. Thus, if the
temperature of a substance is high, its atoms pos-
sess relatively large amounts of kinetic energy.
The relationship between temperature and average
kinetic energy implies that there must exist an
absolute zero of temperature, when the average
kinetic energy per basic entity is reduced to zero.
A more carefully worded definition of temperature
is given at the end of this section, after we have
described some specialised terminology.

Thermal equilibrium
Thermal equilibrium is the state reached by a ma-
terial after it has been in contact with a large ob-
ject at a constant temperature for a long time. The
large object is known technically as a constant
temperature heat bath. If a substance is in a state
of thermal equilibrium, then its temperature (i.e.
the average kinetic energy of its particles) is uni-
form throughout its volume, and does not change
with time.

2.5.2 First law of thermodynamics
The first law of thermodynamics is essentially a
restatement of the principle of conservation of
energy. It defines a property called the internal
energy of a sample of material in terms of heat
supplied to a sample and work done on the sam-
ple. The first law takes account of the conversion
of energy between work and heat.

Thermodynamics does not try to explain the prop-
erties of matter by reference to any microscopic
structure. However, we understand from a statisti-
cal mechanical perspective that work is an exam-
ple of a mechanical form of energy: energy is tied
up in the coherent motion of molecules. In con-
trast, heat is energy which is tied up in the random
motion of molecules. The first law states:

The change
in internal

energy
=

The heat
supplied to
the object

+
The work
done  on
the object

∆ = ∆ + ∆U Q W (2.57)

First law of thermodynamics

This law relates changes between one state of
thermal equilibrium and another, in terms of the
work done on, and the heat supplied to, an object.
In its simplest form, the work done on the object
includes only mechanical work, but may be ex-
tended to include electrical or magnetic work.

2.5.3 Counting quantum states
Matter as we encounter it generally contains vast
numbers of atoms or molecules. A mole (typically
a few tens of grams of most substances) contains
roughly 1023 atoms. Numbers of this magnitude
are almost inconceivably large. For the purposes
of comparison, it is hard to find meaningful num-
bers that even approach this size. For example, the
universe is currently believed to have begun
around 15 billion years ago: a long time by any
reckoning. However, the number of seconds which
have elapsed since then is only of the order 1017.
Other examples of stunningly large numbers are
considered in Exercises C19 and C20. The large
numbers of  atoms involved in even tiny pieces of

Example 2.5

2 joules of heat is dissipated in an object which then
expands and does 0.1 joules of work. By how much is
its internal energy U increased?

We use Equation 2.55 with
∆ =
∆ =

Q

W

2

0 1

 

– .  

J

J

Notice the negative sign of ∆W arises because the object
does work on its environment. Substituting into Equa-
tion 2.55

∆ = ∆ + ∆
= −
=

U Q W

2 0 0 1

1 9

. .

. J
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matter makes the task of determining the macro-
scopic (i.e. large-scale)  properties of matter in
some ways easier, and in some ways more diffi-
cult.

Big numbers make life easy
The large numbers of atoms means that average
properties may be extremely well-defined. For
example, in §4.4 we will see that at around room
temperature, gas molecules move with speeds
ranging from zero to several thousand metres per
second. Despite this variability, the average speed
of a gas molecule may be defined with high preci-
sion, and shows only tiny fluctuations. If just a
few tens of molecules were involved in the gas,
the fluctuations would be considerably larger, and
the average value of their speed would be less
significant.

Big numbers make life difficult
However, large numbers of molecules mean that
in order to calculate the average properties, we
need a coherent and consistent framework for
counting the particles, their speeds and energies.
This framework can be rather intimidating at first,
but has an elegance which can be inspiring. In the
next section we discuss the systematic approach to
particles and the quantum states that they occupy

2.5.4 Statistical mechanics
In the context of this book, we consider statistical
mechanics to be a scheme or plan for calculating
average quantities. The plan has three stages:

Stage 1: Make a list of all the quantum states of a
system and hence define a density of quantum
states function.

Stage 2: Consider whether the particles which will
occupy these states are fermions or bosons, and
hence choose an occupation function that de-
scribes how the quantum states will be occupied.

Stage 3: Combine the density of quantum states
function from stage 1, and the occupation function
from stage 2 to yield a distribution function. The
distribution function describes the way the parti-
cles are distributed among quantum states.

Stage 1a: A list of quantum states
Our first step is to produce a list of the possible
quantum states that the individual particles which
comprise a substance may occupy. This is usually
in the form of a general formula saying how the
energy E of a quantum state depends on its other
quantum numbers. For example, the possible en-
ergies of particles in a three-dimensional particle
in a box are:

E n n n
h

mL
n n n( , , )x y z x

2
y
2

z
2= + +[ ]

2

28
(2.50*)

Table 2.4 lists the energies of a few low-energy
quantum states, and the number of electrons that
can be accommodated in these states.

Stage 1b: The density of states function
From the list derived in stage 1a, we can calculate
the form of a function which answers the question
‘How many quantum states are there with energy
between E  and E + dE?’. This function is known
as the density of states function and in this book
has a symbol g(E). In §6.5 and web Chapter W1
we show that the density of quantum states for a
particle in a box increases with energy as:

g E A E( ) = (2.58)

However, in order to observe the square-root de-
pendence of g(E) on energy, we must generally
consider a few thousand quantum states at least.
Even for large numbers of quantum states, if we
consider g(E) on a very fine energy scale, then we
will discover ‘graininess’ and fluctuations around
the average square root behaviour. This graininess
is illustrated qualitatively in Figure 2.16. The de-
tailed behaviour is also illustrated in Figure 2.13.

Stage 2: Fermions or bosons? The
occupation function
In the second stage of our plan to calculate aver-
age quantities, we consider whether the particles
which will occupy the quantum states are bosons
or fermions. It is a fundamental assumption of
statistical mechanics that in equilibrium, the aver-
age number of particles in an individual quantum
state depends on only three factors:
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• the type of particle, which may be either a
fermion or a boson

• the temperature
• the energy of the state.
Thus for a given type of particle, states of equal
energy are equally likely to be occupied. This is
very important. It means that even if the motions
associated with these two states are completely
different, the probability that the quantum states
will be occupied is identical. For example, if a
vibrational state of a molecule has the same en-
ergy as a rotational state, then both states will be
occupied with equal probability.
• Fermions have a spin of half an odd integer

( 1
2

3
2h h, ,…) and only a single particle may

occupy the same quantum state at the same
time. All the particles of matter that we com-
monly encounter are fermions.

• Bosons have a spin of zero or half an even
integer ( 0 2, ,h h ,…) and may multiply occupy
the same quantum state. The most common
bosons that we encounter are photons and
phonons. These are ‘particles’, but they have
with no rest mass. Photons describe the state
of excitation of the electromagnetic field, and
phonons describe the waves of displacement
of atoms in a solid. Bosons can also be used
to describe particles of matter, such as atoms
of the isotope of helium, 4He.

Table 2.4 The first few energy levels for particles trapped in a box. The columns show in order (i) the quantum num-
bers of the states, (ii) the energy of the states with these quantum numbers, (iii) the number of quantum states with
the same energy level (the degeneracy of the level), and (iv) the running total of the number of quantum states.

Quantum numbers

n n nx y z, ,( ) Energy × h

mL

2

28
Number of quantum states

with this energy
Cumulative total of

quantum states

(1,1,1) 3 1 1

(1,1,2) (1,2,1) (2,1,1) 6 3 1 + 3 = 4

(1,2,2) (2,1,2) (2,2,1) 9 3 1 + 3 + 3 = 7

(1,1,3) (1,3,1) (3,1,1) 11 3 1 + 3 + 3 + 3 = 10

(2,2,2) 12 1 1 + 3 + 3 + 3 + 1 = 11

Figure 2.16 The three-dimensional particle-in-a-box problem. (a) The figure shows a histogram of the number of quan-
tum states with a given energy and (b) shows the limiting behaviour of the histogram. In (a) the energy is indicated in
units of h2/8mL2 and is calculated according to Equation 2.50. The histogram shows the number of quantum states in an
energy range (10 × h2/8mL2). If L is ≈ 1 metre, and m corresponds to a nitrogen molecule (=28 × 1.66 × 10-27 kg) then
the 10 × h2/8mL2 evaluates to ≈ 10-43 joules. From (a) we can see, for example, that there are roughly 60 quantum states
in an energy range 10 h2/8mL2 around an energy of 100  h2/8mL2 . So the average spacing between quantum states in
this range is roughly  (10 h2/8mL2 )/60 ≈ 10–44 J. The detailed behaviour at the low-energy end of the graph is shown in
Figure 2.13 and the inset to (b).
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At low densities of particles,  both of  these sets of
statistics reduce to a simpler form known as clas-
sical or  Maxwell Boltzmann statistics (§2.5.5).

Based on the type of particle populating the
quantum states under discussion, we can deduce
an occupation function f(E,T):

f(E,T) yields the average occupancy
of an individual quantum state

(2.59)

Fermions
For fermions the appropriate occupation function
is called the Fermi–Dirac function

f E T
E k T

FD
B

( , )
exp /

=
−( )[ ] +

1

1µ
(2.60)

where µ is a characteristic energy for the system
of particles. Technically µ is known as the chemi-
cal potential, but for  electrons to which we shall
apply Equation 2.60, the chemical potential is
generally referred to the Fermi energy EF, i.e.

f E T
E E k T

FD
F B

( , )
exp /

=
−( )[ ] +

1

1
(2.61)

For quantum states with energy equal to the Fermi
energy ( E E= F ), the probability a quantum state
is occupied is exactly 1

2 .

Bosons
For bosons the appropriate occupation function is
called the Bose–Einstein function

f E T
E k T

BE
B

( , )
exp /

=
−( )[ ] −

1

1µ
(2.62)

(a) Since the energy range
∆E = 0.1 eV is small in
comparison with the total
energy, we may use the
definition of the density of
states function: ‘g(E)∆E is
the number of quantum
states ∆N with energies in
the range E to E + ∆E ’.

In this case this is given by:
∆ = ∆

= ×∆
= ×
=

N g E E

A E E

A

A

( )

.

.

9 0 1

0 3

Example 2.6

For a box of volume V, the density of quan-
tum states that may be occupied by elec-
trons is g E E( ) = states/eV. Sketch this
function and evaluate how many quantum
states there are with energies (a) between
9.0 and 9.1 eV, and (b) between 0 and 9 eV.

D
en

si
ty

 o
f s

ta
te

s
(s

ta
te

s/
eV

)

Energy

g(E)=AE0.5

E E+dE

(b) In this case, energy
range ∆E = 9 eV is signifi-
cant in comparison with the
total energy, and so we
must integrate the density of
states function:

N g E E A E

A

A

A

E E
= ∫ = ∫

= [ ]
= × ×
=

=

=
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Figure 2.17 The Fermi–Dirac (FD) occupation function
shows the average occupancy of an individual quantum
state. (a) The FD function appropriate to absolute zero.
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(b) How the function changes with increasing tempera-
ture. Notice that as the temperature changes, the maxi-
mum value of the function never exceeds unity. This is
because the function is the ‘embodiment’ of the exclusion
principle, which forbids multiple occupancy of quantum
states. Notice also that at E F , the average occu-
pancy always has the value 0.5.
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Unlike atoms and molecules, photons and phonons
are not conserved. Photons and phonons may be
absorbed or created, and for such particles the
chemical potential may be set equal to zero.

f E T
E k TBE

B

( , )
exp /

= [ ] −
1

1
(2.63)

This function is sketched in Figure 2.19

Stage 3: The distribution function
In the first stage of our plan to calculate average
quantities, we worked out how many quantum
states have energies between E and E + dE. In the
second stage, we stated that the occupation factor
f(E,T) yields the average occupancy of each indi-
vidual quantum state of energy E at temperature T.
In the final stage of the plan, we will see that we
can calculate the average number of particles actu-
ally occupying quantum states with energies be-
tween E and E + dE. To do this we take the prod-
uct of the density of states function g(E), and the
occupation function f(E,T) to yield the average
occupancy of an individual quantum state.

Distribution
function = Density of

states × Occupation
function

D E T E g E f E T E( , ) ( ) ( , )d d= × (2.64)

Calculating average quantities
Using the expressions derived in the three stages
above, we can define several useful expressions.
In particular, the number of particles occupying
quantum states with energies in some energy range
is given by:

N D E T E= ∫ ( , )
minimum

energy

maximum
energy

d (2.65)

or, using Equation 2.64, by:

N g E f E T E= ∫ ( ) ( , )
minimum

energy

maximum
energy

d (2.66)

Similarly the total energy of those particles may
be written as:

E g E f E T E Etotal
minimum

energy

maximum
energy

d= ∫ ×( ) ( , ) (2.67)

Figure 2.18 The Bose–Einstein occupation function
shows the average occupancy of an individual quantum
state. Notice that  the maximum value of the function may
exceed unity, and indeed becomes infinite at zero en-
ergy.
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Figure 2.19 An illustration of the relationship between the
density of states function, the occupation function, and
the distribution function (Equation 2.64).
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So if we divide Equation 2.67 by Equation 2.65,
we obtain the average energy of a particle in that
energy range:

E
E

N

g E f E T E E

g E f E T E

= =

∫

∫

total
minimum

energy

maximum
energy

minimum
energy

maximum
energy

d

d

( ) ( , )

( ) ( , )

(2.68)

To evaluate equation 2.68 in any particular situa-
tion is, in general, not particularly straightforward.
However, what it represents is a systematic pre-
scription for how to calculate these important
quantities.

Some technical terms

Degrees of freedom
A strict definition of the degrees of freedom of a
system might be something like that given below:

The number of degrees of freedom of a
physical system is the number of independ-
ent squared terms which enter into the ex-
pression for the energy of the system

(2.69)

However, this gives little clue as to the usefulness
of the concept. For example, the energy of an iso-
lated atom of mass m is:

E mv mv mv= + +1
2

1
2

1
2x

2
y
2

z
2 (2.70)

which has three independent squared terms. We
would thus describe such a molecule as having
three degrees of freedom. Other degrees of free-
dom may be associated with vibrational or rota-
tional motions. In a sense, the idea of stating the
number of degrees of freedom that a molecule
possesses adds nothing to what we know about the
molecule. Nonetheless, it does give a shorthand
and easily intelligible description of molecular
motion. The usefulness of the idea arises because,
in many circumstances, the average amount of
energy associated with each degree of freedom is
directly related to the temperature. Importantly
this does not depend on the nature of the motion

associated with each degree of freedom. This will
prove to be very important when we try to under-
stand data on the heat capacity of gases in §5.3.

Example 2.7

Work out the average energy of an electron gas at
T = 0 K. (We will use this result in §6.5.)

According to Equation 2.75 we can define the number
of electrons in our system as:

N g E f E T E
E= ∫

=∞
( ) ( , )FD

0
d

At absolute zero, fFD(E,0) has the value 1 for all ener-
gies below EF, and  0 for all energies above. We may
therefore write the integral for N as:

N g E E
E

= ∫ ( )d
0

F

Substituting for g(E) from Example 2.7 and integrating
we find:

N AE E

AE

AE

E

E

= ∫

= 





=
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3
2

3
2
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d
0

F

F

F

We may follow a similar procedure to arrive at an ex-
pression for the total energy:

E AE E E AE E

AE

AE

E E

E

Total
0 0

F

d d
F F

F

= ∫ = ∫

= 





=

1
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3
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5
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5
2

2
5

0

2
5

Using Equation 2.77, we can evaluate the average en-
ergy of an electron as:

E

AE

AE

E

average

F

F

F

total energy

number of electrons
=

=

=

2
5

2
3

3
5

5
2

3
2

If you look at Figure 2.19, which illustrates the distri-
bution function, you will see that a figure of around
60% of the Fermi energy makes sense as an estimate of
the average value of the energy.
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Temperature
In thermal equilibrium, the average energy associ-
ated with each accessible degree of freedom of the
system is:

E k T= 1
2 B (2.71)

where kB (= 1.38 × 10–23 J K–1) is the Boltzmann
constant and T is a constant of proportionality
familiar to us as the absolute temperature. The
term ‘accessible’ is discussed below.

Accessibility
The occupation function f(E,T) determines the
average occupancy of a quantum state. As I men-
tioned above, in a sense there is nothing more to
be said about the matter of occupying quantum
states than is contained in the occupation function.
However, the terminology of accessibility is
commonly used to describe the occupancy of
quantum states. When a quantum state has a low

average occupancy, it may in certain circum-
stances be described as i n a c c e s s i b l e . As
 illustrated in Table 2.5, the term applies when the
separation ∆E  between quantum  states is  much
 greater than k TB .

2.5.5 Classical statistics: Boltzmann
factor
Both the Bose–Einstein and the Fermi–Dirac oc-
cupation functions can be greatly simplified when
there is a great excess of quantum states over par-
ticles. In such cases, bosons and fermions occupy
quantum states in a similar way. We can see how
this happens if we consider the situation of Figure
2.20. If there is just one particle occupying this
system of quantum states, then clearly there are no
restrictions placed by its fermion/boson nature on
the quantum states it may occupy. Now consider
the case where there are two particles in the same
system of quantum states. If the two particles are

Table 2.5 Illustration of the use of the term accessibility of quantum states. Notice that increasing the temperature al-
ways increases the number of ‘accessible’ quantum states.

Inaccessible Marginal accessibility Fully accessible
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kBT  << ∆E

e.g. kBT <0.1∆E

kBT ≈ ∆E

e.g. 0.1 ∆E  < kBT  < 1.5∆E

kBT  >> ∆E

e.g.  kBT  > 1.5∆E

In this case, only occasionally do
molecules make transitions to higher
quantum states. We can consider
the degrees of freedom associated
with these transitions to be inacces-
sible.
In colloquial terms, the processes
associated with transitions between
quantum states occur so rarely that
they may generally be ignored.

In this case, molecules make transi-
tions to the higher quantum states.
Detailed calculations are required to
assess the extent to which the
quantum state can be considered
accessible.

In this case, molecules frequently
make transitions to higher quantum
states. We can consider the degrees
of freedom associated with these
transitions to be fully accessible.
In colloquial terms, the processes
associated with transitions between
quantum states occur so frequently
that the quantum nature of the states
may generally be ignored.
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fermions, there will be a restriction that a single
quantum state may be not be doubly occupied.
However, if the chance of double occupation is
low, the actual distribution of particles among
available quantum states will not be much af-
fected.

Under the conditions of low occupancy (say, with
average occupancy less than ≈ 0.1) described
above and in Figures 2.20 and 2.21, both
Fermi–Dirac and Bose–Einstein occupation fac-
tors reduce to a simpler form known as a Boltz-
mann factor:

f E T A E k T( , ) exp( / )= − B (2.72)

where A is a constant determined by the require-
ment of Equation 2.64 that the total number of
particles is:

N g E f E T E= ∫ ( ) ( , )d
minimum

energy

maximum
energy

(2.73)

The deduction of Equation 2.72 from Equation
2.61 or 2.63 is discussed in Appendix A1

So, under conditions where the average occupancy
of a quantum state is low, both quantum occupa-
tion functions reduce to a simpler Boltzmann fac-
tor. In this regime – the classical regime – the
probability of occupying a state of particular en-
ergy varies exponentially with temperature. The
Boltzmann factor manifests itself in many physical
properties of substances, such as:
• the distribution of the energies of molecules

of a gas (Appendix A1)
• the excitation of electron carriers in an insu-

lator or semiconductor (§7.7.7)
• the evaporation of molecules from the surface

of a liquid (§9.5).
In fact, we will meet the Boltzmann factor wher-
ever we encounter systems whose physical prop-
erties display an exponential dependence on tem-
perature.

Figure 2.20 Classical and Fermi–Dirac statistics for
fermions. In cases (a) and (b) the fermion nature of a
particle does not become apparent and classical statis-
tics may be used. In case (c) we must use Fermi–Dirac
statistics. In (a) there is only a single particle and so the
exclusion principle places no restrictions on which state it
may occupy. In (b) there are two particles, but in most
configurations, the particles do not attempt to occupy the
same state. In (c) the density of particles is so high that
the distribution of the particles amongst the available
quantum states is dominated by the fermion nature of the
particles.

(a) (b) (c)
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Figure 2.21 Qualitative illustration of the energy ranges
in which (a) the Fermi–Dirac and (b) the Bose–Einstein
occupation factors may be approximated by a Boltzmann
factor.
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2.6 Exercises

Exercises marked with a P prefix are ‘normal’
exercises. Those marked with a C prefix are best
solved numerically by using a computer program
or spreadsheet. Exercises marked with an E prefix
are in general rather more challenging that the P
and C exercises. Answers to all the exercises may
be found at www.physicsofmatter.com

The elements
P1. Which element is the most common in the outer part
of the Sun? Approximately how many parts per million
of gold are there in the outer part of the Sun? (Figure
2.1)
P2. Is gold really rare on Earth? What are the relative
abundances of copper and gold? Gold tends to cost ≈ 60
times more than silver: is this factor related to their
relative abundance on Earth? (Figure 2.1)
C3. A histogram of the number of elements discovered
in a given decade shows that discoveries of elements
were clumped in certain decades over the last 300 years.
Download the data from Table 2.2 and plot the histo-
gram. Can you suggest why this grouping occurred?
P4. A mnemonic for remembering the first row of the
transition elements is: ‘Katie Can’t S(c)kate Till Very
Cold Morning F(e)ollows Cold Night Copper Zinc’.
Compose a mnemonic for the second row of the transi-
tion metals (Figure 2.2) beginning with rubidium.

Electromagnetism
P5. Example 2.2 shows that the force between an elec-
tron and a proton separated by a distance of 0.1 nm is
2.31×10-8 N. Work out the attractive force between an
electron and a proton if they are separated by (a) 0.105
nm and (b) 0.095 nm. Assuming that the force varies
roughly linearly with separation over this small range,
show that the ‘spring constant’ K that describes the
variation of electric force with distance is approximately
K = 460 Nm–1. Estimate the resonant frequency of the
electron on the atom based on Equation 2.24. What is
the wavelength of light with this frequency?
Compare this with the result of Example 7.24 and Fig-
ure 7.54 based on the analysis of the optical properties
of glasses.
P6. The speed of light through a transparent substance is
c/2. Estimate its refractive index and dielectric constant
(Equation 2.17).
P7.  A photon of X-radiation with a wavelength
3 × 10–11 m is completely absorbed by an atom within a
complex biological molecule. How many photons of
light with wavelength 3 × 10–7 m would have to be ab-
sorbed to impart a similar total energy to the molecule?
(Equation 2.18)

Classical mechanics
P8. Two atoms are bonded together in a molecule. They
vibrate in a stretching vibration with a frequency

Example 2.8

In the classical regime, what is the relative prob-
ability that two particular quantum states with en-
ergies E1 and E2 will be occupied at temperature T?

The average occupancy of a quantum state with energy
E1 is equal to:

f E T A
E

k T
( , ) exp

–
1

1= 



B

where A is a constant for system under consideration
and in general depends on the number density of parti-
cles in the system. Similarly, the average occupancy of
a quantum state with energy E2 is equal to:

f E T A
E

k T
( , ) exp

–
2

2= 



B

Supposing that E2 – E1 = ∆E, we can write the ratio of
the probability of occupation of states with E1 and E2

as:
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1.13 × 1013 Hz. If their atomic mass is 14 u, what is the
‘spring’ constant that characterises the stiffness of their
atomic bond? (Example 2.4)
(Note. In this case the mass you should use in Equation
2.24 is the reduced mass µ given by 1/µ = (1/m + 1/m)
i.e. µ  = m/2. See a classical mechanics text on relative
motion.)
P9. Two particles have the same mass and resonant
frequency ωo, but are subjected to different damping
mechanisms. The particles are subjected to the same
sinusoidally oscillating force at frequency ωo, but one
particle has an amplitude of motion twice that of the
other. Use Equation 2.29 to evaluate the relative mag-
nitudes of the damping constant α in Equation 2.26.
P10. Based on the answer to Question P9, outline how
an apparatus could be constructed and operated to de-
termine the relative viscosities of two liquids.
C11. Program a computer or use a spreadsheet to plot
the Equations 2.29 and 2.30 and so reproduce Figures
2.6 (a) and (b). Change the constant α in these equations
to see the effect of damping on the dynamics of the
particle.

Quantum mechanics
P12. According to Equation 2.31, what is the minimum
kinetic energy of (i) an electron and (ii) a proton con-
fined inside a cubic region of (a) side L = 0.1 nm and (b)
side L = 1 nm.
P13. According to Equation 2.64, what is the minimum
energy of (a) an electron and (b) a proton confined by a
simple harmonic potential of spring constant 430 Nm–1.
What is the ‘resonant frequency’ fo in each case?

Statistical mechanics
P14. Following Table 2.4 for a particle trapped in a
three-dimensional cubic box, how many quantum states
have energy 14 × h2/8mL2? You may check your answer
against Figure 2.13.

C15. Following Figure 2.17, write a computer program
to calculate the degeneracy of all quantum states of a
three-dimensional particle in a box with energies less
than 40 × h2/8mL2.
P16. For a box of volume, V the density of quantum
states that may be occupied by electrons is g E A E( )=
states/eV. Derive an expression for the number of
quantum states (a) with energies between 4 eV and
4.01 eV and (b) with energies between 0 eV and 4.5 eV.
(Example 2.6)
C17. Use a calculator or a spreadsheet program to make
an accurate sketch of the Fermi–Dirac function for µ
(i.e. EF) = 3 eV and temperatures of T = 10 K, 100 K
and 1000 K.
C18. Use a calculator or a spreadsheet program to make
an accurate sketch of the Bose–Einstein function for
µ = 0 and temperatures of T = 10 K, 100 K and 1000 K.

Large numbers
Numbers used in statistical mechanics can be very large.
Try the following exercises to get used to making guess-
timates with these large numbers.
C19. There are thought to be around 1087 protons in the
universe. If they were all assembled into iron atoms
with an appropriate number of neutrons and electrons:
(a) What would be the mass and volume of the uni-
verse? (For the purposes of this calculation, take iron to
have a density of ≈ 104 kg m–3.) (b) What would be the
ratio of the volume of this ‘condensed universe’ to the
volume of the Earth (radius ≈ 6400 km). Is this bigger
or smaller than you would have anticipated?
C20. The clock speed of the computer on which I am
writing this text is 400 MHz? How long must I leave it
running before it has executed the Avogadro number
(NA = 6.02 × 1023 mol–1) of clock cycles? Will the war-
ranty have expired? Estimate very roughly the number
of clock cycles executed by every computer that that has
ever existed.




